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NEIGHBOURHOODS AND PARTIAL SUMS OF CERTAIN
SUBCLASS OF ANALYTIC FUNCTIONS
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ABSTRACT. The main purpose of the present paper is to derive the neighbor-
hoods and partial sums of certain subclass of analytic functions which was introduced
and investigated recently by Liu and Liu [Z.-W. Liu and M.-S. Liu, Properties and
characteristics of certain subclasses of analytic functions, J. South China Normal
Univ. Natur. Sci. Ed. 28 (2010), 11-15].
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1.INTRODUCTION

Let A, denote the class of functions f of the form

e}

f(z)=2z+ Z apzk (meN:={1,2,3,...}), (1)

which are analytic in the open unit disk
U:={z: zeC and |z <1}
In 2002, Owa and Nishiwaki [12] introduced the class M, (/) which was defined
by
a (20
f(2)

Assuming that o =2 0, > 1 and f € A,,, we say that a function f € M,,(«, )
if it satisfies the condition

R (zJ{(S) + aZQJ;’Z;()Z)> <af (5 + % - 1) +8- % (zeU). (3)

><ﬂ (feAn; 2€U; f>1). (2)

217



Y. Sun, Z. Wang, R. Xiao - Neighborhoods and partial sums of certain subclass...

Obviously, M, (0, 8) = M, (5).

For convenience, throughout this paper, we write
m mao
’ym::aﬂ(ﬂ—k——l)—kﬂ—i- (4)

Recently, Liu and Liu [11] proved that M,,(a, ) C M,,(3) and derived various
properties and characteristics such as inclusion relationships, sufficient conditions
and Fekete-Szego inequality for the class M., («, 3). In the present paper, we aim
at proving the neighborhoods and partial sums of the class M,,(«, 3).

2.MAIN RESULTS

Following the earlier works (based upon the familiar concept of neighborhood of
analytic functions) by Goodman [9] and Ruscheweyh [13], and (more recently) by
Altintag et al. [1,2,3,4], Catag [5], Frasin [7], Keerthi et al. [10] and Srivastava et al.
[15], we begin by introducing here the d-neighborhood of a function f € A, of the
form (1) by means of the definition

Ns(f) = {g EAnm: g(z) =2+ Z brz®  and
k=m+1
[ee]
E(1+ka—a) — v,
Y AR S, <5 Goazo g vm>1)}-
k=m+1 Ym =
(5)
By making use of the definition (5), we now derive the following result.
Theorem 1. If f € A, satisfies the condition
TEVLE ¢ M) (eeC: el <5 0>0) (6)
1+4+¢
then
Ns(f) C Mup(a, B). (7)
Proof. By noting that the condition (3) can be rewritten as follows:
zf'(2) 22 f"(2)
+a
e g | <1 eD) (®)
e TG T A

we easily find from (8) that a function g € M,,(a, 8) if and only if

29'(2) + a2?g" ()

2g'(2) + az?g"(2) — 2ymg(2)

#o (z€U; 0 €C; |o]=1),
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which is equivalent to
(9% h)(2)

. #0 (z € ), (9)
where
)=zt Y ot (k - brako Litcﬁﬁff_l)_ma)- (10)

k=m+1
It follows from (10) that

k+ak(k—1)—[k+ ak(k—1) = 2vp]o
(2'Ym - 1)0

k4 ak(k—1)+ [k + ak(k —1) — 2y,]|o]
2(Ym — 1) |o]|

k(A +ka—a)—vm B

- Eerss (171 = D).

If f € A, satisfies the condition (6), we deduce from (9) that
(f xh)(2)

e =\

[IA

7—¢ (e[ <8 0>0),

or equivalently,

>0 (z€U; 6>0). (11)

We now suppose that

q(z) =z + Z dp2® € N5(f).

k=m+1
It follows from (5) that
’((q—f)*h)(z) _ i (dh — ag)ens"1| < i k(1 + ko — o) — Y d — ax| < 6.
z k=m+1 k=m+1 Tm 1
(12)
Combining (11) and (12), we easily find that
‘(Q*h)(Z) _ ’([f+(qf)] PG| ‘(f*h)(Z) B ‘((Qf) PG|,
which implies that
@h®) L (ew)

z
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Therefore, we conclude that

q(z) € N5(f) € Mm(a, ).
We thus complete the proof of Theorem 1. O

Next, we derive the partial sums of the class M,,(«, 3). For some recent inves-
tigations involving the partial sums in analytic function theory, one can find in [6,
8, 14] and the references cited therein.

