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AFFINE VARIETIES 

 
by 
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Abstract. In this paper we show that certain closed families of affine varieties of a Euclidean 
space and some families of spheres of a higher dimensional sphere as well, are not critical sets 
for certain special real valued functions. 
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1. Introduction  
 

In this paper we first get some topological information on the complement of 
certain families of affine varieties of a Euclidean space, expressed in terms of 
homology groups. In the last section we use these information to prove that the 
considered families of affine varieties, are not properly critical for certain special real 
valued functions. The family of spheres, as a closed subset of an m+1 dimensional 
sphere, produced as the closure of the inverse image by certain stereographic 
projections of a considered family of affine varieties, is also shown to be non-critical 
for the same class of special real valued functions. Let us finaly mention that the 
(non)-criticality problem of closed sets in the plane and in the three dimensional space 
has been studied before by M. Grayson, C. Pugh and A. Norton in [2,3] while the non-
criticality of a family of fibers over a closed countable subset of the base space of a 
fibration has been studied before in [6]. In the previous papers [4,5] the non-criticality 
problem of finite and countable subsets of certain manifolds with respect to mappings 
having manifolds as target spaces is considered and studied. 

 
 

2. Preliminary Results 
 
We start this section by considering certain families of affine varieties of the 

(m+1)-dimensional Euclidean space and by showing that the homology groups of their 
complements are the direct sum of the homology groups of the complements of their 
components. A similar isomorphism is provided for the complements of some families 
of embedded spheres in a higher dimensional one. 
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1.1. Proposition  If {Ai}i≥1 is a family of affine          varieties of the Euclidean 
space 1+mR  of various dimensions such that 0),( >⇒≠ ji AAji δ  for some c>0, 

where ),( ji AAδ is the distance between iA  and jA , then  
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Therefore, using the duality theorem [8, Theorem 6.9.10] and the above 

isomorphism, we have successively 
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Further on we will show, following the same way, that 
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which provides us the isomorphism ).,()( 11
i

mqm
ci
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c ARHAH ++−− ≅                              

 
Therefore, using the same duality theorem [8, Theorem 6.9.10] and the above 

isomorphism, we have:  
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and the proof is now complete. 
2.2. Remark If we replace in proposition 1.1 the Euclidean space 1+mR  with an n-

connected manifold Mm+1 and the family { } 1≥iiA   of affine varieties with a closed 
submanifold N having the connected components { } 1≥iiN  of various dimensions, then 
the similar isomorphism   
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still holds for 1≤q≤n-1. 
 

2.3. Corollary Let {Ai}i≥1 be a family of affine varieties of the Euclidean space Rm+1 
of various dimensions not exceeding m-1 such that 0),( >⇒≠ ji AAji δ  for some 

c>0. In these conditions U
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where by qJ  we denote the set }dim:1{ qAj j =≥ .  
 

Proof. Indeed, the connectedness follows easily by using a weak version of Thom 
theorem. Concerning the stated isomorphism we first apply proposition 1.1 to deduce 
that  
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and then observe that i
m AR \1+  has the homotopy type of the sphere .qmS − □ 

If 1+mS  is the (m+1)-dimensional sphere and 1+∈ mSp  a point, consider the 

stereographic projection { } →+ pS m
p \: 1ϕ p┴,

ppx
ppxx

xp ,1
,

)(
−

−
=ϕ , where 

p┴:= }0,|{ 1 =∈ + pqSq m  is the hyperplane of 2+mR  orthogonal on p. It is 
obviously a diffeomorphism, its inverse being 

:1−
pϕ p┴ }{\1 pS m+→ ,
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Let α: nR →  2+mR  be an embedding. It is easy to see that N=α( nR )is a 
closed submanifold of 2+mR  if ∞=∞→ ||)(||lim |||| xx α . 

Consequently, for a closed submanifold N of Rm+2  iffeomorphic with some 
Euclidean space which is contained in p┴ for some 1+∈ mSp , we have that 

)(1 Np
−ϕ ={ } )(1 Np p

−∪ϕ . 
 

