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1.INTRODUCTION

Let A(p) denote the class of functions of the form:
fe)=2"+ ) anz" (peN={12,.1}), (1)

which are analytic and p-valent in the open unit disk U = {z: 2z € C, |z| < 1}.
Let H(U) be the class of analytic functions in U and let Hla,p| be the subclass of
H(U) consisting of functions of the form:
f(2) =a+apz? +ay12P .. (a € C).
For simplicity, let H[a] = Hla,1]. Also, let A(1) = A be the subclass of H(U)
consisting of functions of the form:
f(z)=z+a2® + ... (2)

If f, g € H{U), we say that f is subordinate to g, written f(z) < g(z) if there
exists a Schwarz function w(z), which (by definition) is analytic in U with w(0) =0
and |w(z)| < 1 for all z € U, such that f(z) = g(w(z)), z € U. Furthermore, if the
function g(z) is univalent in U, then we have the following equivalence, (cf., e.g.,[6],
[19]; see also [20]):

f(2) < g(2) & £(0) = ¢(0) and f(U) C g(U).
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Let p,h € H(U) and let o(r,s,t;2) : C3 x U — C. If p and o(p(2), 2p'(2),
2%p"(2); z) are univalent and if p satisfies the second order superordination

h(z) < o(p(2), 20 (2), %" (2); 2), (3)
then p is a solution of the differential superordination (3). Note that if f is subordi-
nate to g, then g is superordinate to f. An analytic function ¢ is called a subordinant
if g(z) < p(z) for all p satisfying (3). A univalent subordinant ¢ that satisfies ¢ < ¢
for all subordinants of (3) is called the best subordinant. Recently Miller and Mo-
canu [21] obtained conditions on the functions h,q and ¢ for which the following
implication holds:

h(z) < @(p(2), 20 (2), 2" (2); 2) = a(2) < p(2). (4)

Using the results of Miller and Mocanu [21], Bulboaca [4] considered certain classes
of first order differential superordinations as well as superordination-preserving inte-
gral operators [5] many researshers ([1] and [29]) have obtained sufficient conditions
on normalized analytic functions f(z) by means of differential subordinations and
superordinations.

o0
For analytic functions f (z) = Z anz" and g(z) = > by2", the Hadamard
n=0
product (orconvolution) of f(z) and g( ), is defined by

o0

(f9)(2) =) anbnz". (5)

n=0

Let a1, Ay, ...,aq, Ag and (1, By, ..., Bs, Bs (q,s € N) be positive and real param-
eters such that

s q
1+ B;j—> A;>0.
j=1 j=1
The Wright generalized hypergeometric function [31] (see also [12])

q\Ils [(alaAl),“"(aq’Aq);(ﬂlvBl)a-“a(ﬂSaBs);z] —q \Ils [(alv ’L) (ﬂl? )15a :|
is defined by

e

['(a; +nd;)

o (zel).
L' (8i +nB;) "

ilngP
|

oW [(@5 A1) 3 (50 B, 7] =

.
I
—
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IfA,=1¢=1,..,q9) and B;=1(i =1,...,s), we have the relationship:

Qq‘I/s (a’w )1q?(/8@7 )137 ]_qFS (ala"'vaq;ﬁu“'vﬁs;z)v

where o Fs (o, ..., aq; By, .., Bs; 2) is the generalized hypergeometric function ( see for
details [9], [10], [11], [16] ) and

S
1)
Q= qi. (6)
11T (a0)
i=1
The Wright generalized hypergeometric functions were invoked in the geometric
function theory ( see [8],[9],[10],[11],[25],[26] and [27] ).
By using the generalized hypergeometric function Dziok and Srivastava [10] in-
troduced a linear operator. In [8] Dziok and Raina and in [2] Aouf and Dziok

extended the linear operator by using Wright generalized hypergeometric function.
First we define a function (®% [(al, i)1.q5 (Bir Bi)y g } by

0@ (@ A0)1 g5 (B By 2| = Q2 W [(0, i)y g3 (B Bi) e 2]
and consider the following linear operator
s [ (@i Ai)y g5 (B By = Alp) — A), (7)
defined by the convolution
Op.q.s [(aiaAi)l,q ; (/BivBi)l,s} f(z) =q 9% {(aiaAi)Lq 3 (Bis Bi) s s Z} « f(2).

We observe that, for a function f (z) of the form (1), we have

Op.q,s [(ai,Ai)Lq ; (ﬁi»Bi)Ls} f(z)=2"+ Z Qonp (1) anz", (8)

n=p+1

where ( is given by (6) and oy, (1) is defined by

I'(a1 + A1 (n—p))..T (ag+ Ay (n —p))
LB+ Bi(n—p))..I'(Bs + Bs (n—p)) (n —p)!"

If, for convenience, we write

OP,CLS [Oél, Al’ Bl] f (2) = 9}7,(173 [(Oél,Al) 3oy (OQDAQ) ; (ﬁla Bl) g ey (ﬁsa BS)] f (Z) )

9)

onp (1) =
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then one can easily verify from (8) that

ZAl (9p7q,5 [al, Al, Bl] f (Z))/ = Oélep’%s [041 + 1, Al, Bl] f (Z)

—(041 — pAl)ep,q’S [041, Al, Bl] f (Z) (Al > 0). (10)

We note that for A; = 1(i=1,2,...,q) and B; = 1(i=1,2,...,s), we obtain
Opqslon,1,1] f (2) = Hpgslon]f (2), which was introduced and studied by Dziok
and Srivastava [10] . Also for f (z) € A, the linear operator 0y 4 s [a1, A1, B1] = 0[]
was introduced by Dziok and Raina [8] and studied by Aouf and Dziok [2].

