Acta Universitatis Apulensis No. 24/2010
ISSN: 1582-5329 pp. 63-72

ON ORLICZ FUNCTIONS OF GENERALIZED DIFFERENCE
SEQUENCE SPACES

AHMAD H. A. BATAINEH AND ALAA A. AL-SMADI

ABSTRACT. In this paper, we define the sequence spaces : [V, M,p, Al s],
[V,M,p, Al slp and [V, M,p, All, s]s, where for any sequence z = (z,), the dif-
ference sequence Az is given by Az = (Axy)22, = (zn — Tp—1)5e;. We also exam-
ine some inclusion relations between these spaces and discuss some properties and
results related to them.
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1.INTRODUCTION AND DEFINITIONS

Let X be a linear space. A function p : X — R is called paranorm if the following
are satisfied :

(i) p(0) > 0

(ii) p(x) > 0 for all x € X
(iii) p(z) = p(—=z) for all z € X
(iv) p(x +y) < p(x) + p(y) for all x € X ( triangle inequality )

(v) if (An) is a sequence of scalars with A,, — A (n — o0) and (x,,) is a sequence
of vectors with p(z, —z) — 0 (n — 00), then p(Apzn,—Az) — 0 (n — 00) ( continuity
of multiplication by scalars ).

A paranorm p for which p(z) = 0 implies x = 0 is called total. It is well known
that the metric of any linear metric space is given by some total paranorm (cf.[11]).

Let A = (\,) a nondecreasing sequence of positive reals tending to infinity and
A =1and Apy1 < Ay + 1.

The generalized de la Vallée-Poussin means is defined by :

where I, = [n — A\, + 1,n]. A sequence x = (x1) is said to be (V, A\)—summable to a
number [ ( see [2] ) if t,(z) — [, as n — oo.
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We write

. 1
V,\o = {xz(xk);1175nTZ|xk|:()}
" kel,

1
V,A] = {x:(mk):lim—2|xk—le|:0, for some [ € C}
" )\"kel

and

VMo = { = (22) s sup 1 3 [ < oo}
"N ke,

For the set of sequences that are strongly summable to zero, strongly summable
and strongly bounded by the de la Vallée-Poussin method. If A\, = n for n =
1,2,3,-- -, then these sets reduce to wg, w and wy, introduced and studied by Maddox
[5].

Following Lidenstrauss and Tzafriri [4], we recall that an Orlicz function M is
continuous, convex, nondecreasing function defined for z > 0 such that M (0) =0
and M(x) > 0 for x > 0.

If convexity of M is replaced by M (z +y) < M(x) + M(y), then it is called a
modulus function, defined and studied by Nakano [8], Ruckle [10], Maddox [6] and
others.

An Orlicz function M is said to satisfy the As—condition for all values of w, if
there exist a constant K > 0 such that

M(2u) < KM(u) (u>0).
It is easy to see that always K > 2. The As—condition is equivalent to the
satisfaction of the inequality
M(lu) < KIM (u),

for all values of u and for [ > 1.
Lidenstrauss and Tzafriri [4] used the idea of Orlicz function to construct the
Orlicz sequence space :

Ly = {x:((ﬁk)ZM(‘xpk ’) < oo, for some p > 0},
k=1

which is a Banach space with the norm :
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o
|2 lu=intfp >0: 3 a2l <1y,
k=1 P

If M(z) = 2P,1 < p < o0, the space [y coincide with the classical sequence
space [p.

Parashar and Choudhary [9] have introduced and examined some properties
of four sequence spaces defined by using an Orlicz function M, which generalized
the well-known Orlicz sequence space [; and strongly summable sequence spaces
[(jvlvph[(jalaiﬂﬂ and’Rj717p]ar

Let M be an Orlicz function, p = (pg) be any sequence of strictly positive real
numbers and u = (ug) be any sequence such that uy # 0(k = 1,2,---) . Then
Alsaedi and Bataineh [1] defined the following sequence spaces :

[V, M, p,u, Al = {z = (zx) : limy, 1= 372 [M(Mprlel)]pk —0.
for some [ and p > 0},

V. M,p,u, Ay = {z = (z) : lim, ﬁZ%In[M(W)]pk =0, for somep >
0},
and

JR A
[V, M,p,u, Ao = {z = (z1) : sup E [M(M)]p’“ < oo, for some p > 0}.
n n p
kely

Now, if n is a nonnegative integer and s is any real number such that s > 0, then
we define the following sequence spaces :