2.4. Corollary Let {Ai}i≥1 be a family of affine varieties of the Euclidean space 1+mR  
of various dimensions such that 1dim2 −≤≤ mAi  and 0),( >⇒≠ ji AAji δ  for 
some c>0. Assume also that for any i≥1 there exists },...,1{)( lir ∈  with the property 
that ⊥⊂ )(iri pA  for some 1
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of )(1
)( Ajjr
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On the other hand the inclusion of  
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induces isomorphism at the level of homotopy groups in dimension less then or equal 
to m-1 for each lj ≤≤1 , such that, according to Whitehead theorem, it also induces 
isomorphism at the level of homology groups in dimension less then or equal to m-1 

for each li ≤≤1 . Finaly the restriction of 
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2.5. Remark The closed subset U
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)( )(ϕ  of 1+mS  is a union of embedded 

spheres any two of them having the point jp  as the only common point. 
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3. Application 

  
As we have already mentioned before, in this section we use the information 

already obtain on the topology of the complement of a considered family {Ai}i≥1 of 
affine varieties in the Euclidean space 1+mR  and those on the topology of the 
complement of a family of embedded spheres U

1

1
)( )(

≥

−

i
iir Aϕ  in the higher dimensional 

one 1+mS , to show that the considered families are not critical sets for certain real 
valued functions. 

Let M,N be two differentiable manifolds and consider 
}))(()(|),({),( φ=∩∈= ∞∞ fCffBNMCfNMCS , where R(f) is the regular 

set of f, B(f)=f(C(f)) is its set of critical values while C(f) is the critical set of f. 
Because of the empty intersection between B(f) and f(R(f)) a mapping f from 

),( NMC ∞  obviously separates the critical values by the regular ones. 
 

 3.1. Proposition ([6]) ),( NMCSf ∞∈  iff ))(()( 1 fBffC −= .     (ii) If M is a 
connected differentiable manifold and ),( RMCSf ∞∈  is such that R(f)=M\C(f) is 
also connected, then f(R(f))=(mf,Mf), where )(inf xfm

Mxf ∈
= , )(sup xfM

Mx
f

∈
=  and 

RMmfB ff I},{)( ⊆ . Moreover, if M is compact, then RMm ff ∈,  and 

},{)( ff MmfB = . 
 

3.2. Theorem Let {Ai}i≥1 be a family of affine varieties of the Euclidean space 1+mR  
of various dimensions not exceeding m-1 such that 0),( >⇒≠ ji AAji δ  for some 

c>0.then there is no any mapping ),( RMCSf ∞∈  such that C(f)=A:=U
1≥i

iA  and 

the restriction ARmf
\1| +  is proper. 

 
Proof. Assuming that such an application exists it follows on the one hand that 

},{)( ff MmfB ⊆  and on the other hand its restriction Rm+1\C(f) →  Im 

f= ( )ff Mm , , pa f(p) is a proper submersion, that is a locally trivial fibration, via 
Ehresmann’s theorem, whose compact fiber we are denoting by F. Its base space 
( )ff Mm ,  being contractible, it follows that the inclusion )(\: 1 fCSFi m

F
+→  

is a weak homotopy equivalence, namely the induced group homomorphisms 
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))(\()(:)( 1 fCSFi m
qqFq

+→ πππ are all isomorphism. Consequently, using 
the Whitehead theorem, it follows that the induced group homomorphisms  
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the last one having a subgroup isomorphic with Z ( )iAJdim , that is a contradiction with 
the well known fact that any compact manifold has finitely generated homology 
groups. 

 
The proof of the next theorem is completely similar.  
 

3.3. Theorem Let {Ai}i≥1 be a family of affine varieties of the Euclidean space 1+mR  
of various dimensions such that 1dim2 −≤≤ mAi  and 0),( >⇒≠ ji AAji δ  for 
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