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ABSTRACT. Making use of certain linear operator, we define a new subclass
of meromorphically uniformly convex functions with positive coefficients and
obtain coefficient estimates, growth and distortion theorem, extreme points,
closure theorems and radii of starlikeness and convexity for the new subclass.
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1. INTRODUCTION
Let ¥ denote the class of meromorphic functions f normalized by

1 > "
&)= 1+ Y e 0
n=1
which are analytic and univalent in the punctured unit disk U = {z : 0 < |z] < 1}.
For 0 < 3, we denote by S*(3) and k(f3), the subclasses of ¥ consisting of all
meromorphic functions which are, respectively, starlike of order 5 and convex
of order #in U (cf. e.g., [1, 2, 4, 12]).

For functions f;(2)(j = 1;2) defined by

1 oo
[ =1+ X ans )
n=1
we denote the Hadamard product (or convolution) of fi(z) and fy(z) by
1 o0
(fi*f2) = > + Y Anaan22" (3)
n=1
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Let us define the function ¢(a, ¢; z) by

CL N nt1

qg(acz —+Z , (4)

C)n+1

forc #0,—1,-2,...,and a € C/ {0}, where (A\)n = A(A+1),1 is the Pochham-
mer symbol. We note that

1

¢(a7 G, Z) = 72F1 (].,CL,C; Z)
z

where

oF1 (bya,c;2) = i ), (@), Zn

is the well-known Gaussian hypergeometric function. Corresponding to the
function ¢(a, ¢; z), using the Hadamard product for f € ¥, we define a new
linear operator L*(a,c) on 3 by

CL \@)pni1

L* (a,¢) f(2) = ¢ (a,c; 2) * i (5)

n
C n+1

The meromorphic functions with the generalised hypergeometric functions
were considered recently by Dziok and Srivastava [5], [6], Liu [8], Liu and
Srivastava [9], [10], [11], Cho and Kim [3].

For a function f € L* (a,¢) f (z) we define
I° (L (a,0) f (2)) = L* (a,c) f (2),
and for k =1,2,3, ...,
I" (L (a,¢) f(2)) = =z (J'HL* (a o) f (z))’ + z
= - + Z an?". (6)

n+1
(C)n+1
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We note that I* (L* (a,a) f (z)) studied by Frasin and Darus [7].

Also, it follows from (6) that

z(L(a,c)f(2)) =aL(a+1,¢)f(2) — (a+ 1) L(a, c) f(2).

Now, for a(—1 < a < 1) and 5(5 > 1), we let ¥*(a, 3, k) be the subclass of A
consisting of the form (1) and satisfying the analytic criterion

I*L* (a,c) f (2) B a}
%{fﬂﬂm@f@) > B

I*L* (a,c) f (2)
I*L* (a,c) f (2)

-1, ze€U (7)

where L* (a,c) f (z) is given by (5).

The main objective of this paper is to obtain necessary and sufficient conditions
for the functions f € ¥*(«, 3,k). Furthermore, we obtain extreme points,
growth and distortion bounds and closure properties for the class ¥*(«, 3, k).

2.BASIC PROPERTIES

In this section we obtain necessary and sufficient conditions for functions f in
the class ¥*(«, 5, k).

Theorem 1. A function f of the form (1) is in X*(«, 3, k) if

(@)1

fyﬁmu+ﬁwwﬁ+muw>

la,| <1 —« (8)
—1<a<landp>1.

Proof. Tt suffices to show that

ﬂ“LWm@f@X_q_%{ﬁ“LWm@f@)

b Ik L* (a,c) f (2) Ik L* (a,c) f (2)

—1}§1—oz.
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We have
I*L* (a,c) f (2) "L (a,0) f (2)

b I*L* (a,c) f (2) B 1‘ a éR{ IFL* (a,c) f (2) - 1}
<a+ﬁ)ﬁ“ﬂﬁm®f@)—4<(LHﬂml m—lwg;ﬂMAvW
- IkL* (a,c) f (2) - é _ %O: nk||((“zn+1|’ an |2|"

n=1 Cnt1

Letting z — 1 along the real axis, we obtain

(14 8) 32 0k (n — 1) [ @aer] 141
< n=1 ‘(C)n+1

1— % nk e[ @ |l

n=1 |( 7L+1‘

This last expression is bounded above by (1 — «) if

Z W In(1+6) — (8 +a)] Eai*’

la,| <1 —«

Hence the theorem.

Our assertion in Theorem 1 is sharp for functions of the form

oo (1= a) |()p)
Z n(1+8) - (B+a)]|(a),,

’Zna (9)
(n>1;k € Ny).

Corollary 1. Let the functions f be defined by (5) and let f € A, then

w00,

T nkn(1+8) - (B+a)l(a),,,

(10)

(n>1;k € Ny,).
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Theorem 2. Let f define by (1) and g(z) = 1 + § b,z" be in the class
n=1
Y*(a, B, k). Then the function h defined by
h(z) =1 =X f(z) + Ag(2) *+an : (11)

where ¢, = (1 — X) @, + Abp, 0 < X < 1 s also in the class ¥*(«, 5, k).

