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SUFFICIENT CONDITIONS FOR UNIVALENCE OF A
GENERAL INTEGRAL OPERATOR
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ABSTRACT. Using Dziok-Srivastava operator, we define a new family of
integral operators. For this general integral operator we study some interesting
univalence properties, to which a number of univalent conditions would follow
upon specializing the parameters involved.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let A; = A denote the class of functions of the form
f(2) :z—l—Zanz” a, >0, (1)
n=2

which are analytic in the open disc Y = {z: 2z € C | z |< 1} and S be the
class of function f(z) € A which are univalent in U.

Fora; e C(j=1,2,...,q)and B, e C\{0,—-1,-2, ...} (j =1,2, ..., s),
the generalized hypergeometric function ,Fi(aq, ..., ag; B, ..., Bs; 2) is de-
fined by the infinite series

(a1)n ... (ag)n 2"

(g <s+1;q,s€ Ng=1{0,1,2,...}; z € U),

00
qu(a17a27 ceey Qg 617627 76872)22

n=0
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where (x),, is the Pochhammer symbol defined by

o, 1 1fn=20
T e @) =) ifneN={1,2,.. .},

Corresponding to a function h(ay, ..., ag; B1, ..., Bs; z) defined by
h(ah sy O‘q; 617 Tt 68;2:) = Zqu(alv Qg, ..., aq; 517 /627 sy 68;2)7
the Dziok and Srivastava operator H(ay, ..., ag; Bi, - .., Bs;2) f(2) is defined

by the Hadamard product
H(ala sy aq; /617 Tty 6372)_/:(2) = h<a17 I aq; 517 o ﬁs;z)*f(z>
Q) -1 anz @)

. = ()not -
=t B Bt (= D)

n=2

For convenience, we write

Hi(a1,B1)f = H(ay, ..., ag b1, ..., B 2) f(2).

The linear operator HY(«, 41) f includes (as its special cases) various other
linear operators which were introduced and studied by Hohlov, Carlson and
Shaffer, Ruscheweyh. For details see [1].

Using Dziok-Srivastava operator, we now introduce the following;:

Definition 1. Fory € C. We now define the integral operator F,(aq, (1; 2)
A" — A

Ey (o, B 2) = ((1 +n(y — 1)) /0 (H (o, B) (1) . (3)

1+n(1v*1>
(H (e, 1) ful)" dt) ,

where f; € A and Hi(ay, 1) f(2) is the Dziok-Srivastava operator.

Remark 1. It is interesting to note that the integral operator F, (a1, £1; 2)
generalizes many operators which were introduced and studied recently. Here
we list a few of them
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1. Let ¢ =2, s =1, a5 = 1 and ay = 1, then the operator F, (o, as; 2)
reduces to an integral operator

1
n(=D+D)

R = (6= [T () () ] T

studied by D.Breaz and N.Breaz [2].
2. When ¢ =2,s=1,a; = 2, /1 = 1 and ay = 1, the integral operator

F,(2,1; z) reduces to an operator of the form

Y

(5)

1
} (n(y—D+1)

F(z) = [(n(’y—l)—i—l) /0 Ztnw*l)(f;(t))”‘l () at

where v > 0.

We now state the following lemma which we need to establish our results
in the sequel.

Lemma 1.[3] If f € A satisfies the condition
21(2)
f*(2)
then the function f(z) is univalent in U.

Lemma 2.(Schwartz Lemma) Let f € A satisfy the condition | f(2) |< 1,
for all z € U, then

—1’§1, for all z € U, (6)

| f(2) <] 2], forallzel,
and equality holds only if f(z) = ez, where | € |= 1.
Pascu [4, 5] has proved the following result
Lemma 3. Let 3 € C, Ref > a > 0. If f € A satisfies

2f (%)
f(2)

1— | = ‘QRea

Re «

<1 (z€l),

then the integral operator

f%@:k/ﬁﬂvwwr

0
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18 univalent.

Lemma 4. Let g € A satisfies the condition (6) and let o be a complex
number with | o — 1 |< & If | g(2) |[< 1, V2 € U then the function

Go(2) = (a /O g(o‘_l)(t)dt> :

belongs to S.