[V, M,p, AL 8] = {& = (xp) : limy - Y02, ks [M (=l = g,
for some [,p >0 and s > 0},

V. M, pAL, slo = {x = () : limy, 5= Y02, k= [M (Bl 0,
for some p > 0 and s > 0},

and

[V, M, p, A, slo = {& = (a1) : sup,, 5= Yope; k(M (IRl < o,
for some p > 0 and s > 0},

where u = (uy) is any sequence such that uy # 0 for each k,and

Agx = UpTk,
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1
AT = UpTg — U1 Tht1,

A2z = A(Alx),

u

Az = A(A™ L),

U
so that

n n = T n
Au$ = Aukﬂj‘k = Z(—l) <T>Uk+7~$k+r.
r=0
If n =0 and s = 0, then these gives the spaces of Alsaedi and Bataineh [1].

2.MAIN RESULTS

We prove the following theorems :
Theorem 1. For any Orlicz function M and any sequence p = (px) of strictly
positive real numbers, [V, M,p, Al s], [V, M,p, Al slo and [V, M, p, All, s|s are lin-
ear spaces over the set of complexr numbers.
Proof. We shall prove only for [V, M, p, Al!, s|op. The others can be treated simi-
larly. Let x,y € [V, M,p, A", s]p and o, 8 € C. In order to prove the result, we need
to find some p > 0 such that :

.1 sty ALTE + BATYL |
lin = k; kS [M( ; )JPE = 0.

Since z,y € [V, M, p, A, s]o, there exists some positive p; and p, such that :

An 1 An
20Tk by — g and tim L 37 g 2

e =o.
£1 n An kel P2

.1 s
hran o Z k5[ M (
kel,
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Define p = max(2 | a | p1,2| 5| py). Since M is nondecreasing and convex,

" kel, P
1 Al Al
" kel P P
Aﬁwk | | Al |
< +
N kzlj g (S g (L2ELp
ARy, AR Yk
< Ly Rl By
el P1 P2
Al A
< Kﬁzk | wk’pk_i_K Zk ’ uyk‘)] E 0,
" kel P1 " kel P2

as n — 00, where K = max(1,2771), H = sup py, so that ax+ By € [V, M, p, A, s]o.
This completes the proof.

Theorem 2. For any Orlicz function M and a bounded sequence p = (pr) of
strictly positive real numbers, [V, M,p, All, sl is a total paranormed space with :

g(x) = inf{pP/H - ( Ejk (B ey <y 105,
P
keln

where H = max(1,sup pg).

Proof. Clearly g(z) = g(—x). By using Theorem 2.1, for « = 8 = 1, we get
glz+y) < g(x)+g(y). Since M(0) = 0, we get inf{pP/H} = 0 for z = 0. Conversely,
suppose g(x) = 0, then :

1

k S
)\n
kel

|A!Ek|
p

lnf{pp"/H )]Pk)l/H <1} =0

This implies that for a given € > 0, there exists some p, (0 < p. < €) such that :

=Y ke g <y
Nt Pe
Thus,
1 A A
()\7 Z k*S[M(| uTk \)]pk VH < Z LS | ulk |)]pk)1/H <1, for each n.
n kel, € ke]n Pe
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Suppose that x,,, # 0 for some m € I,,, then (%) — o0. It follows that :

" kel,

) — o

which is a contradiction. Therefor z,,, = 0 for all m. Finally we prove that scalar
multiplication is continuous. Let p be any complex number, then by definition,

g(,ux)Zinf{pp"/H Zk |,U«A T |)]Pk)1/H§1’ n:1,2,3,~-~}.
" kel, P
Then
glux) = it {(| o | P/ (L Sy ks MR U <1 <1 n=1,2,3,.

where t = p/ | | . Since | p |p"§ max(1,| p [**PP"), we have
g9(pz) < (max(l | [P ) i { (1)

R I (L SN R P
kG]n

which converges to zero as x converges to zero in [V, M, p, A, s]o.
Now suppose p,, — 0 and z is fixed in [V, M, p, Al s]p. For arbitrary € > 0, let
N be a positive integer such that

1 -5 ’ Azxk ‘ H
— Z k3 [M(——)]P* < (¢/2)"" for some p > 0 and all n > N.
" kel, P
This implies that
1 AT
— Z k_S[M(‘“ixH)]pk < €/2 for some p > 0 and all n > N.
An p
kely
Let 0 <| p |< 1, using convexity of M, for n > N, we get
| pAGzy | | Ab |
" kel, P " kel, P
Since M is continuous everywhere in [0, 00), then for n < N,

