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ABSTRACT. In this paper, we prove the MPF-type inequality for multilinear
commutator related to generalized singular integral operator. By using the M*-type
inequality, we obtain the weighted LP-norm inequality and the weighted estimate on
the generalized Morrey spaces for the multilinear commutator.
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1. INTRODUCTION AND PRELIMINARIES

Let b € BMO(R"™) and T be the Calderén-Zygmand operator. Consider the
commutator defined by

[0, T](f) = bT'(f) = T(bf).

As the development of singular integral operators(see [5][16]), their commutators
have been well studied. In [4][13][14][15], the authors prove that the commutators
generated by the singular integral operators and BMO functions are bounded on
LP(R™) for 1 < p < oco. Chanillo (see [2]) proves a similar result when singular
integral operators are replaced by the fractional integral operators. In this paper,
we will study some singular integral operators as following (see [1][8]).

Definition 1. Let T : S — S’ be a linear operator such that 7" is bounded on
L?(R™) and there exists a locally integrable function K (z,y) on R" x R"\ {(z,y) €
R™ x R™: x =y} such that

(@) = | Kz fy)dy

for every bounded and compactly supported function f, where K satisfies: there is
a sequence of positive constant numbers {Cy} such that for any k& > 1,

/ (1K (wy) = K (@] + K (y,2) = K(z0))dz < C.
2ly—z|<[z—y|
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and

1/q
( / (1K (wy) = K(@.2)] + |K(y.o) - K= x>|>qczy>
2k | z—y|<|z—y| <2kt | 2—y|
< Gtz - y)

where 1 < ¢’ <2and 1/g+1/¢ = 1.
Suppose b; (j =1,---,m) are the fixed locally integrable functions on R". The
multilinear commutator of the singular integral operator is defined by

1) = [ TT0 )~ by K () f )y
j=1

Note that the classical Calderén-Zygmund singular integral operator satisfies
Definition 1 with C; = 2799 (see [5][16]).

Also note that when m = 1, T} is just the commutator what we mentioned
above. It is well known that multilinear operator are of great interest in harmonic
analysis and have been widely studied by many authors (see [13-14]). In [15], Pérez
and Trujillo-Gonzalez prove a sharp estimate for the multilinear commutator. The
purpose of this paper has two-fold, first, we establish a MP*-type estimate for the
multilinear commutator related to the generalized singular integral operators, and
second, we obtain the weighted LP-norm inequality and the weighted estimates on
the generalized Morrey space for the multilinear commutator by using the M*-type
inequality.

Definition 2. Let ¢ be a positive, increasing function on R™ and there exists a
constant D > 0 such that

©(2t) < Dp(t) for t>0.

Let w be a non-negative weight function on R™ and f be a locally integrable function
on R". Set, for 1 <p < o0,

1 1/p
[fllzeeqw) =  sup (/ If(y)lpw(y)dy> ,
Q(x,d)

zER"™, d>0 gp(d)

where Q(z,d) = {y € R" : |z — y| < d}. The generalized weighted Morrey space is
defined by
LPP(R" w) = {f € Ligo(R") : [|f||ree () < 00}
If p(d) = d°, 6 > 0, then LP¥(R™, w) = LP°(R™, w), which is the classical Morrey
spaces (see [11][12]). If ¢(d) = 1, then LP¥(R",w) = LP(w), which is the weighted
Lebesgue spaces (see [5]).
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As the Morrey space may be considered as an extension of the Lebesgue space,
it is natural and important to study the boundedness of the operator on the Morrey
spaces (see [3][6][7][9][10]).

Now, let us introduce some notations. Throughout this paper, () will denote a
cube of R"™ with sides parallel to the axes. For any locally integrable function f, the
sharp maximal function of f is defined by

#
(17#() = sup oo [ 170) = Fold,

where, and in what follows, fo = |Q|™! Jo f(z)dz. 1t is well-known that (see [5][16])

(#() ~ sup int o [ 170) = ey

Qo c€C

We say that f belongs to BMO(R") if f# belongs to L>°(R") and define || f||grro =

# || o
Let

M) = s o 150

For 0 < p < oo, we denote M, f(x) b

My(f)(x) = [M(|f17) ()] /7.

For k € N, we denote by M¥ the operator M iterated k times, i.e. M'(f)(z) =
M(f)(x) and
ME(f)(x) = M(M*Y () (@) when k> 2.

