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ABSTRACT. The purpose of the present paper is to introduce the concept of
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1. INTRODUCTION

Generalized closed sets, briefly g-closed sets, in a topological space were intro-
duced by N. Levine [7] in order to extend some important properties of closed sets
to a larger family of sets. For instance, it was shown that compactness, normality
and completeness in a uniform apace are inherited by g-closed subsets. K. Balachan-
dran, P. Sundaram and H. Maki [1] introduced the notion of generalized continuous
maps, briefly g-continuous maps, by using g-closed sets and studied some of their
properties.

Closure spaces were introduced by E.Cech in [4] and then studied by many
authors, see e.g. [5], [8] and [9]. C. Boonpok and J. Khampakdee [2] introduced
a new class of closed sets in closure spaces, as for generality, between the class of
closed sets and the class of generalized closed sets. Using the concept of 0-closed
sets, introduced two new kinds of spaces, namely 7" -spaces and T"/-spaces. The two

2 2

kinds of spaces are investigated.

J. C. Kelly [6] introduced the notion of bitopological spaces. Such spaces are
equipped with two arbitrary topologies. Furthermore, Kelly extended some of the
standard results of separation axioms in a topological space to a bitopological space.
Thereafter, a large number of papers have been written to generalize topological
concepts to bitopological setting. In this, paper we introduce and study the concept
of 9-Hausdorff biclosure spaces.
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2. PRELIMINARIES

An operator u : P(X) — P(X) defined on the power set P(X) of a set X
satisfying the axioms :

(N1) ud =0,
(N2) A C uA for every A C X,

(N3) ACB=uACuBforall A,BC X.

is called a closure operator and the pair (X, u) is called a closure space. For short,
the space will be noted by X as well, and called a closure space. A closure operator
u on a set X is called idempotent if uA = uuA for all A C X. A subset A is closed
in the closure space (X, u) if uA = A and it is open if its complement is closed. The
empty set and the whole space are both open and closed.

Let (X, u1) and (X, ug) be closure spaces. The closure u; is said to be finer than
the closure us9, or us is said to be coarser than uy, by symbols uy < ug, if uoA D u1 A
for every A C X. The relation < is a partial order on the set of all closure operators
on X.

A closure space (Y, v) is said to be a subspace of (X, ) if Y C X and vA = vANY
for each subset A C Y. If Y is closed in (X, u), then the subspace (Y,v) of (X, u)
is said to be closed too. A closure space (X, u) is said to be a Ty-space if, for any
pair of points z,y € X, from =z € u{y} and y € u{z} it follows that x = y, and it
is called a T -space if each singleton subset of X is closed or open. Let (Y,v) be a

closed subsp?xce of (X,u). If F'is a closed subset of (Y, v), then F is a closed subset
of (X,u). Let (X,u) and (Y, v) be closure spaces. A map f: (X,u) — (Y,v) is said
to be continuous if f(uA) Cvf(A) for every subset A C X.

One can see that amap f : (X, u) — (Y,v) is continuous if and only if uf~1(B) C
f~Y(vB) for every subset B C Y. Clearly, if f : (X,u) — (Y,v) is continuous, then
f7Y(F) is a closed subset of (X,u) for every closed subset F' of (Y,v). Let (X,u)
and (Y,v) be closure spaces. A map f : (X,u) — (Y,v) is said to be closed (resp.
open) if f(F') is a closed ( resp. open ) subset of (Y, v) whenever F' is a closed ( resp.
open ) subset of (X, u).

