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A SHARP INEQUALITY INVOLVING THE PSI FUNCTION

CRISTINEL MORTICI

ABSTRACT. The aim of this paper is to show that for a € (0,1), the function
fo(z) = Y (x+a) — 9 (z) — a/zx is strictly completely monotonic in (0,00). This
result improves a previous result of Qiu and Vuorinen [Math. Comp. 74(2004) 723-
742], who proved that f; /2 is strictly decreasing and convex in (0, o0) . As a direct
consequence, a sharp inequality involving the psi function is established.
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1. INTRODUCTION AND MOTIVATION

In the last decades, many authors have established various properties and bounds
for special functions, as gamma or polygamma functions, e.g. [3-16]. For positive
reals z, the Euler gamma function is defined as

F(l‘)—/ t*Le~tdt,
0

The gamma function was first introduced by the Swiss mathematician Leonhard
Euler (1707-1783), when he was preoccupied to interpolate between the factorials
n!, n = 1,2,3,... . In this way, the gamma function is a natural generalization
of the factorial function, since I (n 4+ 1) = nl, for every counting number n. The
history and the development of this function are described in detail in [2, 3]. The
logarithmic derivative of the gamma function, denoted

d I (x)

is called the Psi function, or digamma function. We use the fact that ¢ (1) = —~,
where v = 0.57721566... is the Fuler-Mascheroni constant and for every x > 0 :

Y1) =)+ (1.1)
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The digamma function have the following asymptotic expansion

[e o]

1 By,
~ 1 J— _
V(@) ~Ina 20 2nx2n’

(1.2)
where By, are the Bernoulli numbers defined by the relation
o0
xr B, ,
i) DR
n=0

The derivatives 1)’, 9", ... are known as the polygamma functions. They have the
following integral representations:

(o) tn
w0 (@) = (-1 [T e, (1.3)
0 1—e
for n = 1,2,3,... . See [1]. In what we are interested, we also use the following
formulas, for n > 1,
1 1 > n—1_—tx
—_ = t" e dt. (1.4)
v (n—1)!J,

Recall that a function h is (strictly) completely monotonic on (0, co) if
(=)™ f™ (2) > 0, respective (—1)" f™ (z) > 0,

for every x € (0,00). The well-known Hausdorff-Bernstein-Widder theorem states
that a function A is completely monotonic if and only if there exists a non-negative
measure 4 on [0, 00) such that for every = € (0, 00),

h(z) = /000 e du (t).

For proofs and other details, see for example [1, 17]. Completely monotonic functions
involving special functions are very important because they produce sharp bounds
for the polygamma functions.

Recently, Qiu and Vuorinen obtained in [16, Theorem 2.1, p. 727] as an in-
termediary result, the monotonicity (strictly decreasing) and the convexity of the

function ) .
hl(x):1/1<x+2> —@D(az)—%

from (0, c0) onto (0, 00) . Motivated by this result, we introduce, for every a € (0,1),
the class of functions f, : (0,00) — (0,00), by the formula

fa(z) =9 (x+a) =2 (z) -

SHES]
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and we prove that f, is strictly completely monotonic. As a direct consequence, f,
is strictly decreasing and convex on (0, 00) . The particular case a = 1/2 is the result
of Qiu an Vuorinen.

By using the complete monotonicity of the function f;/9, we finally establish the
following sharp inequality, for every x > 1,

o<w(x+;)—w<x>3w,

where the constant w = % —2In2=0.11371... is best possible. More generally, for
every a € (0,1), we have

0<y(r+a)— () <v@+r+s—a

for every = > 1.

These estimations of the growth of the psi function are much used for studying
the ratio of the gamma functions ng(;r)a ), which has various applications in pure
mathematics, as asymptotic expansions, refinements of the Wallis formula, Kazari-
noff’s inequality, or in applied mathematics, as probability theory, statistical physics,

or mechanics.

2. THE RESULTS

Now we are in position to prove the following main result:
Theorem 2.1. For every a € (0,1), the function f,: (0,00) — (0,00),

a

fa(z) =4 (x+a) =9 (z) -~

x
is strictly completely monotonic. In particular, f, is strictly decreasing and convex.