Let ® be a Young function and ® be the complementary associated to ®, we
denote that the ®-average by, for a function f,

IFllnq = int {70 ,Q‘/ ('fy’)dw)gl}

and the maximal function associated to ® by

Mo (f)(x) = sup |[flle,q-
T€EQ

The Young functions to be using in this paper are ®(t) = t(1 + logt)" and ®(t) =
exp(t'/"), the corresponding average and maximal functions denoted by ||| L(logL)",B>
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Mpogry and || - |ezpri/r gy Megprr/r- Following [13][14], we know the generalized
Holder’s inequality:

: /
[fWgW)ldy < || flle.ellglls.o-
@l /o witee
And we can also obtain the following inequalities:

1l Logry im0 < Mpogry/r (f) < CMruogrym (f) < CM™ (),

16 = bgllexprr@ = CllbllBMO,
|byrs1g — bag| < Ckl[b| Bro-

for r,r; >1,j=1,2,--- mwith1/r=1/r1 +1/rg---+1/ry,, and b € BMO(R").

Given a positive integer m and 1 < j < m, we denote by C}" the family of
all finite subsets 0 = {o(1),- - -,0(j)} of {1,---,m} of j different elements and
o(i) < o(j) when i < j. For o € CJ", set 0 = {1,---,m} \ 0. For b= (b1, bm)

. j
and 0 = {U(l)a' ’ 70(])} S ij’ set b, = (b0(1)7' ’ '>ba(j))7 be = H ba(i) and
i=1
o J
|1bs || Br0 = l:[l b5 (3| | BAMO-
We denote the Muckenhoupt weights by A, for 1 < p < oco(see [5]), that is
Ay ={w: M(w)(x) < Cw(z),a.e.}

and

Ay = {w : sgp <@ /Qw(x)dac) (@/Qw(x)—l/(p—l)dx)p_l < oo} , 1< p<oo.

2. THEOREMS AND PROOFS

Now we give some theorems as following.

Theorem 1.Let T be the singular integral operator as Definition 1, the sequence
{kmCyl ell, ¢ <s<oo,0<r<1,k>m+1, k€N andb; € BMO(R") for
j=1,---,m. Then there exists a constant C > 0 such that for any f € C§°(R")
and any T € R",

(TN () < Cllbllsaro M’“(f)(i‘)Jri > MMT; (/)@) + M(f)(@)

7=1 O'EC’;.”
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Theorem 2.Let T be the singular integral operator as Definition 1, the sequence
{kmCy} e, ¢ <p < oo, we A, and bj € BMO(R") for j =1,---,m. Then T
is bounded on LP(w).

Theorem 3. Let T be the singular integral operator as Definition 1, the sequence
{kmCy} €', ¢ <p < oo, we Ay and b; € BMO(R™) for j =1,---,m. Then, if
0<D<2", )

T zeew) < ClIbllBrollf1|Lrse (w)

In order to better proof of the theorem above, we need the following lemmas
Lemma 1.Let 1 < r < oo and bj € BMO(R") with j = 1,---,k and k € N.
Then, we have

um/IUb bty < € T1 Ibllssio

7j=1

Jj=1

1/r i

Similarly, for o € CF" ,when k<m and m € N, we have:

01 . 1000 = )y < Cliblsnso

and
1/r
d > < C||bs .
(707 L 106) = t)a)oldy) < Clltrllmnvo

In fact, we just need to choose p; > 1 and ¢; > 1, where 1 < j < k, such that
1/pr+--+1/pr =1and r/q + -+ 1r/q = 1. After that, using the Holder’s
inequality with exponent 1/py+---+1/py = 1 and r/q1+---+7/qx = 1. respectively,
we may get the results.

Lemma 2.([5, p.485])Let 0 < p < q < 0o and for any function f > 0. We define

that, for 1/r =1/p—1/q

1 llwre = iuré/\\{x € R": f(w) > MY Npo(f) = sup I xellee/lIxell o
>

where the sup is taken for all measurable sets E with 0 < |E| < oco. Then

1 fllwzs < Npg(£) < (a/ (@ = )Pl fllwLs.
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Lemma 3.(see [5])Let 0 < p,n < 00 and w € Ui<p<ooAyr. Then

1My (Nl o) < CHEF (Lo )

Lemma 4.Let 1 <p<oo, 1 <qg<pandw € A1. Then, if 0 < D < 27",

Mo () Lee(wy < Cl Lo ()

Proof. Let f € LP¥(R™, w). Note that 1 < ¢ < p and for any w € Ay,

| My < [ 1Py

For a cube Q = Q(z,d) C R", we get

M) Pty

< [ M@ M o) )dy

< [ W@PMwe)w)dy

e / () P M (wx)( z /2k+1Q\2kQ )P M (wx)(y >dy]
w(y)