We note that, for f(z) € A(p), 4;=1(G=1,...,q9), Bi=1(i=1,...,s), ¢ =2
and s = 1, we have:

(1) Op21la,1;¢] f(2) = Ly (a,c) f(2) (a,c>0, peN) (see Saitoh [28]);

(1) Opo [0+ p,pip] f (2) = DFHP7Lf (2) (> —p, p € N), where DFFP71f (2)
is the (¢ + p — 1) —the order Ruscheweyh derivative of a function f (z) € A(p) (see
Kumar and Shukla [ 13] and [14];

(13i) Opo1[1+p, L;14+p—plf(z) = Q,(z“’p)f (z), where the operator QUr) g
defined by ( see Srivastava and Aouf [30] )

I'(1+p—p)

WL = iy

#DEf(2) (0<pu<lipeN),
where DY is the fractional derivative operator (see, for details [23] and [24]);

() Opoi[v+p, Liv+p+1] f(2) = Jup(f)(2), where J,, (f) (2) is the gener-
alized Bernardi-Libera-Livingston-integral operator (see[3], [15]and[18]), defined
by

quwa=”+pﬂﬂwvawt@>—npem;

ZI/

() Op21lp+ 1L, Lin+p| f(2)=1Inpf(2) (n€Z, n>—p, peN), where the op-
erator I, , was considered by Liu and Noor [17];
(vi) Opo1 [N+ p,cial f(2) = IZ’,\ (a,¢) f (z) (a,c € R\Zy, A > —p, p € N), where

I (a,¢) is the Cho-Kwon-Srivastava operator [7].

The main object of the present paper is to find sufficient condition for certain
normalized analytic functions f(z) in U such that 6, 4 s[o1, A1, B1](f*¥) (2) # 0 and
f(2) to satisfy
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Op.gslar, A1, Bi](f * @) (2)
a(z) < Bpaslar + 1, Ay, By (f+ 0) () a2(2),

oo
where g1, g2 are given univalent functions in U and ®(z) = 2P+ > A.2", ¥(z) =

n=p+1
o0
2P+ 3 pn2™ are analytic functions in U with A, , u, > 0. Also, we obtain number
n=p+1

of known results as special cases.
2. DEFINITIONS AND PRELIMINARIES

In order to prove our results, we shall make use of the following definition and
lemmas.

Definition 1 [21]. Denote by Q, the set of all functions f that are analytic and
injective on U \ E(f), where

B(f) = (€ € 0U : I 1(2) = o0}
and are such that f'(§) #0 for £ € OU \ E(f).

Lemma 1 [20]. Let q be univalent in the unit disk U and 0 and ¢ be analytic in a
domain D containing q(U) with ¢(w) # 0 when w € q(U). Set

¥(2) = 2¢'(2)p(a(2)) and h(z) = 0(q(2)) + ¥(2). (11)

Suppose that
(7) ¥(z) is starlike univalent in U,
(i1) Re {Z@}ZES)} >0 for z € U.
If p is analytic with p(0) = ¢(0), p(U) € D and

0(p(2)) + 20" (2)(p(2)) < 0(q(2)) + 24 (2)p(q(2)), (12)
then p(z) < q(z) and q is the best dominant.

Lemma 2 [4]. Let q be convex univalent in U and 9 and ¢ be analytic in a domain
D containing q(U). Suppose that
(i) Re{'(q(2))/6(a(2))} > 0 for = € U and
(i1) ¥(2) = 2¢'(2)P(q(2)) is starlike univalent in U.
If p(z) € H[q(0),1] N Q, with p(U) C D, and 9(p(2)) + zp'(2)d(p(z)) is univalent
m U and
Pa(2)) + 24 (2)6(a(2) < IP(2)) + 28'()$(p(2)), (13)

then q(z) < p(z) and q is the best subordinant.
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3. SUBORDINATION RESULTS FOR ANALYTIC FUNCTIONS

Unless otherwise mentioned, we shall assume in the reminder of this paper that,
ai, Ai, ..., aq, Ag and B, By, ..., s, Bs (¢, s € N) be positive real parameters, ®, ¥ €
A(p)’ pe Nu 51752753 € C and 54 eCr = (C\{O}

Theorem 1. Let q be convex univalent in U with q(0) = 1. Further, assume that

Re {2 + 2542(1(;:) + (1 + Z;I;g))} >0 (z€U). (14)

If f € A(p) satisfies

F(f®,0,8&1,6,8,64) < &+ g°(2) + &q(2) + & 24/ (2), (15)

where

F(f7 (D, \11751)62753754)

Op.q.s[01,A1LB(fx®)(2) \2 Op.q.s[01,A1,B1](f®)(2)
&1+ & (ol B ) + & (preopla Bl )

o Op,q,sla1+1,A1,B1](f+P)(2) 0p,q,s[o1+2,A1,B1](f*T)(z)
o (“1 Byl AL Bz~ (T D e A Bl (G T 1)

sl As B (F0) ()
| x (s

(16)
then
9p7q78[0‘1’ Al’ Bl](f * @) (Z) Q(Z)
Opq,slon + 1, A1, B (f = ¥) (2)
and q is the best dominant.
Proof. Define the function p(z) by
0pqsla1, A1, B )
p(z) — p,q, [al 1 1](f * )(Z) (Z c U) (17)

9174175[0‘1 +1, Aq, Bl](f * \Ij) (Z)

