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Abstract.In this paper we construct and study a linear bivariate oper-
ator of Stancu-Hurwitz type. The approximation formula has the degree of
exactness (1) and for the remainder we use a method of T. Popoviciu.

1.Introduction

In a paper published in 1902 by Hurwitz A. [3] there has been given an
identity, generalizing the classical identity of Abel - Jensen, namely

(u + v)(u + v + β1 + . . . + βm)m−1 =
=
∑

u(u + βi1 + . . . + βik)
k−1v(v + βj1 + . . . + βjm−k

)m−k−1,
(1)

where β1, . . . , βm are m nonnegative parameters.
In the special case β1 = β2 = . . . = βm = β, this identity reduces to the

case of Abel-Jensen:

(u + v)(u + v + mβ)m−1 =
m∑

k=0

(
m

k

)
u(u + kβ)k−1v(v + (m− k)β)m−k−1.

Replacing in (1) u = x and v = 1− x, the identity becomes

(1 + β1 + . . . + βm)m−1 =
=
∑

x(x+βi1+. . .+βik)
k−1(1−x)(1−x+βj1 +. . .+βjm−k

)m−k−1.
(2)

Using this relation in a paper published in 2002 [11], D. D. Stancu construct
an approximation linear positive operator, depending on m nonnegative pa-
rameters β1, . . . , βm, defined for any function f ∈ C[0, 1], denoted by S(β1,...,βm)

m ,
having the following formula
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(
S(β1,...,βm)

m f
)

(x) =
m∑

k=0

w
(β1,...,βm)
m,k (x)f

(
k

m

)
, (3)

where

(1 + β1 + . . . + βm)m−1w
(β1,...,βm)
m,k (x) =

=
∑

x(x+β1+. . .+βik)
k−1(1−x)(1−x+βj1 +. . .+βjm−k

)m−k−1.
(4)

This operator is interpolatory at both sides of the interval [0, 1] and repro-
duces the linear functions.

2.Construction of Stancu-Hurwitz operator for two variables

We consider the space of real-valued bivariate functions C(D), where D is
the unit square [0, 1]× [0, 1] and we construct by a tensor product a bivariate
polynomials of Stancu-Hurwitz type given by the formula

(
S(β1,...,βm;γ1,...,γn)

m,n f
)

(x, y) =
m∑

k=0

n∑
γ=0

w
(β1,...,βm)
m,k (x)v(γ1,...,γn)

n,ν (y)f

(
k

m
,
ν

n

)
, (5)

where

(1 + β1 + . . . + βm)m−1w
(β1,...,βm)
m,k (x)

=
∑

x(x+βi1+. . .+βik)
k−1(1−x)(1−x+βj1 +. . .+βjm−k

)m−k−1 (6)

(1 + γ1 + . . . + γn)v(γ1,...,γn)
n,ν (y)

=
∑

y(y+γs1 +. . .+γsν )
ν−1(1−y)(1−y+γt1 +. . .+γtn−ν )

n−ν−1 (7)

and β1, . . . , βm, γ1, . . . , γn are nonnegative parameters.
This operators represents an extension to two variables of the second op-

erators of Cheney-Sharma [1] because for the special cases β1 = . . . = βm = β
and γ1 = . . . = γn = γ we obtain the Cheney-Sharma-Stancu operator

(
S(β,γ)

m,n f
)

(x, y) =
m∑

k=0

n∑
ν=0

w
(β)
m,k(x)v(γ)

n,ν(y)f

(
k

m
,
ν

n

)
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where

(1 + mβ)m−1w
(β)
m,k(x) =

(
m

k

)
x(x + kβ)k−1(1−x)(1−x+(m−k)β)m−k−1

(1 + nγ)n−1v(γ)
n,ν(y) =

(
n

γ

)
y(y + νγ)ν−1(1− y)(1− y + (n− ν)γ)n−ν−1

Theorem 2.1.The polynomial defined at (5) is interpolatory in the corners
of the square D and the approximation formula

f(x, y) =
(
S(β1,...,βm;γ1,...,γn)

m,n f
)

(x, y) +
(
R(β1,...,βm;γ1,...,γn)

m,n f
)

(x, y) (8)

has the degree of exactness (1, 1).
Proof. We can write

(1+β1+. . .+βm)m−1(1+γ1+. . .+γn)n−1
(
S(β1,...,βm;γ1,...,γn)

m,n f
)

(x, y)

= (1−x)(1−x+β1+. . .+βm)m−1(1− y)(1−y+γ1+. . .+γn)n−1f(0, 0)
+(1− x)(1− x + β1 + . . . + βm)m−1y(y + γ1 + . . . + γn)n−1f(0, 1)
+x(x + β1 + . . . + βm)m−1(1− y)(1− y + γ1 + . . . + γn)n−1f(1, 0)

+x(1− x)y(1− y)
m−1∑
k=1

n−1∑
ν=1

w
(β1,...,βm)
m,k (x)v(γ1,...,γn)

n,ν (y)f
(

k
m

, ν
n

)
+x(x + β1 + . . . + βm)m−1y(y + γ1 + . . . + γn)n−1f(1, 1)

(9)

and we can see that the polynomial reproduces the values of the function
f ∈ C(D) in the corners of the square D : (0, 0), (1, 0), (0, 1), (1, 1). Hence(

S(β1,...,βm;γ1,...,γn)
m,n f

)
(0, 0) = f(0, 0)(

S(β1,...,βm;γ1,...,γn)
m,n f

)
(1, 0) = f(1, 0)(

S(β1,...,βm;γ1,...,γn)
m,n f

)
(0, 1) = f(0, 1)(

S(β1,...,βm;γ1,...,γn)
m,n f

)
(1, 1) = f(1, 1)

(10)

it follows that the operator reproduces the linear functions and the approxi-
mation formula (8) has the degree of exactness (1, 1).

If we apply a criterion of T. Popoviciu [7], we find that the remainder of
the approximation formula (5) is of simple form and we can state
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Theorem 2.2.If the function f has continuous second-order partial deriva-
tives on the square D, then the remainder of the approximation formula (5)
can be represented under the form:(

R(β1,...,βm;γ1,...,γn)
m,n f

)
(x, y)

= 1
2

(
R(β1,...,βm)

m e2,0

)
(x)f (2,0)(ξ, y)+ 1

2

(
R(γ1,...,γn)

n e0,2

)
(y)f (0,2)(x, η)

−1
4

(
R(β1,...,βm)

m e2,0

)
(x)

(
R(γ1,...,γn)

n e0,2

)
(y)f (2,2)(ξ, η),

(11)

where e2,0(x, y) = x2, e0,2(x, y) = y2.
Using a theorem of Peano-Milne-Stancu type the remainder can have an

integral representation.
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