The product of a family {(Xa,uq) : @ € I} of closure spaces, denoted by

[T (Xa,uq), is the closure space ( II Xa,u) where [[ X, denotes the cartesian
ael acl ael
product of sets X,, a € I, and w is the closure operator generated by the projec-
tions 7o [[ (Xasta) — (Xa,ua), @ € I, ie., is defined by uAd = [] uama(A) for
ael acl
each A C [] X,.
acl
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Clearly, if {(Xa,uq) : @ € I} is a family of closure spaces, then the projection

map 73 : [[ (Xa,ua) = (Xp,ug) is closed and continuous for every 3 € I.
acl

Proposition 2.1. Let {(Xq,uq) : « € I} be a family of closure spaces and let

B € l. Then F is a closed subset of (Xg,ug) if and only if F' x [ X4 is a closed

a#p
acl

subset of ] (Xa,ua).
acl

Proof. Let F' be a closed subset of (X3,ug). Since mg is continuous, wgl(F) is
a closed subset of [] (Xa,uq). But ng(F) =F x ] Xa, hence F x [ X4 is a

o€l arh arh
closed subset of [] (Xa,uq).
ael
Conversely, let F'x [[ X, be a closed subset of [] (Xq,uq). Since 7g is closed,
3 (F x I Xa> = F'is a closed subset of (Xg,ug).
a#
aecl

The following statement is evident :

Proposition 2.2. Let {(Xq,uq) : « € I} be a family of closure spaces and let

B e€I. Then G is an open subset of (Xg,ug) if and only if G x [[ X, is an open

a#3
acl

subset of ] (Xa,ua).
acl

Definition 2.3./2] Let (X,u) be a closure space. A subset A C X is called a
generalized closed set, briefly a g-closed set, if uA C G whenever G is an open subset
of (X,u) with A C G. A subset A C X is called a generalized open set, briefly a
g-open set, if its complement is g-closed.

Definition 2.4. [2] Let (X, u) be a closure space. A subset A C X is called a
O-closed set, if uA C G whenever G is a g-open subset of (X,u) with A C G. A
subset A C X is called a 0-open set if its complement is 0-closed.

Remark 2.5. For a subset A of a closure space (X, u), the following implications
hold :

A is closed = A is 0-closed = A is g-closed
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None of these implications is reversible as shown by the following examples.

Example 2.6. Let X = {1,2,3,4} and define a closure operator v on X by
ud =0, w{1} = {1,3}, uw{2} = {2,3}, u{3} = u{4} = u{3,4} = {3,4} and u{1,2} =
u{1,3} = u{l,4} = u{2,3} = u{2,4} = u{1,2,3} = u{1,2,4} = u{2,3,4} =
u{l1,3,4} =uX = X. Then {1,2,3} is 0-closed set but it is not closed.

Example 2.7. Let X = {1,2} and define a closure operator u on X by u() = ()
and u{l1} = u{2} = uX = X. Then {1} is g-closed but it is not d-closed.

Proposition 2.8. Let (X, u) be a closure space and let A, B C X. If A is closed
and B is g-closed, then AN B is g-closed.

Proof. Let G be an open subset of (X,u) such that AN B C G. Then B C
(X —A)UG. Since (X — A) UG is open, uB C (X — A) UG. Consequently,
ANuB C G. Since A is closed, u(ANB) CuANuB =ANuB C G. Hence, ANB
is g-closed.

Proposition 2.9. [2] Let {(Xa,un) : @ € I} be a family of closure spaces and

let B € I. Then F is a O-closed subset of (Xg,ug) if and only if FF x [[ X4 is a

a#p
acl

0-closed subset of [] (Xa,ta)-
a€cl

Proposition 2.10. [2] Let {(Xa,uq) : o € I} be a family of closure spaces and

let B € I. Then G is a 0-open subset of (Xg,ug) if and only if G x [[ Xu is a

a#p
acl

0-open subset of [[ (Xa,uq).
aecl

Proposition 2.11. [2] Let {(Xa,uq) : a € I} be a family of closure spaces. For

each B €I, let mg: [] Xo — X be the projection map. Then
acl

(i) If F' is a O-closed subset of HI(Xa,ua), then mg(F') is a O-closed subset of
ae
(Xg,up).