Then the function p(z) is analytic in U and p(0) = 1, Therefore, by making use of
(17), we obtain
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5 +€ ( ep’q,s[abAbBl](f*q)) (Z) >2+€ ( ep’q,s[alaAlaBl](f*q)) (Z) )
LY Op,g,slon + 1, Ar, Bil(f = ) (2) ’ Op,q,slon + 1, Ar, Bil(f = ) (2)
Hp,q,s[al +1, A4, Bl](f * (I)) (Z)
apaqu[alv A, Bl](f * (I)) (Z>

— (a1 + l)e/p,q,s[oq +2, A1, B1](f *¥) (2) N 1)

+&4 (al Op.g.slon + 1, A1, Bi](f x V) (2)

0 , 75[0617141, Bl](f * ‘I)) (2)
* <9p7q17)5q[a1 + 17A17Bl](f * \Ij) (Z)>

= &1+ &p?(2) + &p(2) + a2/ (2). (18)
By using (15) in (18), we have

&+ &p%(2) + &p(2) + &azp' (2) < &1+ L¢P (2) + &3q(2) + &azd ().

By setting

O(w) =& + &uw? + &w and p(w) = &4,

it can be easily observed that #(w) is analytic in C, ¢(w) is analytic in C* and that

o(w) #0, w e C* | then by using Lemma 1 we complete the proof of Theorem 1.
Putting ®(z) = ¥(z) = 1Z_pz (or, i, =Ap =1, n>p+1, peN) in Theorem 1,

we obtain the following corollary:

Corollary 1. Let g be convexr univalent in U with q(0) =1 and (14) holds true. If

f € A(p) and satisfies

Z(fa q>7 \11751’€27£3a£4) < 51 + £2q2(25) + 53(,](2) + 54 Zq,(z)? (19)

where

Z(f7 (I), ‘1]75175%53754)

Op.q.s[01,A1,Bilf(2) )2 Op.q.5[01,A1,B11f(2)
&1+ & (ep,';,i[alil,il,éﬂf(z>) +8& <9p,i,§[a1i1,ixl,él]f<z>>

_ 0paslor+1ALBIF(2) paelo 42,41, 8111 (2)
= 4 (o SgelSt AL BIIE) (o 4 1)fpasiutiiniiiiE | )

X Op,q.sl1,A1,B1]f(2)
9p,q,s[0¢1+1,A1,Bﬂf(z) )
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then

Hp,q,s[ala A17 Bl]f (Z)
ep,q,s[al +1, Al, B1] (Z)

< q(z)
and ¢ is the best dominant.

Remark 1. Putting A; =1 (i =1,2,....,q), Bj =1 (j =1,2,...,8) and p =1, in
Corollary 1,we obtain the result obtained by Murugusundaramoorthy and Magesh
[22, Corollary 2.6 |.

Putting 4; =1 (i =1,2,...,q), Bj=1(j=1,2,...,5), ¢ =2 and s = o =
a9 = (1 = 1 in Theorem 1, hence we obtain the next result:
Corollary 2. Let q be convex univalent in U with q(0) =1 and (14) holds true. If
f € A(p) and satisfies

B(f’ (I)a \1]761752753’54) = fl + £2q2(2) + £3q(z) + 54 Z(]/(Z), (21)

where

B(f? q)v \117 617 527 63754)

(/*®)(2) 2 (f+®)(2)
& +& (Z(f*‘P)’(z)+(1—p)(f*\I’)(Z)) +& (z(f*m’(z>+(1—p><fw>(z))

_ () (2) 2R ()12 (Bop) (R () (L) Bp) (< U)(2) | o
+§4( (7)) Y () D) ()2 +(2 p)>

(f5®)(2)
[ X (z(f*%’(z)ﬂkp)(f*m(z)) ’ o)
22
then

(f *®)(2)
2(f*0)(2) + (1= p)(f + ¥)(2)

and ¢ is the best dominant.

< q(2)

Remark 2. (i) Putting p = 1 in Corollary 2, we obtain the result obtained by
Murugusundaramoorthy and Magesh [22, Corollary 2.7 J;

(ii) Putting p =1 and ®(z) = ¥(z) in Corollary 2, we obtain the result obtained
by Murugusundaramoorthy and Magesh [22, Corollary 2.8 |;
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(iii) Putting p=1 and ®(2) = ¥(2) = = (or, p=1, iy = Ay =1 and n > 2) in

z
Corollary 2, we obtain the result obtained by Murugusundaramoorthy and Magesh

[22, Corollary 2.9 |.

Taking ¢(z) = %igz (-1 < A< B<1)in Theorem 1, we obtain the next result:

Corollary 3. Let q be conver univalent in U with ¢(0) =1 and

& 26 (14 Az 1— Bz
Re{§4+§4<l+Bz>+l+Bz}>0 (z €U).

If feAlp),-1<A<B<1and

Az A A-
F(f)(b)\l’a§17€27§3)€4) < fl_'_g? (i—th) (Z)+€3 <1——::Bz>+£4 m (23)

where F (f, ®, ¥, &1,892,83,&4) is defined by (16), then

Op,q.slo1, A1, Bi](f * @) (2) 14 Az
Opgslon +1, A1, B1](f * V) (2) 1+ Bz

(24)

1+ Az

B is the best dominant.

and

Remark 3. Putting A; =1 (i =1,2,...,q), Bj=1(j =1,2,...,8) and p = 1, in
Corollary 3, we obtain the result obtained by Murugusundaramoorthy and Magesh [
22, Corollary 2.11 ].