2.MAIN RESULTS
Theorem 1. Let f; € A, v € C. If

2(H(ay, B1) fi(2)) _
(H{ (a1, B1)fi(2))?

for all z € U then F,(oq, f1; 2) given by (3) is univalent.

R
11<1, |v—1|< —367, and | HI(aq, B1) fi(2) |< 1
n

Proof. From the definition of the operator H%(ay, 3;1)f(2), it can be easily

seen that
Hi(aq, B1)f(2)

. #0 (z€U)

and moreover for z = 0, we have

(Hg(al,ﬁl)fl(z)>7_1 (Hg(a1,51)fn(2))7_1 _q

z z

From (3), we have

Ey(ay, fi;2) = ((1 +n(y—1)) /0 t"(”—”(qu(O“’ﬁl)fl(t)y1

t

(Hg(om ﬁl)fn(ﬁ)v_l dt) Hn(lw

t

We consider the function

h(z) = /Oz (Hg(al»ﬁl)fl(t))7_1 <H§(a1,51)fn(t))7_1dt (1)

t t
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The function h is regular in ¢ and from (7) we obtain

(o) = (M PRGN T (Mt DR

z z

B z(qu(Ozhﬁl)fn(Z))/ _
+0 1>( H(ar, 1) ful2) 1)’

17|Z|2Re'y

On multiplying the modulus of equation (8) by Ry

< 1 (e )
L1 ( ‘

e R
(Hg(@l,ﬁl)fl(z))

> (), we obtain

1— | P ’2Re'y

Re~

zh" (2)
W (z)

H(aq, B1) fn(2)
| Hi(an, B)fi(A) | 1) ...

| 2]

1— ‘ . ’2Re'y< 22

<|y-1]

Re~y (H{ (o, B1) f1(2))?
=2 PR (122 (H (0, B1) fa(2)) || HE (0w, Br) fu(2) |
+ly -1 Re~y ( (Hd(ou, B1) fu(2))? | 2| " 1).

Since H¥(aq, /1) f(z) satisfies the conditions of the Schwartz Lemma, on ap-
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plying the same on the above inequality, we obtain

1— 2Rey " 1— 2Rey 2 q !
)y LB | A ARG 5,
Rey | h(2) Rey (Hs (0, 61) f1(2))

1— 2Re~y 2(H4 - !
e (H{ (a1, 1) fu(2))
c3ly=th o 3ly 1) Snly—1)
~  Revy Re~y Re~y
But | v — 1< £, 50 we obtain for all z € U
o 2Re~y "
L A )
Re~y R (2)

It follows from Lemma 3 that

z m
((1 +n(y—1)) / "D (1) dt) €S
0

Since

((1 +n(y— 1)) /Z =0y (t) dt) o =

’ 1+n(17*1)
(1+n(y- 1))/O (Hi (o, B0) A1) . (H (an, Br) fu(8)) dt)
Fv(a1751§2)7

hence F, (a1, 01;2) € S.

VR

Putting ¢ =2, s =1, a; = 1 and as = 1, in Theorem 1, we have

Corollary 1. [2] Let fi € A, v € C. If

2fi(2)
(fi(2))?

R
R e L OIS
n
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for all z € U then the operator

1
(n(y=1)+1)

F.(z) = {(n(w -1)+1) /OZ (fl(t))%l . (fn(t))%1 dt

18 univalent.

Theorem 2. Let [ € A satisfy

22(Hi(o, 1) f(2)) _
(Hi(an, 01)f(2))?

and v € C with | v —1|< %27. If | H (a1, 01)f(2) |< 1, Vz € U, then the
function

1l<1, Vzeld

1
k(v=1)+1

ka(al,ﬂl; z) = ((k(V - 1)+ 1) /OZ(qu(Oébﬁl)f(t))th dt) (10)

18 univalent.
Proof. From (10) we have

1

: q Ko=)\ wEmoE
Fyk(@l, Bi;2) = ((k:(y - 1)+ 1) /0 tk(=1) (Hs (%ﬁﬂf(t)) dt)

t

and let

hz) = / (Hzml,ﬁl)f(t))‘“”‘” "

t

From here using arguments similar to those detailed in Theorem 1, we can
prove the assertion of the Theorem 2.

We note that on restating the Theorem 2 for the choice of ¢ = 2, s =
1, a1 = f and ay = 1, we have the result proved by D.Breaz and N.Breaz [2].
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