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ABSTRACT.We define and investigate a new class of harmonic univalent
functions defined by an integral operator. We obtain coefficient inequalities,
extreme points and distortion bounds for the functions in our classes.
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1. INTRODUCTION

A continuous complex-valued function f = u + iv defined in a complex
domain D is said to be harmonic in D if both v and v are real harmonic in D.
In any simply connected domain we can write f = h + g, where h and g are
analytic in D. A necessary and sufficient condition for f to be locally univalent
and sense preserving in D is that |h/(2)| > |¢/(2)|, z € D. (See Clunie and
Sheil-Small [2].)

Denote by H the class of functions f = h + g that are harmonic univalent
and sense preserving in the unit disc U = {z : |z| < 1} so that f = h+7 is
normalized by f(0) = h(0) = f.(0) — 1 = 0.

Let H(U) be the space of holomorphic functions in U. We let:
Ay ={f e H(U), f(2) =24 annz""" +..., 2 €U},

We let H[a, n] denote the class of analytic functions in U of the form

f(2)=a+an2"+ a1 2"+ ..., zeU.
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The integral operator I" is defined in [5] by:
0 PfG) = fG)
(i) I'f(2) = 15(:) = [ (ot d
0
(iii) I"f(2) = I(I"'f(z)),n € Nand f € A.
Ahuja and Jahongiri [3] defined the class H(n) (n € N) consisting of all

univalent harmonic functions f = h + g that are sense preserving in U and h
and g are of the form

z)=z+ f:akzk, g(z) = ibkzk, 6| < 1. (1)
k=2 k=1
For f = h + g given by (1) the integral operator I" of f is defined as
I"f(z) = I"h(z) + (=1)"I"g(2), (2)
where . .
z)=z+ Z(k)_”akzk and ["g(z) = Z(k‘)_"bkzk.
=2 k=1

For0<a<1l,neN,zeU,let H(n,«a) the family of harmonic functions

f of the form (1) such that
I"f(z
Re {1n+1}(i)} > . (3)

The families H(n + 1,n,«) and H™ (n + 1,n,«) include a variety of well-
known classes of harmonic functions as well as many new ones. For example
HS(a) = H(1,0,q) is the class of sense-preserving,harmonic univalent func-
tions f which are starlike of order a € U, and HK (o) = H(2,1, ) is the class
of sense-preserving, harmonic univalent functions f which are convex of order
o in U, and H(n + 1,n,a) = H(n,a) is the class of Saligean-type harmonic
univalent functions.

Let we denote the subclass H ™ (n,«) consist of harmonic functions f,, =
h+79, in H (n,«a) so that h and g, are of the form

(e 9]

h(z) =2z — Zakzk, gn(2) = )t Z b2, (4)

k=2
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where ay, by > 0, |by] < 1.
For the harmonic functions f of the form (1) with by = 0 Avci and
Zlotkiewich [1] show that if

> k(|ax| + [br]) <
k=2

then f € HS(0), where HS(0) = H(1,0,0), and if

S K (Jax] + i) < 1
k=2

then f € HK(0), where HK(0) = H(2,1,0).
For the harmonic functions f of the form (4) with n = 0, Jahangiri in [4]
showed that f € HS(«) if and only if

Z -« |ak|+z (k+a)lby <1 -«

k=2 k=1

and f € H(2,1,q) if and only if

D k(k = a)lar] + D (k4 a)lbe| <1 -
k=2

k=1

2.MAIN RESULTS

In our first theorem, we deduce a sufficient coefficient bound for harmonic
functions in H(n, o).

Theorem 2.1. Let f = h+ g be given by (1). If

> Av(nk,a)lag] + 0(n, k, a)|b]} <2, (5)
k=1
where
T S o ek YA S ) o B

l—«
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ap=1,0<a<1,neN. Then f is sense-preserving in U and f € H(n, ).
Proof. According to (2) and (3) we only need to show that
n _ n—+1
b (TG = al™ )Y
[nJrlf(Z)
The case r = 0 is obvious. For 0 < r < 1, it follows that

()

[SS) 1 n+1 00 1 n+1_
1 + Z (E) akzkfl + (_1>n+1 Z <E) bkiszl




L.I. Cotirla-Harmonic univalent functions defined by an integral operator

oo 1 n 1 n+1 _ '
[ o) oo

k=1
Setting
1 —a+ A(z) (- >1+w(z
1+ B(z)

the proof will be complete if we can show that |w(z)| < 1. This is the case

since, by the condition (5), we can write

A(z) — (1 — a)B(z)
A(z)+ (1 —a)B(2) +2(1 — a)

> 1)" <1>"“] b1 (b= 1068
Z -] =1+ agr” e
> -G

(s =

2(1—a) + > 72, C(n, k, a)agrk—le(k—1)0 4 "ZD n, k, )bk te(k+1)0i
k=1
o0 1 n 1 n+1 B )
R
n _ k=1 _
21 —a) + ZC(n, k, o)aprt—teth=10 4 "ZD (n, k, o) byrF e (FH1)0i
k=2 k=1
[e'e] n 1 n+1
S -(3) e
k=2
2(1 — ) ZC’nka|ak|rk ! Zan:oz)|bk|7’k1
k=2 k=1
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(1) = () |

+ k=1

o)

21— ) = > Cn,k,a)lag)r*™ = D(n, k,a)|b|r* !

k k=1

. [(%) - (%>H] gl

M

>
Il

41— a) = S {Cn,k, @)la] + Din, k, )b}~

i [(%) v (%)] byl

[e.9]

41— a) = S_{Cn,k, @)la] + Dln, k, )|l

S (1) o

41— a) = > {C(n. k,a)|a| + D(n, k, )b}

k=1

1) ()"

|b|

A(1—a) =Y {C(n,k,a)|ag| + D(n, k,a)[bx|} i

k=1

C(n,k,a) = (%)n+(1_2a) (%>n+1
D(n, k,a) = <%)”_<1_2a) <%)n+1.

