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ON COMPLETE SPACELIKE HYPERSURFACES IN ANTI-DE
SITTER SPACE H ™'(-1)

YINGBO HAN AND SHUXIANG FENG

ABSTRACT. In this paper, we investigate complete spacelike hypersurfaces with
constant mean curvature in anti-de Sitter space H f“(—l). Some rigidity theorems
are obtained for these hypersurfaces.
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1. INTRODUCTION

Let M{""!(c) denote an (n + 1)-dimensional Lorentzian manifold of constant
curvature ¢, which is called a Lorentzian space form.Then an (n + 1)-dimensional
Lorentzian space form M} (¢) is said to be a de Sitter space SI"(c), a Lorentzian
Minkowski space L™ or an anti-de Sitter space H f“(c) respectively, according to
its sectional curvature ¢ > 0,¢ = 0 or ¢ < 0. A hypersuface M in a Lorentizian
space form M7"!(c) is said to be spacelike if the induced metric on M from that of
M7 (c) is positive definite.

In recent years, the study of spacelike hypersurfaces in semi-Riemannian ambi-
ents has got increasing interesting motivated by their importance in problems related
to Physics, more specifically in the theory of general relativity.

E.Calabi [1] first studied the Bernstein problem for maximal spacelike entire
graphs in R?H, n < 4, and proved that it must be hyperplane. Later S.Y. Cheng
and S.T. Yau [2] showed that this conclusion remains true for arbitrary n. In [4] T.
Ishihara proved that complete maximal spacelike hypersurfaces of Mlnﬂ(c), c >0,
are totally geodesic. Further, in the same paper, T. Ishihara also proved the following
result:

Theorem 1.1.[4]. Let M™ be an n-dimensional complete maximal spacelike
hypersurface in anti-de Sitter space H{""*(—1), then the norm square of the second
fundamental form of M satisfies S < n and S = n if and only if M"™ = H™(—1) x
Hrm(——2-) (1<m<n-1).

n—m

In [3], L.F. Cao and G.X. Wei gave a new characterization of hyperbolic cylinder
M" = H™(—) x H"™™(—-"—) in anti-de Sitter space HI'H(-1).
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Theorem 1.2.[3]. Let M"™ be an n-dimensional (n > 3) complete maximal
spacelike hyperusrface with two distinct principal curvature A and g in anti-de Sitter
space ™1 (—1). If inf [\ — p| > 0, then M™ = H™(—=2) x H" ™(—-2_) (1 <m <

m n—m
n—1).

In [5], C.X.Nie studied complete spacelike hypersurfaces with constant mean
curvature in anti-de Sitter space H f“(—l) and gave the following result:

Theorem 1.3.[5]. Let M"™ be an n-dimensional (n > 3) complete spacelike
hyperusrface with constant mean curvature and two distinct principal curvature A
and y in anti-de Sitter spaceH!"™!(—1). If inf [\ — p| > 0, then M" = Hm(—a%) X
H”’m(—ﬁ), (1<m<n-1).

In this note, we also investigate complete spacelike hypersurfaces with constant
mean curvature in H {”1(—1). More precisely, we prove the following results:

Theorem 1.4. Let M™ (n > 3) be a complete spacelike hypersurface with
constant mean curvature H in H™(—1). Assume that M™ has n — 1 principal
curvatures with the same sign everywhere. If the Ricci curvature Ricy; of M™ and

S satisfy the following:

nn — 7’L2 2 n n —
Riew 2 = 51— 12) [+ 2(n]j1) - 2HL;(J;4_( 1) 1)H2] = —C-(H)
n3 H? n(n — 2)

2n—1) 2n—1)

S < n+ \/n2H 4 4(n — 1)H? = 5, (H),

then S is constant, S = S4(H) and M" = H'(—2%) x H" (=) with a? < 1.
Corollary 1.5. Let M™ (n > 3) be a complete maximal spacelike hypersurface
in H*1(=1). Assume that M™ has n — 1 principal curvatures with the same sign

everywhere. If Ricys > —"(nn__f), then S =n and M™ = H'(—n) x H" 1 (—-2).

n—1

Theorem 1.6. Let M"™ (n > 3) be a complete spacelike hypersurface with
constant mean curvature H in H!™'(—1). Assume that M™ has n — 1 principal
curvatures with the same sign everywhere. If —C_(H) < Ricyy < 0, then S is

constant, S =S, (H) and M™ = H'(—%) x H" (- ) with a? < 1.