" kel, ’0
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is continuous at zero. So there exists 1 > § > 0 such that | f(t) |< (¢/2)¥ for
0<t<o.
Let K be such that | u,, |< ¢ for m > K and n < N, then

()\i Z k*S[M(M)]pk)l/H <€/2.
" kel P

Thus . An
()\7 Z k,—s[M(’ Hm By Tk |)]pk)1/H <e,
" keln P

for m > K and all n, so that g(puz) — 0 (u — 0).
Theorem 3. For any Orlicz function M which satisfies the Ag—condition, we
have [V, A\, AT, s] C [V, M, A, s|, where
[V, AL, s8] ={z = (z) :lim, ﬁ > ower, k7% Ayag—le |= 0, for some | €C}.
Proof. Let x € [V,\,All,s]. Then

1
T, =— Zk_S’AZxk’_le |— 0 as n — oo, for some I.
An kel

Let € > 0 and choose 6 with 0 < § < 1 such that M(t) < e for 0 < t < 6. Write
yr =| Al'zy, — le | and consider

Y M =+
" kel, 1 2

where the first summation over y; < ¢ and the second over y; > d. Since M is
continuous,
Z < Ap€
1

and for y; < d, we use the fact that yr < yr/d < 141y /d. Since M is nondecreasing
and convex, it follows that

N 1 1 _
M(y) < M(1+61y) < 5M(2) + 5M(2<5 L)

Since M satisfies the Ag—condition, there is a constant K > 2 such that M (26 1y;) <
K6 1y M(2), therefor

1 1
M(yr) < 51(5_lykﬂf(2)+'§1(5_1ykﬂf(2)
= K& lyM(2).
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Hence
> M) < K6~ 'M(2)M T,
2
which together with > ; < e\, yields [V, A\, A}, s] C [V, M, A7, s]. This completes
the proof.

The method of the proof of Theorem 3 shows that for any Orlicz function
M which satisfies the Ay—condition, we have [V, AT s]o C [V, M,Al,s]p and
VoA, AL sleo € [V, M, Al S]oo, where

3 1 —S n
[V, \, A slo = {x = (z4) : hran)\—n kgj: k| Al'zy, |= 0},

and

[V, AL Sloo = {z = (ap) : sup)\i Z k=% | Az |< oo}
M kel,
Theorem 4. Let 0 < py < g and (qi/pr) be bounded. Then [V, M,q, A, s] C
[V, M,p, Al s].

Proof. The proof of Theorem 4 used the ideas similar to those used in
proving Theorem 7 of Parashar and Choudhary [9].Mursaleen [7] introduced the
concept of statistical convergence as follows :

A sequence x = (xy) is said to be A—statistically convergent or s)—statistically
convergent to L if for every e > 0,

1
lim— |{kel,:|zx—L|>€}|=0,
S

where the vertical bars indicates the number of elements in the enclosed set. In this
case we write sy —limz = L or x, — L (s)) and sy = {z : 3L € Risy —lima = L}.In
a similar way, we say that a sequence x = (zy) is said to be (A, Al')—statistically
convergent or sy(Al')—statistically convergent to L if for every ¢ > 0,

1
lim— |{k €I, :| ALz — Le |> €} |=0,
bW
where the vertical bars indicates the number of elements in the enclosed set. In this
case we write sy(Al) —limz = Le or Allzy, — Le (s)) and s)(A?) = {z : IL €

R:sy(A}) —limz = Le}.
Theorem 5. For any Orlicz function M, [V, M, A7, s] C sx(Al).
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Proof. Let x € [V, M,A”, s] and € > 0. Then
1 | Alzp —le | 1 | Allzy, — le |
Ly Bimtely o L gl Bl
n P n P
kel, kEIn,‘AZ.’Ek—le‘ZE

> M(e/p). | {k € I, :| Ay, — le |> €} |

=

from which it follows that z € s)(A7).

To show that s)(A]) strictly contain [V, M, A}, s], we proceed as in [7]. We
define = = (zx) by (zx) =k if n — [\/An) +1 < k < n and (z}) = 0 otherwise. Then
x & loo (A, s) and for every € (0 < e < 1),

[VAn]
An

—0asn —

1
)\—\{kEIn:|AZ:Ck—0]Ze}|:

ie. © — 0 (sx(Al)), where [ ] denotes the greatest integer function. On the other

hand,
1 Z Alxy, —

) — o0 asn — 0o
" kel P

ie. xx - 0 [V, M, Al s]. This completes the proof.
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