Putting A; =1 (i = 1,2,...,q), Bj=1(j =1,2,...,8), ¢ =2, s=1, aq =
a, ag = 1 and 1 = ¢ (a, ¢ > 0, p € N) in Theorem 1, we obtain the following
corollary:
Corollary 4. Let q be convex univalent in U with q(0) =1 and (14) holds true. If
f € A(p) satisfies

K(f7 (I)7 \P7§17§27§37€4) < 51 + €2q2(2) + §3q(z) + 64 zq’(z), (25)

where

K(f, ®,¥,81,8,83,64)

275



M. K. Aouf, A. Shamandy, A. O. Mostafa, S. M. Madian - Sandwich Theorems...

»(a,0)(Fx®)(2) a,c) (f*®)(2)
& +& (m) +& <m>

_ Ly (atLo) (f28)(2) Ly(a+2.0) (F+9)(2)
= +& (“ LaddE @t D amarne 1)

Ly (a.0) (f5®)(2)
x (LP(ZH,C)UW)(Z))

then

Ly(a,0)(f * @) (2)
Lo+ Lo)(f + ¥) ()

and ¢ is the best dominant of (25).

=< q(z)

Remark 4. Putting p = 1 in Corollary 4, we obtain the result obtained by Muru-
gusundaramoorthy and Magesh [22, Corollary 2.5 ].

Putting 4; =1 (1 = 1,2,...,q), Bj=1(j=1,2,...,8), ¢ =2, s =1, a1 =
u+p (u>—p, p € N), as = 1 = pin Theorem 1, we obtain the following corollary:
Corollary 5. Let q be convexr univalent in U with q(0) =1 and (14) holds true. If
f € A(p) satisfies

M(fa (I)a \117£1>§27§3a§4) = {1 + §2q2(2) + §3Q('z) =+ §4 zq/(Z), (27)

where

M(f7 (I)v \1/761152753754)

+p—1( fy TP=1(f4x®) (2
6+ & (Tmmtns) +& (Smins)

+D( fy TP+ £5T) (2
= +@«N+M$%g%%%j W+p+0€%%%%%l+o

( D“*"‘l(f*@)(Z))
DrFP(fx0)(z) )

(28)

then
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DHPL(f % @) (2)
Ditp(f W) (2)

<q(2)
and q 1is the best dominant of (27).

Putting 4; =1 (1 = 1,2,...,q), Bj=1(j=1,2,...,8), ¢ =2, s =1, a1 =
1+p, ae=1land 1 =14+p—pu (0<p<1, peN),in Theorem 1, we obtain the
following corollary:

Corollary 6. Let q be convex univalent in U with q(0) =1 and (14) holds true. If
f € A(p) satisfies

N(f) P, \11751762753)54) = 61 + §2q2(2’) + &’)Q(Z) + 64 zq/(z), (29)

where

N(f7 (I)v qj7§17§2a§37€4)

2
¢ +)52< Q0P (1) (2) ) n §3< Q0P (£18)(2) )
)

Q<ZH+11P)(f*\Ij)(z Qi,qul,P)(f*\I,)(z)

= QU (fr@) () QU2 (£4w)(2)
e <(1+p e~ P o e T

QWP (£4@)(2)
QUL (f4w) (2)

)

(30)
then
QU (f + B) (2)
QU (f 5 W) (2)

=< q(2)

and q is the best dominant of (29).

Putting 4; =1 (1 = 1,2,...,q), Bj=1(j=1,2,...,8), ¢ =2, s =1, a1 =
v+p (v >-p peN), ag=1and f; =v+p+1in Theorem 1, we obtain the
following corollary:

Corollary 7. Let q be convex univalent in U with q(0) =1 and (14) holds true. If
f € A(p) satisfies

L(fa (I)a \11,51,52,53,54) = fl + 52(]2(2) + &SQ(Z) + 54 Zq/(z)’ (31)
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where

L(f: q)a \P7§17§27€37£4)

Jup(f+@)(2) )2 Jup(¥®)(2)
§1+ & (W) + & (m)

- +§4((y+p)%—(u+p+1)%+l)

Jut1,p

™

Jup(f®)(2)
X (Ju+ip(f*‘lf)(2)> ) )
39
then

Jup(f * @) (2)
JV—&-Lp(f * W) (2

and q 1is the best dominant of (31).

) =< q(2)

Putting 4; =1 (1 = 1,2,...,q), Bj =1 (i =1,2,...,8), ¢ =2, s =1, a1 =
p+1, aa=1land g1 =n+p (n€Z, n>—p, p€N) in Theorem 1, we obtain the
following corollary:

Corollary 8. Let q be convex univalent in U with q(0) =1 and (14) holds true. If
f € A(p) satisfies

R(f: P, \I]7£17£2)§37§4) = 51 + 526_[2(2) + SSQ(Z) + 54 zq/(z), (33)

where

R(f,®,¥,81,82,83,84)

Ly (/5®)(2) Ly (/%) (2)
&1+ & (In+fp<f*wz) +& <1n+f,p<fw><z>)

= Ing1,p(fx®)(2) Lna2p(f*9)(2)
=1+ (0 DRSS - o+ D )

Lp(f+9)(2)
[ < (In+1p,p(f*‘1’)(2))’ "
34
then
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Inp(f * @) (2)
Inp1p(f+ ) (2

and q is the best dominant of (33).