1
1—a?

2.PRELIMINARIES

Let M™ be an n-dimensional spacelike hypersurface of H"*1(—1). We choose a

local field of semi-Riemannian orthonormal frames {e1,---,en, ens1} in HPTH(=1)
such that, restricted to M™, e1,---,e, are tangent to M". Let wi,:--,wpt1 be
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its dual frame field such that the semi-Riemannian metric of H™(c) is given by
ds? = Zﬁill ea(wa)?, wheree; =1,i=1,---,nand ¢,41 = —1 . Then the structure
equations of S7T!(1) are given by

de:ZGBwAB/\wB, wap +wpa =0, (1)

B
1
dwap =) ecwac Awep — 3 > Kapopwe Awp, (2)
C CD
Kapcp = —€a€p(6acdpp — 64pdBC). (3)

We restrict these forms to M™, then wp4+1 = 0 and the Riemannian metric of M™ is
written as ds? = 3, w?. Since

0 =dwpy1 = anJrl,i A wi, (4)
i

by Cartan’s lemma we may write

wnt1i = Y hijw;,  hij = hy;. (5)
j

From these formulas, we obtain the structure equations of M":

dw; = Zwij ANwj, wij +wj; = 0,

j
1
dwij = wik A wij — 3 > Rijrwr A wy,
% kol

Rijiy = — (6051 — 6adji) — (hirhji — hahjr), (6)
where R;ji; are the components of curvature tensor of M™. We call

B = Z hijw; ® wj ® eny1 (7)

12
the second fundamental form of M™".
From the above equation, we have

R=—n(n—1)—n*H?+ 5, (8)

where R is the scalar curvature and S is the norm square of the second fundamental
form and H is the mean curvature, then we have

S=>_n, H:%Zhii.
ij i

145



Y. Han and S. Feng - On complete spacelike hypersurfaces in anti-de Sitter...

Now, we compute some local formulas. For any fixed point x in M, we can choose
a local frame field {eq,---,e,}, such that

hm(fﬁ) = )\z(x)éw, i,j=1,---,n.

where \; are principal curvatures.

Example 1. Let M = H'(—2) x H" }(—1=) (a > 0) be a spacelike hyper-

1—a?
surface of H {l+1(—1). Then M has two distinct constant principal curvatures

Vv1—a? a
Al p— 77 A2 P :An p— i —
a V1 — a2

1
and constant mean curvature H = = > \;, = —2 .,
n Z v nav'l—a?

If a® < %, then we have

n3 2 nin —
S=n-+ 2(7:[1) + 2((n_ f)) Vn2H + A(n — 1)H? = 5, (H)

and the infremum of Ricci curvature of M™ is given by

n(n —2) n?H? Vn2HY +4(n — 1)H?
—C_(H)=—- 1 —
H) === =7 5 2(n — 1) ]
IfaQZ%,thenwehaveHzo,S:n
and the infremum of Ricci curvature of M™ is given by —%.