Theorem 2. Let f € A, be given by (1) and define the partial sums f,(z) of f by

n

fa(z) =2+ Z apz® (neN; n=2m+1). (13)
k=m+1
If
[e.e] 1 _ — Y
I A C  E T D CT)
k=m+1 Tm =
then
1. fEMm(Oé,ﬂ);
2.
F(2)Y o (0 DA+ na) + 129, .
§R<fn(2) = T D o) = (mneN; nz2m+1; ze€lU),
(15)
and
fn(2) > (n+ 1)1 +na)—ym C o > .
§R<f(z) > 0+ o+ na) (meN;nz2m+1; z€U). (16)
The bounds in (15) and (16) are sharp with the extremal function given by
(20).

Proof. (1) Suppose that fi(z) = z. We know that z € M,,(a, 3), which implies
that

f1(121_-1;€z =z € Mu(a, ).
From (14), we easily find that
= k(l+ka—a)—vm
y, MR oy, o<,
k=m+1 Tm
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which implies that f € Ni(z). In view of Theorem 1, we deduce that
feNi(z) C Mp(a, B).
(2) It is easy to verify that

n+1)1l+n+Da—ao]—vym m+1)(1+na)—"ym _ n(l+na—a)—ym

= > > 1
Ym — 1 Ym — 1 Ym — 1
where (n € N). Therefore, we have
n oo o0
n+1)(1+ no) — k(l+ka—a) —
k=m+1 Tm k=n+1 k=m+1 m
(17)

We now suppose that

(DA +na)—ym (flz)  (+D(I+na)+1—2y,
1/1(2) - Y — 1 <fn(z) (n+1)(1+na) — ym )
er)%ﬂwk}%ﬂakzk*l (18)

— 1+ _
1+ > agzk1
k=m+1

It follows from (17) and (18) that

e L
‘1/1(2)—1' < k=n+1 <1 (z € )
() + 117 5 i lag| — D)=y, § ] - ’
k=m+1 =t k=nt1
which shows that
R(p(z) 20 (2€0). (19)

Combining (18) and (19), we deduce that the assertion (15) holds true.
Moreover, if we put

— Ym — 1 n 1.
f(z)—z+(n+1)(1+na)_7mz + (n € N\{1,2,....,m —1}; m € N), (20)
then for z = re™/™ we have
f(z) _ Y — 1 - (n+1)(1+na)+1—2v, (r—17)
fn(2) (n+ 1)1+ na) — ym (n+ 1)(1 4+ na) — ym ’
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which implies that the bound in (15) is the best possible for each n € N\{1,2,...,m — 1}.
Similarly, we suppose that

@):nﬂ+a+n®(jdﬁ_Kn+Dﬂ+n®—ww)
v Y — 1 f(2) n(l+a+na)
nliatna) $ g kel (21)
—1_ m k=n+1
1+ § apzk-1
k=m+1

In view of (17) and (21), we conclude that

n(l+a+na) i‘é

— |a|
ECEIp 1 ey
(P(Z) +1]— 9_9 i |ak:| _ (n+D)(A+na)+1-2ym i |ak| - ’
k=m-+1 Yl k=n+1
which implies that
R(p(z) 20  (2€). (22)

Combining (21) and (22), we readily get the assertion (16) of Theorem 2. The bound
in (16) is sharp with the extremal function f given by (20).
The proof of Theorem 2 is thus completed. O

Taking o = 0 in Theorem 2, we obtain the following corollary.

Corollary 1. Let f € A, be given by (1) and define the partial sums fn(z) of f by
(13). If f satisfies

Y. k=Dl =5-1  (8>1), (23)
k=m+1
then f € My (8),
f(2) n+2-—20 _ _
R fn(z)>2n+1—ﬂ (mneN; nz2m+1; ze), (24)
and
R J;?((j))>g”+i_ﬂ (meN; n=m+1; zel). (25)
The bounds in (24) and (25) are sharp with the extremal function given by
—1
f(z):Z—I—nil_ﬁz”Jrl (neN\{L,2,...,m—1}; meN). (26)
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Finally, we turn to ratios involving derivatives. The proof of Theorem 3 below
is much akin to that of Theorem 2, we here choose to omit the analogous details.

