Acta Universitatis Apulensis No. 26/2011
ISSN: 1582-5329 pp. 237-244

YOUNG’S INEQUALITY REVISITED

Fravia-CoRINA MITROI

ABSTRACT. Some companions and a reverse of Young’s inequality are proved in
the context of absolutely continuous measures. We avoid the continuity condition
that appears in the classical statement of Young’s inequality, extending some known
results to the class of all nondecreasing functions.
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1. INTRODUCTION

It is well-known that:

Theorem 1. [Young’s inequality| Every strictly increasing continuous function
f:[0,00) — [0,00) with f(0) =0 and lim f (x) = oo verifies
Tr—00

abg/oafw)dw/obf—l(y)dy,

whenever a and b are nonnegative real numbers. The equality occurs if and only if

f(a)=0.

The inequality referred to the title appears for the first time in a paper of W. H.
Young [5]. At the core of this inequality is a geometric identity telling us that the
curve

y=f(z), =¢€lab]
decomposes the rectangle [0,a] x [0, f (a)] into two parts of areas [ f (2)dx and
Of(a) f~1(z)dz, so that

a f(a)
af(a):/o f(a;)da:+/0 1 (z) da.

See also [2,Theorem 1.2.1].
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In the sequel f : [0,00) — [0, 00) will denote a nondecreasing function such that
f(0)=0and lim f (z) = co. We attach to f a pseudo-inverse, with the convention
r—00

faw () =sup{z:y € [f (z-), f (z4)]},

where f (x—) and f (z+) represent the lateral limits at z. Notice that we have
Jaup(y) = max{z 2 0:y = f(2)}

when f is continuous.

Theorem 2./Young’s inequality for nondecreasing functions| Under the above
assumptions, for K : [0,00) x [0,00) — [0, 00) is Lebesgue locally integrable and for
every pair of nonnegative numbers a < b and every number ¢ > f(a), we have

b rc
/ / K (z,y) dydx
a Jf(a)
b f(@) c faap(®)
< / (/ K (z,y) dy) d:):+/ </ K (z,y) dac) dy.
a f(a) f(a) a

If K is strictly positive almost everywhere, then the equality occurs if and only if

celf =), f )]

This result can be find in a recent paper of F. C. Mitroi and C. P. Niculescu [1].

In what follows we consider the particular case of it K (z,y) = p(x) ¢ (y), where
D, q : [0,00) — [0, 00) are continuous functions. We immediately infer the following
inequality:

/abp(w)dm-/f:a)cJ(y)dy

b f(=) c )
d x)dx x) dx dy.
S/a </f(a) q(y) y)]?() +/f(a)</a p () )q(y)y

2. COMPANIONS OF YOUNG’S INEQUALITY

Before stating the main result of this section, we require the following well-known
lemma:

Lemma 1. For m, n > 0 and p, q > lsuch that%—k%: 1 one has %p+%q >
mn.
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We may now give an extension of Young’s Inequality:

Theorem 3. Let p > 1 be an arbitrary real number. We have:

b c b c
p/a p(w)dw'/f(a)q(y)dy+(p—l) (/a p(w)dw+/f(a)q(y)dy>
b [ rflx) P c fan (@) P
d x)dx z) dx dy.
é/a </f(a) q(y) y) p(x) +/f(a)</a p () )q(y)y

Proof. Applying Lemma 1 we take firstly m = [ ff((ax)) q(y)dy and n = 1. Then
x p X . . N
% (fff((a)) q(y) dy) + % > ff((a)) q (y) dy. We integrate this with respect to p (z) dx.

1 b f(z) p 1 b
p/a (/f(a) q<y>dy> p(w)dwq/a p () da
b f(=x)
2/ (/f() q(y)dy>p(ﬂf)dl’-

After that we consider m = faf;l%’(y) p(z)dr and n = 1. Then

1 fs;%)(y) P 1 fs;})(y)
, / p(z)dx +q2/ p(x)dx

and we integrate it with respect to ¢ (y) dy :

1 [¢ fan () 1 c
p/f(a) (/a p(w)d:c> q(y)dy+q</ﬂa)q(y)dy)

c faab ()
> / / p(z)dz | q(y)dy.
fla) \Va
The sum of these two inequalities gives us:

1 b rf@ P 1 fe fap () P
p/a (/f(a) q(y)dy> p(ﬂﬁ)daier/f(a) (/ p(x)dx> 4 (y) dy
b [ rf(x) c fap(®)
d x)dx x)dx d
>/a (/f(a) q(y) y>p() +/f(a)</a p(x) )q(y)y

p
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Multiplying this inequality with p and applying Theorem 2 we finally get the claimed
result:

p

/ab (/ff:)q(y) dy>pp(ar) d:c+/f:a) (/afsu;(y)p(aﬁ) dw) q(y)dy
Zp/abp(fv)dx-/f:a)q(y)dy—(p—l) </abp(m)d:c+/f;)q(y)dy>-

The case p = 1 coincides to the case K (z,y) = p(z) ¢ (y) in Theorem 2.
The following corollary appears in a paper of W.T. Sulaiman [3]:

Corollary 1. The above inequality, for p(x) = q(x) =1, witha = f(a) =0, f
continuous and strictly increasing, reduces to:

b c
phe— =10+ < [ @yt [ (17 @) du. for everyp =1

The case p = 1 is exactly Young’s inequality.