(i1) Ilj_"[F(’Xis a )a—closed subset of (Xg,ug), then ng(F) is a O-closed subset of
Oé?uol .

ael
Definition 2.12. Let (X,u) and (Y,v) be closure spaces. A map f: (X,u) —

(Y,v) is called O-irresolute, if f~1(F) is a O-closed subset of (X,u) for every d-closed
subset F' of (Y,v).
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Clearly, amap f : (X,u) — (Y, ) is O-irresolute if and only if f~1(G) is a 9-open
subset of (X, u) for every d-open subset G of (Y, v).

Definition 2.13. [3] A biclosure space is a triple (X, u1,us) where X is a set
and uy,us are two closure operators on X.

Definition 2.14. [3] A subset A of a biclosure space (X, uy,u9) is called closed
if uyuo A = A. The complement of closed set is called open.

Clearly, A is a closed subset of a biclosure space (X, u,ug) if and only if A is
both a closed subset of (X, u1) and (X, ug).

Let A be a closed subset of a biclosure space (X, u1,us) . The following conditions
are equivalent:

(1) wour A=A,
(ii) ulA = A, U2A = A.

Definition 2.15. [3] Let (X,u1,u2) be a biclosure space. A biclosure space
(Y,v1,v2) is called a subspace of (X,ui,uz) if Y € X and v;A = uw;ANY for each
i € {1,2} and each subset ACY.

Definition 2.16. Let (X, u1,u2) and (Y,v1,v2) be biclosure spaces and let i €
{1,2}. A map f: (X,ui,u2) — (Y,v1,v2) is called i-0-irresolute if the map f :
(X, u;) — (Y, v;) is O-irresolute. A map f is called O-irresolute if f is i-0-irresolute
for each i € {1,2}.

3. O-HAUSDORFF BICLOSURE SPACES

In this section, we introduce the concept of d-Hausdorff biclosuure spaces and
study some of their properties.

Definition 3.1. A biclosure space (X, u1,u2) is said to be 0-Hausdorff biclosure
space if, whenever x and y are distinct points of X there exists 0-open subset U of
(X,u1) and 0-open subset V' of (X, uz) such that x € U, y €V and UNV = 0.

Example 3.2. Let X = {a, b} and define a closure operator u; on X by u10 = 0,

wi{a} = ui{b} = u1 X = X. Define a closure operator ug on X by usl) = 0,
ug{a} = ua{b} = us X = X. Then (X, u1,u2) is a 0-Hausdorff biclosure space.
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Proposition 3.3. Let (X, u1,u2) be a biclosure space and let A,B C X. If A is
a closed subset of (X, u1,uz) and B is both a O-closed subset of (X, u1) and (X, uz),
then AN B is both a 0-closed subset of (Y,v1) and (Y, v2).

Proof. Let G be a g-open subset of (X, u;) such that AN B C G. Then B C
(X —A)UQG. Since (X — A)UG is a g-open subset of (X,u1), u1B C (X — A)NG.
Consequently, ANwu;B C G. Since A is a closed subset of (X,u1), ui(ANB) C
upANuB=ANu; B C G. Hence, AN B is a 0-closed subset of (X, uq). Similarly,
if A is a closed subset of (X, u1,u2) and B is a 0-closed subset of (X, uz), then ANB
is a O-closed subset of (Y, v3).

Lemma 3.4. Let (X,ui,u2) be a biclosure space and let (Y, v1,v2) be a closed
subspace of (X,ui,u2). If G is both a 0-open subset of (X,u1) and (X,us2), then
G NY is both a 0-open subset of (Y,v1) and (Y, v3).

Proof. Let G be a 0-open subset of (X, u1). Then X — G is a 0-closed subset of
(X,u1). Since Y is a closed subset of (X, u1), (X —G)NY is a d-closed subset of
(X,u1). But (X —G)NY =Y — (GNY). Therefore, Y —GNY is a 0-closed subset
of (X,u1). Hence, GNY is a 0-open subset of (X, up). Similarly, if G is a 0-open
subset of (X, us), then GNY is a d-open subset of (Y, v2).