Theorem 3. Let f € A, be given by (1) and define the partial sums f,(z) of f by
(13). If the condition (14) holds, then

(2)\ < (R4 1)(2 4 na —m) — vm
! <f/1(2)> = (n+ 1)(1 + na) — m

meN;nz2m+1; zeU), (27)

and

fn(2) (n+ D1 +na) = ym
" <f’(2)> = (n+ 1) (na+ym) — Ym

The bounds in (27) and (28) are sharp with the extremal function given by (20).

meN;nz2m+1; z€U). (28)

Taking o = 0 in Theorem 3, we obtain the following corollary.

Corollary 2. Let f € A, be given by (1) and define the partial sums fn,(z) of f by
(13). If the condition (23) holds, then

R(£E)) p ot D2 =5

meN; nz2m+1; zeU), (29)

fi(z)) — n+1—-p
" fn(2) +1-0
(2 n — . _
§R<f’(z)>§ Y meN;nz2m+1; zel). (30)

The bounds in (29) and (30) are sharp with the extremal function given by (26).

Acknowledgements. The present investigation was supported by the Scientific
Research Fund of Huaihua University under Grant HHUQ2009-03 of the People’s
Republic of China.

REFERENCES

[1] O. Altintas, Neighborhoods of certain p-valently analytic functions with neg-
ative coefficients, Appl. Math. Comput. 187 (2007), 47-53.

[2] O. Altintag and S. Owa, Neighborhoods of certain analytic functions with
negative coefficients, Int. J. Math. Math. Sci. 19 (1996), 797-800.

[3] O. Altintag, O. Ozkan and H. M. Srivastava, Neighborhoods of a class of
analytic functions with negative coefficients, Appl. Math. Lett. 13 (2000), 63-67.

[4] O. Altintas, 0. Ozkan and H. M. Srivastava, Neighborhoods of a certain family
of multivalent functions with negative coefficients, Comput. Math. Appl. 47 (2004),
1667-1672.

223



Y. Sun, Z. Wang, R. Xiao - Neighborhoods and partial sums of certain subclass...

[5] A. Catas, Neighborhoods of a certain class of analytic functions with negative
coefficients, Banach J. Math. Anal. 3 (2009), 111-121.

[6] B. A. Frasin, Partial sums of certain analytic and univalent functions, Acta
Math. Acad. Paedagog. Nyhdazi. (N.S.) 21 (2005), 135-145. (electronic)

[7] B. A. Frasin, Neighborhoods of certain multivalent functions with negative
coefficients, Appl. Math. Comput. 193 (2007), 1-6.

[8] B. A. Frasin, Generalization of partial sums of certain analytic and univalent
functions, Appl. Math. Lett. 21 (2008), 735-741.

9] A. W. Goodman, Univalent functions and nonanalytic curves, Proc. Amer.
Math. Soc. 8 (1957), 598-601.

[10] B. S. Keerthi, A. Gangadharan and H. M. Srivastava, Neighborhoods of
certain subclasses of analytic functions of complex order with negative coefficients,
Math. Comput. Modelling 47 (2008), 271-277.

[11] Z.-W. Liu and M.-S. Liu, Properties and characteristics of certain subclasses
of an. functions, J. South China Normal Univ. Natur. Sci. Ed. 28 (2010), 11-15.

[12] S. Owa, J. Nichiwaki, Coefficient for certain classes of analytic functions, J.
Inequal. Pure Appl. Math. 3 (2002), Article 72, pp. 1-5. (electronic)

[13] S. Ruscheweyh, Neighborhoods of univalent functions, Proc. Amer. Math.
Soc. 81 (1981), 521-527.

[14] H. Silverman, Partial sums of starlike and convex functions, J. Math. Anal.
Appl. 209 (1997), 221-227.

[15] H. M. Srivastava, S. S. Eker, and B. Seker, Inclusion and neighborhood
properties for certain classes of multivalently analytic functions of complex order
associated with the convolution structure, Appl. Math. Comput. 212 (2009), 66-71.

Yong Sun

Department of Mathematics, Huaihua University,
Huaihua 418008, Hunan, People’s Republic of China
E-mail: yongsun2008Qfoxmail.com

Zhi-Gang Wang

School of Mathematics and Computing Science, Changsha University of Science and
Technology,

Changsha 410076, Hunan, People’s Republic of China

E-mail: zhigangwang@formail.com

Rui Xiao

Department of Electronic Science, Huizhou University,
Huizhou 516007, Guangdong, People’s Republic of China
E-mail: ziaorui810302Q1638.com

224