) =< q(2)

Putting 4; =1 (1 = 1,2,...,q), Bj=1(j=1,2,...,8), ¢ =2, s =1, a1 =
A+p, aes=cand f; =a (a,c €ER\Zy, A\>—p, p€ N) in Theorem 1, we obtain
the following corollary:

Corollary 9. Let q be conver univalent in U with q(0) =1 and (14) holds true. If
f € A(p) satisfies

G(f, ®,V,&1,8,85,64) < &+ E¢°(2) + &3q(2) + &4 2 (2), (35)

where

G(fa (I)a \Pa 517 627 §3a 54)

XMa,0)(f+D)(2) 2 I (a,0)(f+®)(2)
Lt (Iﬁﬁl(a,@(fwxz)) +& (Iﬁil(a,C)(f*\P)(Z)>

— I (a,0) (f+P)(2) 2 (a,0)(f+9)(2)
B e <(/\ +p) pf?(a7c)(f*<1>)(2) —(Atpt 1)I§+1(a,c)(f*\lf)(z) T 1)

DM (a.0)(f+®)(2)
x (Iz?“(am)(f*\lf)(z)) ’

(36)

then

1 (0,0) (f + @) (2)

pwE =< q(2)

I (a,0) (f * ¥) (2)
and q is the best dominant of (35).
4. SUPERORDINATION RESULTS FOR ANALYTIC FUNCTIONS
Now, by applying Lemma 2, we prove the following theorem.
Theorem 2. Let q be convex univalent in U with q(0) =1, f € A(p) and
0p.q,s[c1,A1,B *P
9P,Z:Z’[a[?jrl,;h,g1(]]zf*\)ll(;()z) € Hlq(0),1] N Q. Further, assume that
2
Re {53 + 52q(z)} >0 (37)
& &
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and F(f,®,VU,&1,82,&3,&4) be univalent in U and satisfy
fl + €2q2(z) + §3Q(z) + 54 Zq/(Z) < F(f7 cpa \117 517 627 537 §4)7 (38)
where F(f’ (I)v \Ila 613 527 637 54) is given by (16)z then

Opgslon, A, Bi](f * @) (2)
Hpvq,s[al + 17A17Bl](f * \Ij) (Z)

q(z) <
and q 1is the best subordinant of (38).

Proof. Define the function p(z) by (17), with simple computation from (17), we

get
F(f,®,0,81,&,8,84) = &1+ &ap®(2) + &p(2) + &4 20 (2),
then
&1+ &% (2) + &q(2) + & 2d () < & + Ep®(2) + Ep(2) + &4 2D (2). (39)
By setting

v(w) =& + &Euw? + &w and p(w) = &4,

it is easy observed that v(w) is analytic in C, p(w) is analytic in C* and p(w) #
0, w € C*. Since ¢ is convex and univalent function, it follows that

) {8 o) o

and then, by using Lemma 2 we complete the proof of Theorem 2.

Putting 4; =1 (1 = 1,2,...,q), Bj=1(j=1,2,...,8), ¢ =2, s =1, a1 =
a, ag =1 and 1 = ¢ (a, ¢ > 0) in Theorem 2, we obtain the following corollary:
Corollary 10. Let q be convex univalent in U with q(0) = 1, (37) holds true ,f €

A(p) and % € HJq(0),1]NQ. Further, assume that K(f, ®, U, &1, 82,83,64) be

univalent in U which satisfying

€+ &a%(2) + &q(2) + & 2q'(2) = K(f, ®,,&1,&,85,&), (40)
where K(fu (Pu \11761)525537&4) is given by (26)7 then
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Ly(a,c)(f * @) (2)
Ly(a+1,¢)(f = ¥) (2)

and q is the best subordinant of (40).

q(z) <

Remark 5. Putting p =1 in Corollary 10, we obtain the result obtained by Muru-
gusundaramoorthy and Magesh [22, Corollary 2.13 ].

Remark 6. (i) Putting A; =1 (i = 1,2,...,q), B =1 ( =1,2,...,8), ¢ = 2
and s=p=a; =ay =01 =1, in Theorem 2, we obtain the result obtained by
Murugusundaramoorthy and Magesh [22, Corollary 2.14 ];

(i) Putting A; =1 (i =1,2,...,q), Bj=1({=1,2,...,8), ¢=2 ,s=p=a1 =
ay = 1 = 1 and ®(z) = ¥(2) in Theorem 2, we obtain the result obtained by
Murugusundaramoorthy and Magesh [22, Corollary 2.15];

(i1i) Putting A; =1 (i=1,2,...,q), Bj=1({=1,2,..,8), ¢=2,s=p=a1 =
az = 31 =1 and ®(z) = ¥(z) = 1= in Theorem 2, we obtain the result obtained by

1
Murugusundaramoorthy and Magesh [22, Corollary 2.16].

Taking ¢(z) = igi (-1 < A< B <1)in Theorem 2, we obtain the next result:
Corollary 11. Let q be convex univalent in U with q(0) =1, f € A(p),

Op.q,sla1,A1,B1](f*P)(z)
5 A B0 € H1a(0),1] N Q and

&3 261+ Az
Red =+ —=
6{54 &4 1+ Bz

Further, assume that F (f, ®,V,&1,&2,83,&4) be univalent in U and satisfies

}>0 (-1<A<B<1).

1+ Az > 1+ Az z(A— B)
§1+§2 (1+BZ> (2)+§3 <1+BZ> +§4 m < F(f,q),q/7§17€2,§3,§4),
(41)

where F(f>q)7\llagla£27£3>§4) is given by (16)7 then
14+ Az - Op.q.sloa, A1, Bi](f * @) (2)
14+ Bz Opqslon +1,A1, Bi](f *¥)(2)

and ﬂ'gi is the best subordinant (41).