The harmonic univalent functions

where

and

_ S 1 FLN I —
fz) ==+ ; w(n,k,a)xkz + ; G(n,k,a)ykz ’

100

I



L.I. Cotirla-Harmonic univalent functions defined by an integral operator

where n € N and Z |2k | + Z lyr| = 1, show that the coefficient bound given
k=2 k=1
by (5) is sharp. The functions of the form (6) are in H(n, ) because

Y {w(n k)] +60(n k,a)bel} = 1+ |l + ) lul = 2.
k=1 k=2 k=1

In the following theorem it is shown that the condition (5) is also necessary
for functions f, = h + g, where h and g, are of the form (4).

Theorem 2.2. Let f, = h+ g, be given by (4). Then f, € H™ (n,«a) if
and only if

Z{l/)(ﬂ, k,a)a, 4+ 0(n, k,a)b,} <2 (7)
k=1

wherea; =1, 0<a<1,neN.

Proof. Since H™ (n,a) C H(n,a) we only need to prove the ”only if” part
of the theorem. For functions f,, of the form (4), we note that the condition

Re {PZ{—%} >«

is equivalent to

k=2
Re oo 1 n+1 9] 1 n+1 (8)
z— Z (E) apz® + (—1)2" Z (—) biZ"
k=2 k=1
o) n n+1
(—1)27171 Z l + o 1 : bkzk
p k k
+ oo 1 n+1 oo 1 n Z 0
z— — apz® + (—1)* (—) bz
> ( k) S (1) b

The above required condition (8) must hold for all values of z in U. Upon
choosing the values of z on the positive real axis where 0 < z =r < 1, we
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must have

1) )]

o &) 1 n+1 oo 1 n+1 2 0
k-1 k-1
1— 2 (E) apr” " + Z (E) by

k=1

If the condition (7) does not hold, then the expression in (9) is negative for r
sufficiently close to 1. Hence there exist zg = ry in (0, 1) for which the quotient
in (9) is negative. This contradicts the required condition for f, € H™ (n, a).
So the proof is complete.

Next we determine the extreme points of the closed convex hull of H~(n, «)
denoted by clcoH ™ (n, «).

Theorem 2.3. Let f,, be given by (4). Then f, € H (n,«a) if and only if

Z [Tehi(2) + Yrgn, (2)],
=1

where .
k
= — =2
hz)=2z hp(z) =2 ook >z , (k 3,
and
Gn,(2) = 2+ (—1)”_1—1 7 (k=1,2,3,...)
" O(n, k,«) B

me>0, p=0, zp=1-Y a2 Y yp
k=2 k=1

In particular, the estreme points of H™(n,a) are {hi} and {gn,).
Proof. For functions f, of the form (5)

e} o

=) el (2) + Yrgn, (2)] = Y (@ + yi)2 anka
k=1
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S . ko) (mxk) £ 0n, k. a) (Ww)

k=2 k=1
o o
Z Z —1-2<1
k=2 k=

and so f,(z) € clcoH™ (n, a).
Conversely, suppose f,(z) € clcoH ™ (n,a, 3). Letting

0 0
X1 = 1-— E Tk — § Yk,
k=2 k=1

rp =v(n,k,)ag, (k=2,3,...)and yp = 0(n,k, )by, (k=1,2,3,...)

we obtain the required representation, since

—z—Zakz + ( "1Zbk

[e.o]

_ o nl k
—F Z¢nka)xk2 * ;Gnk Ui

- Z z— hk Z gnk
k=2 k=1

= ll—ziﬂk—zyk
k=2 k=1

Z+ Z xphy(2) + Z YkGn, (2)
k=2 k=1

The following theorem gives the distortion bounds for functions in H~(n, «)
which yields a covering results for this class.
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Theorem 2.4. Let f,, € H (n,a). Then for |z| =r < 1 we have
()] < (L4 bo)r + {b(n. k, ) = Q(n, k, )by }r™*

and
fa(2)] > (1 =b0)r — {8(n, k, a) — Qn, k, )b }r",
where | — o
o(n, k,a) = G NG
() ()
and
Qn, k,a) = Lo

1 n 1 n+1"°
f— —_— a f—
() ()
Proof. We prove the right hand side inequality for |f,|. The proof for the

left hand inequality can be done using similar arguments. Let f,, € H™ (n, a).
Taking the absolute value of f,, then by Theorem 2.2, we obtain:

Z—Zakz + Z

k=1

<T+Zak7‘ +me‘ —r+b1r+z (ap + bg)r
k=2 k=1 k=2

()] =

- 1
<7‘+b17’+2(1k+bk)7‘ —(1+b1)7’+¢nka2m(ak+bk>r2
k=2 k=2 B

)

< (L+b)r + 6(n, k, a)r™*? [Z (. k, a)ay + 0(n, k, a)bk]

k=2
< (14+b)r + {o(n, k,a) — Q(n, k, )b }r" 2.

The following covering result follows from the left hand inequality in The-
orem 2.4.

Corollary 2.1. Let f,, € H (n,«), then for |z| =r < 1 we have
{w: |w| <1=0b —[od(n, k,a) —Qn, k,a)b] C f(U)}.
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