Theorem 4.Let p,q > 1 be arbitrary real numbers such that % + % =1. Then

/Oa ( /Of(a:)q(y) dy) p(x) da /0 ’ ( /0 Fup @) p(x) dx) q(y)dy

p

b a f(@)
Sfoqs/)dy/o (/0 Q(y)dy> p(z)dx

@ () de o[ rfas®) 7
+f0p51)d /0 (/0 yp(x)dx> q(y) dy.

Proof. Via Lemma 1, if we integrate [’ (f(f () q(y) dy) p (x) dx both sides of the
following inequality:

q

T p sTJl
F@) fab) (K away)”  (JFY p (@) do)
/0 q(y)dy~/0 p(z) ds < ; + 7

we obtain the clamed result.
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3. REVERSE OF YOUNG’S INEQUALITY

Noticing that the functions

(S awa )p(t)dt
Jap(®)d

F:(a,00) — Ry, F(z)=

and

Sy (59 p 6y dt) a () dy
f;(a) q (y) dy

are nondecreasing, we can state the following result:

G:(fla),0) — Ry, Glz)=

Theorem 5.Let a, b be two positive real numbers with a < b . The following
mequality is true:

. ff Y b f@)
mln{l ff(b) (y)dy}/a (/f(a) Q(y)dy>p(t)dt (1)

fla) 4

c a0
+min{1 M}/JC( | (/ v p(t)dt>q(y)dy

S/abp(t)dt-/f:a)qw)dy-

<1
Equality holds iff we have [; up p(t)dt =0 forb < f.l(c) or ff (y)dy =0
for b > foup ().
Proof. Consider first that b < fi1 (¢c). Then F(fy}(c)) > F(b) and more
explicitely this reads as

[ ( S0 at y> p(t)dt N s ( J18 aw) dy) p(t)dt
ffsup(c (t) dt B fabp (t)dt .

We already know that

fap(©) 1) c faun (W)
/ / () dy | p(t)di + / / p(t)dt ) q(y) dy
a f(a) f(a) a

fan(©) c
—/ p(t)dt~/ q(y) dy.
a f(a)
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Consequently

IO o ([
J2p (1) dt /a /f(a)Q(y)dy p(t)d“r/f(a) /a p)dt|q(y)dy

faup(c) c
<[ vwa [ i
a f(a)

L2 p(t)at

=4 and we immediately obtain the following partial
fjsup(c) p(t)dt

We multiply this by

result:

b f(®) fbp(t) dt c < fab () )
dy | p(t)dt + —=F ———— t) dt dy (2
/a (/f(a) q(y) y>p() +fafs“p(c)p(t)dt/f(a) /a p(t)dt|q(y)dy (2)

g/abpa)dt-/f:a)q(y)dy.

The equality holds if

b f(t)
/ (/ ¢(v) dy) p(t) dt
a f(a)

sup(©) c fab ()
P t dt sup(Y
+ (1 - f)f‘%’(c) Eti " /f( : (/ p(t) dt) q(y)dy
asu p a a

b c
= / p(t)dt~/ q(y) dy,
a f(a)
-1
and that happens if and only if fbfsup(c) p(t)dt = 0.
Considering now the reverse b > fo.L (c), we use the fact G(f (b)) > G(c), written

sup
more explicitely as

ur c !
f]{((:)) (fafsup(y) P (t) dt) q (y) dy - ff(a) (faf p(¥) P (t) dt) q (y) dy
T q () dy - @y 2 (W) dy

b £t f(b) faun ()
l(ﬂ(a)q<y>dy)p<t>dt+[c(a) (/ p(t)dt)q@)dy
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we obtain

b [ ) [ q)dy e fab (@)
/ ( /f ) q(y)dy)p<t>dt+ e /f . ( / p(t)dt)q<y>dy

c d
We multiply by W. Finally:

f(a) q(y)dy

Sy 4 (v) dy b( o ) c ( Feab(w) )
d d d dy (3
ff(g’))Q(y)dy/a /f(a) )y J () t+/f(a) /a p(e)dt Ja()dy  (3)

S/abp(t)dt-/f:a)q(y)dy-

The equality holds when

ff(b) q(y)dy b ( f@) ) ¢ ( faun(y) )
( fﬁf))q(y)dy /a /f(a) 1)y ) th/f(a) /a pludr Jatv)dy

:/abp(t)dt-/f;)q(y)dy,

and that happens if and only if fcf(b) q(y)dy = 0.
The inequality (1) appears now as a shorter version of the inequalities (2) and

(3)-
As a particular case of it we obtain a result due to A. Witkowski [4] .

Corollary 2.For p(z) = q(x) =1 on [0,00), a = f(a) =0, f continuous and
strictly increasing, we obtain an inequality with upper bound :

min{l,fzb)} /Obf(a:) daz+min{1,ff(c)} /ch—l (y) dy < be,

Equality holds iff c = f (b).
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