Remark 7. Putting A; =1 (i =1,2,....,q), Bj=1(j =1,2,...,8) and p =1, in
Corollary 11, we obtain the result obtained by Murugusundaramoorthy and Magesh
[22, Corollary 2.17 ].
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Remark 8. (i) Putting A; =1 (i = 1,2,...,q), Bj =1 (j = 1,2,...,5), ¢ =
2, s=1, a1 =p+p (u>-p, peN), ag = 1 = p in Theorem 2, we obtain the
superordination result for the operator DFP~1.

(i) Putting A; =1 (i = 1,2,...,q), Bj =1 =1,2,...,8), ¢ =2, s =1, aq =
l+p, ae=1and 1 =1+p—p (0<u<1, peN), in Theorem 2, we obtain the
superordination result for the operator Qg“’p);

(tit) Putting A; =1 (i =1,2,...,q), Bj =1 =1,2,...,8), ¢ =2, s =1, oy =
v+p(v>-p peN), ag=1and i =v+p+1in Theorem 2, we obtain the
superordination result for the operator J, p;

(iv) Putting A; =1 (i =1,2,...,q), Bj=1( =12,...,8), ¢g=2, s =1, oq =
p+1l, aa=1and f1=n+p (n€Z, n>—p, p €N) in Theorem 2, we obtain the
superordination result for the operator I p;

(v) Putting A; =1 (1 =1,2,...,q), Bj =1 =1,2,...,8), ¢ =2, s =1, aqg =
Adp,ae=cand /1 =a (a,c €ER\Zy, A\>—p, pe N) , in Theorem 2, we obtain
the superordination result for the operator I;‘ (a,c).

4. SANDWICH RESULTS

Combining Theorem 1 with Theorem 2, we get the following sandwich theorem.
Theorem 3. Let q1,q2 be conver univalent in U. Suppose g1 and qo satisfying

(87) and (14), respectively. If f € A(p), 9:1;:Z’[Z[fi’fxfgl(fz;ﬂff()z) € Hlq(0),1] N

Q and F (f,®,¥,&1,&,83,84) is univalent in U, which satisfying

&-1 + 5261%(2) + 53%(2) + 54 qul(z) < F(fa (ba ‘11)6-1752563’64)

< &1+ £205(2) + Ea2(2) + & 2d5(2), (42)
where F(f’ (I)a \Ila gla 527 637 54) is given by (16)z then

Op,q,s[1, A1, Bi](f * @) (2)
q1(z) < Opqslon +1, A1, Bi](f = W) (2) < q2(2)

and qi1, qa2 are, respectively, the best subordinant and dominant of (42).

Taking ¢1(z) = 1Az (-1<A; < By <1)and

1+B;z
q2(2) = % (=1 < Ay < By < 1) in Theorem 3, we obtain the following corollary:

Corollary 12. Let q1,qo be conver univalent in U. Suppose q1 and qs satisfying

(37) and (14), respectively. If f € A(p), ap?z:Z’[Z[?jrf;’fgl(]{;ﬂff()z) € Hiq(0),1] N

Q and F (f,®,V,&1,8&,83,84) is univalent in U, which satisfying
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2
& +& <1+A1z> (2) +&3 <1+A1Z> +& M < F(f, ®,V,&1,8,83,&1)

1+ Bz 1+ Biz (14 Bi2)
14+ Asz 2 <1+A22> (AQ—BQ)Z
<&+ + + & ——— 43
S (1+Bgz> S\1T4 B,z ) Y (1+ Baz)? (43)

where [ (f,®,V,&1,&2,E3,84) is defined in (16), then

1+ Az < Hp,q’s[al,Al,Bl](f*CI)) (Z) = 1+ Asz
1+ BlZ 9p7q75[041 + 1, Al, Bl](f * \I/) (Z) 1+ BQZ

and %igii, %igiz are, respectively, the best subordinant and dominant of (43).

Remark 9. Putting A; =1 (i =1,2,...,q), Bj =1 (j =1,2,...;s8), ¢ =2 and
s=p=a = a = f1 = 1 in Corollary 12, we obtain the result obtained by
Murugusundaramoorthy and Magesh [22, Corollary 3.2 .

Putting 4; =1 (1 = 1,2,...,q), Bj=1(j=1,2,...,8), ¢ =2, s =1, a1 =
a, ag =1 and 1 = ¢ (a,c > 0) in Theorem 3, we obtain the following corollary:
Corollary 13. Let q1,q2 be conver univalent in U. Suppose q1 and qa satisfying

(87) and (14), respectively. If f € A(p), % € H[q(0),1]NQ and

K(f7q)7\117517§27§37§4) is univalent in U ) where K(f7q)7\:[17§17£27§37§4> is deﬁned
in (26), then

& 4 &2a7(2) + &a1(2) + & 2q1(2) < K(f, ®,9,&, 6,63, 64)

<&+ 645(2) + Eaa(2) + & 2¢5(2), (44)
implies

Ly(a, ) (f * @) (2)
Ly(a+1,¢)(f V) (2)

q1(2) < < q2(2)

and q1, q2 are, respectively, the best subordinant and dominant of (44).