If1>a?> %, then we have

n3 2 nn —
S=n+ 2(ni11) - 2((n— f))\/nQH‘l—i-él(n— 1)H? = S_(H)

and the infremum of Ricci curvature of M™ is given by

n(n — 2) n?H?  /n?H*+4(n —1)H?
—C4(H) = — 1+ ]
n—1 2(n—1) 2(n—1)
3.PROOF OF THEOREMS
By renumbering the principal directions ey, - - -, e,, if necessary, we may assume

that the principal curvature satisfy

/\ng)\n—lg"'SAl
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Then we have

S = >N, nH=> X\ (9)
i—1 :
Rijn = _5ik5jl — 03105k — AiXjOiklj1 4+ AiXjoudjn (10)
Rici; = Z Rigir, = n - 1) —nH\; + )‘2 (11)
Set
P(t) =t —nHt — (n — 1), (12)

2), we have

It has two real roots Ay =

iy n2212+4(n_1). From (11) and (12)
Rici,; = P()\Z) (13)

In the next part, we give the proof of Theorem 1.4.
Proof of Theorem 1.4:
Assume H > 0. From (1) and (8), we have

R = -n(n—-1)-n*H*+S
3172
< —n(n—l)—n2H2+n+2€LH 1) ((n—f \/nQH“_ZL(n_UH2
i n?H?  /nZH T 4(n— 1H
= —n(n-2)[1+ dn—1) 2(n—1) ]
= —(n—-1)C_(H).

By using the conditions R = ), Ric;; and Ric;; > —C_(H), we have Ric;; < 0 for
i€ {l,---,n}. From (13), we have

P(\) <0,
fori=1,---,n. So we have
A S)\ng)\n—lgg)\l SA—i-
ni- ;(Qi?)rél(n_l), we have P(p) = P(nH — u) = —C_(H). Since M"
has (n—1) principal curvatures with the same sign everywhere and Ric;; > —C_(H),

then we have the following possible case.
Case A:

Denote p =

A< AN <A1 << <u<0<nH —p< A\ <Aj.
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Case B:

A< <p<0<nH —p< A1 <~ < <A <AL
If the principal curvatures satisfy Case A, then we have
AHS)\H—IS"'SAQSM<O7

On the other hand, we have

" H - 2H? +4(n—1
)\i:nH—Alan—A+:n Vn 2+ (n ):(n—l),u.
=2
So we have
H 2H? +4(n—1
)\n:"':)\QZM, /\I:n +\/n + (n )’
2
n3 H? n(n —2)
= 2H* +4(n —1)H?
S ”+2(n—1)+2(n—1)\/" +a4ln-1)
and
2n — H 2H2 +4(n—-1
inf|>\1—)\2|:(n 3)nH + ny/n +4(n )>0‘
2(n—1)

then from Theorem 1.3 and Example 1, we know that M"™ = H'(—5)x H" (= 215)
with a? < %

If the principal curvatures satisfy Case B, then we have

n—1

S Xi=nH-\,
=1

nH —\/n?H? +4(n — 1)

< nH - 5
_ nH+/n?H?+4(n—1) (14)
= 5 .
On other hand, we have
n—1
2n — 3)nH 2H?2 +4(n—1
SN2 (0= 1)l — p) = CoZ I VR A~ 1) (15)

=1 2
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From (14) and (15), we have

(2n — 3)nH + \/n2H? + 4(n — 1) < nH + \/n2H? +4(n — 1)
2 - 2 ’

SO
H <O.

Since H > 0, then H = 0. So the case B turns into the following:

1 1
—Vn—-1<A, <—

<A1 << <vn—1. (16)

then we have

=vn—-1< Ai=— A <Vn-—1 (17)

and
Ap = —Vn — 1.
So

S:Z)\?:n
i=1

From Theorem 1.1 and S = n, we know that M"™ = H'(—n) x H"*(—-"-). Thus
we complete the proof of Theorem 1.4.

Proof of Corollary 1.5: Since M" is a complete maximal spacelike hypersur-
face of H"™(—1), then we know that S < n from Theorem 1.1. So we know that
M™ satisfies the following:

-2
n—1

and
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From Theorem 1.4, we know that S is constant, S = n and M™ = H'(—n) x
H”_l(—%). This completes the proof of Corollary 1.5.

Proof of Theorem 1.6: Since —C_(H) < Ricps < 0, then we have
—C_(H) < P(\)) =\ —nHX; — (n—1) <0

So we know that the principal curvatures satisfy the Case A or Case B. From the
proof of Theorem 1.4, we know that Theorem 1.6 is true.
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