Proposition 3.5. Let (X,u1,uz) be a biclosure space and let (Y,v1,v2) be a
closed subspace of (X, uy,uz). If (X, u1,u2) is a O-Hausdorff biclosure space, then
(Y, v1,v9) is a O-Hausdorff biclosure space.

Proof. Let y and 3’ be any two distinct points of Y. Then y and ¢’ are distinct
points of X. Since (X, u1,u9) is a d-Haurdorff biclosure space, there exists a disjoint
0-open subset U of (X,u;) and 0-open subset V' of (X, uz) containing y and v/,
respectively. Consequently, y e UNY, ¢y e VNY and (UNY)N(VNY)=0. By
Lemma 3.4, UNY is a 0-open subset of (Y,v1) and VNY is d-open subset of (Y, vg).
Hence, (Y, v1,v2) is a 0-Hausdorff biclosure space.

Proposition 3.6. Let {(X,,ul,u2) : a € I} be a family of biclosure spaces.

oy Yoy Yo
Then [[ (Xa,ul,u?) is a 0-Hausdorff biclosure space if and only if (Xq,ul,u?) is
acl

a 0-Hausdorff biclosure space for each o € 1.

Proof. Suppose that [] (Xa,uk,u2) is a 0-Hausdorff biclosure space. Let 5 € I

oy Yoy Yo
acl

and z 3, yg be any two distinct points of X3. Then (24 )acr and (yq)acr are distinct

points of [] Xg. Since [] (Xq,uk,u2) is a 9-Hausdorff biclosure space. There exists
acl acl
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0-open subset U of (X/g,ué) and J-open subset V' of (Xg,u%) such that x5 € U,
yg € V and UNV = (. Therefore, (Xg, u}j, u%) is a d-Hausdorff biclosure space.
Conversely, suppose that (X,,ul,u2) is a 9-Hausdorff biclosure space for each
a € I. Let (zq)acr and (ya)acr be any two distinct points of [] X. Then zg
acl
and yg are distinct points of Xjg. Since (Xﬁ,u}},u%) is a 0-Hausdorff biclosure

space, there exists a disjoint J-open subset U of (Xg, ué) and 0-open subset V' of
(Xlg,u%) such that g € U and yg € V. Consequently, U x [][ X, is a 0-open

a#3
ael
subset of [ (Xa,ul,) and V x [] X, is a 9-open subset of ] (X4, u2) such that
acl (;72/]3 acl
(xa)ael cUx H Xou (ya)ael cVx H Xa and (U X H Xa)m(v X H Xa) = Q)
a#p a#f a#p a#p
acl acl acl acl

Hence, [[ (Xa,ul,u2) is a 9-Hausdorff biclosure space.
acl

Proposition 3.7. Let (X,uj,u2) and (Y,v1,v2) be biclosure spaces. Let f :
(X, u1,u2) — (Y,v1,v2) be injective and d-irresolute. If (Y,v1,v9) is a O-Hausdorff
biclosure space, then (X,ui,u2) is a 0-Hausdorff biclosure space.

Proof. Let z and y be any two distinct points of X. Then f(z) and f(y) are
distinct points of Y. Since (Y, v1,v2) is a -Hausdorff biclosure space, there exists a
disjoint 9-open subset U of (Y,v1) and d-open subset V' of (Y, vy) containing f(z)
and f(y), respectively. Since f is O-irresolute and U NV = (), f~1(U) is a d-open
subset of (X,u1), f~1(V) is a -open subset of (X, uz), f~1(U) N f~1(V) = 0 and
x € f~YU), y € f~1(V). Therefore, (X, u1,uz) is a d-Hausdorff biclosure space.
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