Putting 4; =1 (1 = 1,2,...,q), Bj=1(j=1,2,...,8), ¢ =2, s =1, a1 =
w+p (> —-p, pe N)and ag = 1 = p in Theorem 3, we obtain the following
corollary:

Corollary 14. Let q1,q2 be conver univalent in U. Suppose q1 and qa satisfying
. Hrp—1(fy
(87) and (14), respectively. If f € A(p), D[)HTW € H[q(0),1]NQ and
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M(f7 q)a \11761752753754) is univalent in U7 where M(f7 (I)a \I]7£17£27§37§4) 18 deﬁned
n (28), then

&1+ &41(2) + &q1(2) + &4 2¢1(2) < M(f,®,V,&1,&,85,&4)

< &+ &0a5(2) + E302(2) + &4 2¢5(2), (45)
implies
DHPL(f 5 D) (2)
Do (f 5 0) (2)

q1(2) < < q2(2)

and q1, q2 are, respectively, the best subordinant and dominant of (45).

Putting 4; =1 (1 = 1,2,...,q), Bj=1(j=1,2,...,8), ¢ =2, s =1, a1 =
1+p, ag=1land f1 =14+p—p (0<pu<1, peN)in Theorem 3, we obtain the
following corollary:

Corollary 15. Let q1,q2 be conver univalent in U. Suppose q1 and qo satisfying

(P) ( Fod)(
(87) and (14), respectively. If f € A(p), Wm € H[q(0),1]NQ and

N(f7 (I)v \Ila 517 §2a 537 54) is unwalent in U7 where N(f? (I)7 \Ila ‘517 527 537 54) is deﬁned in
(30), then

& 4 &4t (2) + &q1(2) + & 2q1(2) < N(f, @, 9,&1, 6,3, 64)

< &1+ £2g3(2) + E3qa(2) + &4 2dh(2), (46)

implies

QU (f 5 @) (2)
QU (f W) (2)

< QQ(Z)

q1(z) <

and qi1, qa2 are, respectively, the best subordinant and dominant of (46).

Putting 4; =1 (1 = 1,2,...,q), Bj=1(j=1,2,...,8), ¢ =2, s =1, a1 =
v+p (v >-p peN), ag=1and f; =v+p+1in Theorem 3, we obtain the
following corollary:

Corollary 16. Let q1,q2 be convex univalent in U. Suppose q1 and qo satisfying
(87) and (14), respectively. If f € A(p), % € H[q(0),1] N Q and

L(f, ®,¥,&1,89,83,&4) is univalent in U, where L(f, ®,¥,&1,82,83,84) is defined in
(32), then
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&1+ &43(2) + &aq1(2) + &4 2¢5(2) < L(f,®, 9, &1, &2, 3,€4)

<&+ 665(2) + E3q2(2) + & 205(2), (47)

implies

Jup(f * @) (2)
Jorip(f+ W) (2)

and q1, qa2 are, respectively, the best subordinant and dominant of (47).

q1(z) < < q2(2)

Putting A; =1 (i = 1,2,...,q), Bj=1(j =1,2,...,8), ¢ =2, s=1, aq =
p+1, ag=1and 81 =n+p (n > —p, p € N) in Theorem 3, we obtain the following
corollary:

Corollary 17. Let q1,qs be conver univalent in U. Suppose ¢ and qo satisfying

(87) and (14), respectively. If f € A(p), % € H[q(0),1]NQ and

R(f7 Q, W, &1, &2, 537 54) is univalent in U, where R(fa Q, 0,8, £2a 533 54) is deﬁned in
(34), then

{1 + é-QQ%(Z) + 53%(2) + £4 ZQi(Z) < R(f? q)7 \1176176-2763754)

< &1+ £265(2) + Ea2(2) + & 2d5(2), (48)

implies

Lnp(f * @) (2)
In+1,p(f * \Ij) (Z)

and qi1, qa are, respectively, the best subordinant and dominant of (48).

q1(z) < < q2(2)

Putting 4; =1 (1 = 1,2,...,q), Bj=1(j=1,2,...,8), ¢ =2, s =1, a1 =
Ad+p(A>—p, peN), ag=cand 51 =a (a,cER\Za, A > —p) in Theorem 3,
we obtain the following corollary:

Corollary 18. Let q1,q2 be convex univalent in U. Suppose q1 and qo satisfying

. I a,e)(f+D) (=
(87) and (14), respectively. If f € A(p), % € H[q(0),1] N Q and

G(f7 q)a \:[17 517 527 537 {4) is univalent in U7 where G(f? q)7 \117 517 527 537 54) is deﬁned imn
(36), then

&+ &6 (2) + Eaq1(2) + & 2d1(2) < G(f, @,T, &1, 6,63, &)
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< &1+ &045(2) + &3q2(2) + &a 2gh(2), (49)

implies

I (a,0) (f @) (2)
L (a,e) (f*0) (2)

q1(2) < < q2(2)

and q1, q2 are, respectively, the best subordinant and dominant of (49).

REFERENCES

[1] R. M. Ali, V. Ravichandran , M. H. Khan and K. G. Subramanian, Differential
sandwich theorems for certain analytic functions, Far East J. Math. Sci. 15 (2004),
no. 1, 87-94.

[2] M.K. Aouf and J. Dziok, Certain class of analytic functions associated with
the Wright generalized hypergeometric function, J. Math. Appl., 30 (2008), 23-32.

[3] S.D. Bernardi, Convezr and univalent functions, Trans. Amer. Math. Soc.,
135 (1996), 429-446.

[4] T. Bulboaca, Classes of first order differential superordinations, Demonstratio
Math., 35 (2002), no. 2, 287-292.

[5] T. Bulboaca, A class of superordination-preserving integral operators, Indag.
Math. (N. S.), 13 (2002), no. 3, 301-311.