= ¢ /'f Wty dy+2/k+l@\2k@ pl2k+1Q!dy]

< C /|f Py dy+Z/kHQ 2n?{€)dy1

< OB X2 02 d)

< Oy D2 D) ()

k=0
<

thus

Ol 11 ey (),

HMQ(f)HLPW(w) < C||f||LP,w(w)-
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Lemma 5.Let 1 <p<oo, 0< D < 2" w € A;y. Then, for f € LP?(R", w),
1M () oo ) < CUFF N Lo ) -

Lemma 6. Let T be the bounded linear operators on LY(R™, w) for any 1 < ¢ < 0o
and w € Ay. Then, for 1 <p <oo, w € Ay and 0 < D < 2",

T () ey < ClF I Lpe w)

The proofs of two Lemmas are similar to that of Lemma 4, we omit the details.
Proof of Theorem 1. It suffices to prove for f € C§°(R"™) and some constant Cp,
the following inequality holds:

1/r . m
(17 [, 1m0t = o) ™ < Cllllswo | M@ + Y. 3 245 (1))

j=1 UEC}-”

Fix a ball Q = Q(o,d) and € Q, we write f1 = fx2q and f2 = fX(2g)c. Following
[20], we will consider the cases m = 1 and m > 1, and choose Cy = T'(((b1)2g —
b1)f2)(xo) and Co = T(ITjL1(b; — (bj)2¢)f2) (o), respectively.

We first consider the Case m = 1. For Cy = T'(((b1)20 — b1) f2)(z0), we write

Ty, (f)(2) = (br(x) = (b1)20)T(f) (@) = T((b1r = (b1)20) ) ().

Then
Ty, (f)(z) — Col
= |(bi(x) = (b1)2Q)T(f)(x) +T(((b1)2g — b1)f)(x) — T(((b1)2g — b1)f2)(z0)]
< (b1(z) = (01)2@)T(f) ()] + [T(((b1)2q — b1) f1) ()]
T(((b1)2g — b1) f2)(z) — T(((b1)2q — b1) f2) (o)

+|
= A(x)+ B(z) + C(x).

For A(z), we get
1 ., l/T‘
(@'/Q|A(x)| d:c)

1
< @'/ |A(z)|dz

< g 1) = 02T () @)z
< b1 = (01)2¢llexp L2 1T ()l Ltog £),20
< Cllbillpuo M (T())(E)
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For B(z), by the weak type (1,1) of 7" and Lemma 2 , we obtain

(o fers)”

1
< o /Q |B(a)|dx
_ Kl?' /Q T(((b1)ag — b1) f1)(x)|dz

1/p
< (g [ 17 = Gag) xa) @

Q)

1 1
_ ‘QHQIP ST (01 = (b1)20) fx20) | e
< |Q|\|T(( — (b1)29) fx20)|lwrr
< |Q|H(( — (b1)29) fx20l| 1
< |Q|/ 1b1(x) — (b1)2g]|f(x)|dx
< C||b1 (b1)2Q||expL,2QHf||L(log L),2Q
< Cllb1l|aroM2(f) ().

For C(z), recalling that s > ¢/, taking 1 < p < 00,1 <t < swith 1/p+1/q+1/t =1,
by the Holder’s inequality, we have, for = € Q),

T ((b1 = (b1)2@) f2) () = T((b1 = (b1)2) f2)(x0)]

_ ‘ (100 = 1)) S0 B 2.3) = K . )l

IN

>/, 5 (2,) = K (20, ) L F )] o1 (5) = (b1)acldy
=1 ¥ 28|z —z0|<|y—wo|<2FH [z —1z0]

00 1/q
C / K xay) - K Zo,Y qdy>

kgl ( 2k |z —ao|<|y—wo|<2F T [o—x] L ( )

1/p 1/t
X bi(y) — (b Pdy / fly tdy)
</|y zo| <281z —20| ‘ 1( ) ( I)QQ‘ ) ( ly—xo| <2k +1|z—ax0| ’ ( )’

|2k+1Q|1/p+1/t 1 . 1/s
czck . k||b1|\BMo(M [ ) )

IN

IN

138



G. Sheng, H. Chuangxia and L. Lanzhe - M*-type Estimates for multilinear...

< ClbillBmo Y kCeM(f)(%)

k=1
< ClbillBmoMs(f)(2),
thus
1 1/r ~
(g7 [ jc@ras) " < Cllollmo ()@
Ql Jg
Now, we consider the Case m > 2. we have, for b = (b, -+, byp),

TN = [ Tl - b)) K @) f)dy
j=1

+ Z > (1) ((bj(x) = (b5)28)6 T (b5 — (bj)28)ee (f)(2)

thus, recall that Co = T'([Z;(b; — (bj)28) f2)(w0),

m

IT5(£) (@) = T([] (65 = (bj)25) f2) (x0))|

i=1
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+|T( H

Ii(z )+I( )+ I3(x) + Is(x).