Proof. We have a
fo(@) =¥/ (z +a) ¢/ (2) + 3

and using the integral representations (1.3)-(1.4), we obtain

0o t ( " 00 ¢ . 00 .
!/ _ —(x+a —x —tx
fCL (ﬂf) = /(; 1_767156 dt — /; 1— eite dt + /; ate dt

Straightforward computations lead us to the form

, %) e—t(az+1)
£ (@) = /0 o,

1—e
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where
o (t) = te1 =9 — tet 4 atel — at.
We have -
_ a k+1 k41 k+1
-y Z T Z at - at,
k=0
or

© (1—a)|(1—a)"?-1
P =2 [(k— I |

k=3

t* < 0.

By the Hausdorff-Bernstein-Widder theorem, it results that —f! is strictly com-
pletely monotonic. In particular, f! < 0, so f, is strictly decreasing. As it results
from (1.2), lim, o fo () =0, so f, > 0. Finally, f, is strictly completely monotonic.

As a direct consequence of the fact that f, is strictly decreasing, we have for
every z € [1,00),

0= lim fu () < fo(@) < fua () = ¢ (a+1)+7—a,

or, using (1.1), we obtain

0<v(ata) @) <v(@+r+ —a

In particular, for a = 1/2, we obtain the following sharp inequality, for every x > 1,

o<w(x+;)—w<x>gw,

where the constant f /5 (1) = w = % —2In2=0.11371... is best possible.

REFERENCES

[1] M. Abramowitz, I.A. Stegun (Eds.), Handbook of Mathematical Functions
with Formulas, Graphs and Mathematical Tables, Dover, New York, 1965.

[2] P. J. Davis, Leonhard Euler’s integral: A historical profile of the gamma
function, Amer. Math. Monthly, 66 (1959), 849-869.

[3] S. S. Dragomir, R. P. Agarwal and N. S. Barnett, Inequalities for beta and
gamma functions via some classical and new integral inequalities, J. of Inequal.
Appl., 5 (2000), 103-165.

44



C. Mortici-A sharp inequality involving the psi function

[4] C. Mortici, Product approximation via asymptotic integration, Amer. Math.
Monthly, 117 (2010), no. 5.

[5] C. Mortici, Sharp inequalities related to Gosper’s formula, Comptes Rendus
Math., (2010), in press.

[6] C. Mortici, A class of integral approximations for the factorial function, Com-
put. Math. Appl., doi: 10.1016/j.camwa.2009.12.010.

[7] C. Mortici, Best estimates of the generalized Stirling formula, Appl. Math.
Comput., 215 (2010), no. 11, 4044-4048.

[8] C. Mortici, Improved convergence towards generalized Euler-Mascheroni con-
stant, Appl. Math. Comput., 215 (2010), no. 9, 3443-3448.

[9] C. Mortici, Sharp inequalities and complete monotonicity for the Wallis ratio,
Bull. Belgian Math. Soc. Simon Stevin, (2010), in press.

[10] C. Mortici, New approximations of the gamma function in terms of the
digamma function, Appl. Math. Lett., 23 (2010), no. 1, 97-100.

[11] C. Mortici, Very accurate estimates of the polygamma functions, Asympt.
Anal., (2010), in press.

[12] C. Mortici, Optimizing the rate of convergence in some new classes of se-
quences convergent to Euler’s constant, Anal. Appl. (Singap.), 8 (2010), no. 1,
1-9.

[13] C. Mortici, New sharp bounds for gamma and digamma functions, An. Stiint,.
Univ. A. I. Cuza lasi Ser. N. Mat., (2010), in press.

[14] C. Mortici, An ultimate extremely accurate formula for approzimation of the
factorial function, Arch. Math (Basel), 93 (2009), no. 1, 37-45.

[15] C. Mortici, Complete monotonic functions associated with gamma function
and applications, Carpathian J. Math., 25 (2009), no. 2, 186-191.

[16] S.-L. Qiu and M. Vuorinen, Some properties of the gamma and psi functions,
with applications, Math. Comp., 74(2004), no. 250, 723-742.

[17] D. V. Widder, The Laplace Transform, 1981.

Cristinel Mortici

Department of Mathematics

Valahia University of Targoviste

Bd. Unirii 18, 130082 Targoviste

email: cmortici@Qualahia.ro; cristinelmortici@yahoo.com

45