[6] T. Bulboaca, Differential Subordinations and Superordinations, Recent Re-
sults, House of Scientific Book Publ., Cluj-Napoca, 2005.

[7] N.E. Cho, O.H. Kwon and H.M. Srivastava, Inclusion and argument properties
for certain subclasses of multivalent functions associated with a family of linear
operators, J. Math. Anal. Appl., 292 (2004), 470-483.

[8] J. Dziok and R.K. Raina, Families of analytic functions associated with the
Wright generalized hypergeometric function, Demonstratio Math., 37 (2004), no. 3,
533-542.

[9] J. Dziok, R.K. Raina and H.M. Srivastava, Some classes of analytic functions
associated with operators on Hilbert space involving Wright hypergeometric function,
Proc. Jangieon Math. Soc.,7 (2004), 43-55.

[10] J. Dziok and H.M. Srivastava, Classes of analytic functions with the gener-
alized hypergeometric function, Appl. Math. Comput., 103 (1999), 1-13.

[11] J. Dziok and H.M. Srivastava, Certain subclasses of analytic functions as-
sociated with the Wright generalized hypergeometric function, Integral Transform.
Spec. Funct., 14 (2003), 7-18.

286



M. K. Aouf, A. Shamandy, A. O. Mostafa, S. M. Madian - Sandwich Theorems...

[12] P.W. Karlsson and H.M. Srivastava, Multiple Gaussian Hypergeometric Se-
ries, Halsted Press (Ellis Horwood Ltd, Chichester ), John Wiley and Sons, New
York, Chichester, Brisbane and London, 1985.

[13] V. Kumar and S.L. Shukla, Multivalent functions defined by Ruscheweyh
derivatives, Indian J. Pure Appl. Math., 15 (1984), no. 11, 1216-1227.

[14] V. Kumar and S.L. Shukla, Multivalent functions defined by Ruscheweyh
derivatives II, Indian J. Pure Appl. Math., 15 (1984), no. 11, 1228-1238.

[15] R.J. Libera, Some classes of reqular univalent functions, Proc. Amer. Math.
Soc., 16 (1969), 755-758.

[16] J.-L. Liu, Strongly starlike functions associated with the Dziok- Srivastava
operator, Tamkang J. Math., 35 (2004), no. 1, 37-42.

[17] J.-L. Liu and K.I. Noor, Some properties of Noor integral operator, J. Natur.
Geom., 21 (2002), 81-90.

[18] A. E. Livingston, On the radius of univalence of certain analytic functions,
Proc. Amer. Math. Soc., 17 (1966), 352-357.

[19] S. S. Miller and P. T. Mocanu, Differential subordinations and univalent
functions, Michigan Math. J., 28 (1981), no. 2, 157-171.

[20] S. S. Miller and P. T. Mocanu, Differential Subordination : Theory and Ap-
plications, Series on Monographs and Textbooks in Pure and Applied Mathematics,
Vol. 225, Marcel Dekker Inc., New York and Basel, 2000.

[21] S. S. Miller and P. T. Mocanu, Subordinates of differential superordinations,
Complex Variables, 48 (2003), no. 10, 815-826.

[22] G. Murugusundaramoorthy and N. Magesh, Differential subordinations and
superordinations for analytic functions defined by convolution structure, Studia Univ.
”Babes-Bolyai”, Math., 56 (2009), no. 2, 83-96.

[23] S. Owa, On the distortion theorems., I, Kyungpook Math. J., 18 (1978),
53-59.

[24] S. Owa and H.M. Srivastava, Univalent and starlike generalized hypergeo-
metric functions, Canad. J. Math., 39 (1987), 1057-1077.

[25] R.K. Raina and T.S. Naher, A note on boundedness properties of Wright’s
generalized hypergeometric function, Ann. Math. Blaise Pascal, 4 (1997), 83-95.

[26] R.K. Raina and T.S. Naher, On characterization of certain Wright’s gen-
eralized hypergeometric functions involving certain subclasses of analytic functions,
Informatica, 10 (1999), 219-230.

[27] R.K. Raina and T.S. Naher, On univalent and starlike Wright’s hypergeo-
metric functions, Rend. Sem. Math. Univ. Pavoda, 95 (1996), 11-22.

[28] H. Saitoh, A linear operator and its applications of first order differential
subordinations, Math. Japon., 44 (1996), 31-38.

[29] T. N. Shanmugam, V. Ravichandran and S. Sivasubramanian, Differential

287



M. K. Aouf, A. Shamandy, A. O. Mostafa, S. M. Madian - Sandwich Theorems...

sandwich theorems for some subclasses of analytic functions, J. Austr.Math. Anal.
Appl., 3 (2006), no. 1, Art. 8, 1-11.

[30] H.M. Srivastava and M.K. Aouf, A certain fractional derivative operator and
its application to a new class of analytic and multivalent functions with negative
coefficients I and II, J. Math. Anal. Appl., 171 (1992), 1-13; ibid. 192 (1995),
673-688.

[31] E.M. Wright, The asymptotic expansion of the generalized hypergeometric
function, Proc. London Math. Soc., 46 (1946), 389-408.

M. K. Aouf, A. Shamandy, A. O. Mostafa and S. M. Madian

Department of Mathematics

Faculty of Science

Mansoura University

Mansoura 35516, Egypt.

emails: mkaouf127@yahoo.com, shamandyl6@hotmail.com, adelaeg254@yahoo.com,
samar-math@yahoo.com

288