For I (z), we get,

IN

<

<

For I5(z), by the boundness of 7" on LP(R") and similar to the proof of B(z), using

Lemma 2, we get

IN

IN

IN

IN

::13

i)2)f2) (@) = T([ [ (b; = (bj)2) f2) (wo)]

7=1

1 T
(@ / 1 (2) dx)
Ql / ‘

c H H(bj - (bj)2Q)
7j=1
c ﬁ 11651 Brro M™ (T (f))(2)

j=1
C[8l | paro M*(T(f))(&).

\QI/ [hi(@)ldz

bj)2Q)|IT(f)(z)|dz

| ’exp LM 72Q| |T(f) | ‘L(log L) ,2Q

1 i 1
(@ / ()| daz) s@ /Q Iy(2) | de
T( dx
ol (L16s0) = ta) (o)
) m 1/p
(m / A1 - ()@ >rpd:z)
1 m
‘Ql \Q|"1 1] il
1] )l
\QI 1] 20000 llwe
‘Q| ];[ 2Q fl)HLl
o . |H 201 f1(2)]dz

140



G. Sheng, H. Chuangxia and L. Lanzhe - M*-type Estimates for multilinear...

IN

CH 1005 = (05)20)|p 1775 201l L010g L) 20

C|’é|‘BMOMm+1(f)(a:)
C||bl| o M* (f)(2).

For I3(z), by Lemma 2,

<|@\/ s )'Td“(“””’))l/r : yclg| JALETE

<
<

< T(b; — (b oc x)|dx
< ¥ Mecm Q|/| 20)o|IT(b; = (b;)20)oe (£)(@)]
< CZ > 1G@) = (53)20)oll oy 11775 20l T = (81)20)0 ()| 10 £y 20
j= lo'ECm
m—1
< Y Y IbellsuoM™ N (T; (1))
j=1 ceCr
m—1
< Oy Y bllBMoMH (T (f))(&).

j=1ceCcy

For I4(x), similar to the proof of C'(z) in the Case m =1, for 1 <p<oo,1 <t <s
with 1/p+1/q+ 1/t = 1, we have

(L6 = o) fo)@) = T((T 0 = (g o) o)
Jj=1 =1
< C K(x, Y — (bs d
a Z/kﬂﬂZL“O<|?J:Jco|<2"“'*‘136:1:o (K (2, y) = Ko )11y )||]1;[1( i (y) = (bj)2q)|dy
= 1/q
< C K(z,y) — K(z0,y)|4d
a kz::I </~)k|ﬂf—mo§|y—m0|<2k+1|m—m0 ‘ (@ Z/) (o y)’ y)
m 1/p 1/t
b; — (b; pd td
X (/y_x0|<2k+1|x_xo ‘]1_[1( i (y) — (b5)20 y) </|y—xo|<2k+1|x—x0| |f(v)] y)
i | Nz
< OZ Ck 2kd n/q k ]1_[1 HijBMO (M ph41g |f(y)| dy)
< C|lbllsao Z KM Cyu M, (£)(7)

k=1
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< ClbllBmoM.(f)(F),
thus

1/r .
(@/62114(:5)\7’6195) < Bl sao Mo (£) ().

This completes the proof of the theorem.

Proof of Theorem 2. Choose ¢’ < s < p in Theorem 1, by the LP(w)-boundedness
of M* and M, we may obtain the conclusion of Theorem 2 by induction.

Proof of Theorem 3. We first consider the case m=1. Choose ¢ < s < p in
Theorem 1, by Theorem 1 and Lemma 4-6, we obtain

TN pree ) < ML) ey < CHTRF Pl zoe )

< Ollellsaro (J1M*(F)llzrieuy + M @D o) + IMa( Dl oo
< Olfellsaro (|1 f11zrew) + 1T zrew) + [1Fl]zrew)

< Clibllsao (I1fllzoeq) + 1 Fllrew)

< Cllbllmol /1] poew):

When m > 2, we may get the conclusion of Theorem 3 by induction.
This completes the proof of Theorem 3.
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