3.GROWTH AND DISTORTION THEOREM

Theorem 3. Let the function f defined by (6) be in the class ¥*(«, 5, k).
Then

1 1
——r< < = 12
Cor<lfE S (12)
Equality holds for the function
1
f(z) = 2 + z.

Proof. Since f € S*(a, 8, k), by Theorem 1,

Zn (1+8) - (ﬁ+a)]‘<c)n ’|an]§1—a
Now
0 ‘ a ’ © ‘<a>n+1‘
(1-« Z Z (1-a) ap <
n=1 ‘ c n—i—l’ n=1 ’(C)n+1‘
(@)1
Zn (1+8) = (8+ ) lan| <1 -«
()|
and therefore
$ @]
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& @ W1 & @]
‘f(Z)‘ - 5 +n§1 (C)n+1 anz"| < |Z| +ngl ‘(C)n+1‘an ’Z‘
1 > ‘(a)n—i-l‘ 1
< - n < —+
_T+Tn§=:l’(c)n+1’a " '
and
NS @en o1 &@a]
|f(Z)| - 5 ngl (C)n+1 anz 2 |Z| ngl ’(C)n+1‘an |Z|

which yields the theorem.

Theorem 4. Let the function f defined by (6) be in the class ¥*(«, 5, k).
Then

1 1
SIS RIS 5+ (13)

Equality holds for the function f(z) =1+ z.

Proof. we have

! S . (a)nJrl n—1 < L_ - ‘(a)n-ﬂ‘ n—1
U e R P I
1 & |(a),
<S5- 2 (@, na, (14)
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Since f(z) € ¥*(a, 5, k), we have

(1—a) i ‘(CZ)nH‘nan < ink—l n(1+8) — (B+ ) ‘(a>n+1‘nan <1-a
o= (O R (]
Hence,
S

Substituting (14) in (15), we get

This completes the proof.
4.RADII OF STARLIKENESS AND CONVEXITY

The radii of Starlikeness and convexity for the class for the class ¥*(«, 3, k) is
given by the following theorems.

Theorem 5. If the function f be defined by (6) is in the class ¥*(«, 3, k) then
f is meromorphically starlike of order §(0 < 6 < 1) in |z—p| < |z| <11, where

(=) [n(1+B) — (B+a)] |
“:“(O"ﬁ’k):%%fl{ n+2-0)(1—a) } ' (16)

The result is sharp for the function f given by (9).

Proof. Tt suffices to prove that

z ([kf (z))l

IO (17)

95



F. Ghanim, M.Darus - Linear operators associated with a subclass ...

for |z| < ry. The left hand side we have

/ x k ‘( n+1‘ X k ’(“)n+1’ n
Z(ka(z)) e g::ln (n+1) o n+1|anz < zn (n+1) |(c)n+l|an|z]
IFf (2) 1,3 k@ I nk|(a)n+1!an|z|n
z n=1 ’(C)n-H‘ |21 n=1 ’(C)n+1|

or

12" <1 (20)

© n—|—2 5) ’(a)n_H’
; =) ()4

with the aid of (8) and (20) is true if

(21)

o mt2-8) i (4 8) - (34 a)
2n gy < i-a)

n>1.
Solving (21) for |z|, we obtain

o] < {n’“(l ~)In(1+8) — (B+a)] <>}
nm+2-9)(1—a) (€)nt1 '

This completes the proof of Theorem 5.

Theorem 6. If the function f be defined by (6) is in the class X*(«, 3, k) then
f(2) is meromorphically convex of order §(0 < § < 1) in |z| < ry, where

ro =13 (o, B, k) =
(0 18 (14 8) — (Bt )T
gfl{ n+2-0)(l—a) } ‘ (22)

56



F. Ghanim, M.Darus - Linear operators associated with a subclass ...

The result is sharp for the function f given by (9).

Proof. By using the technique employed in the proof of Theorem , we can
show that

Zf”(Z)
(2)

for |z| < 1o, with the aid of Theorem 1. Thus we have the assertion of Theorem
6.

12| < (1-4) (23)

5.CONVEX LINEAR COMBINATIONS

Our next result involves linear combinations of several functions of the type (9).

Theorem 7. Let
fo (2) == (24)

and

1 (1-a)|(€)nn)
n(2)=— 2", 25
) Z+n’“[n(1+6>—(6+o<)]\(a)n+1\ )

n>1l,—-1<a<l1l, 8>0andk >0.
Then f(z) € S*(«, B, k) if and only if it can be expressed in the form

= Aufa(z) (26)
n=0
where A\, > 0 and ioz A, = 1.
n=0

Proof. From (24), (25) and (26), it is easily seen that

A (1= ) [(€),14]
n(1+5) = (8+ )] (@),

2" (27)

_ iAnfn@) - i_'f

o7
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Since
£ 0 = B+ al[@un| M=)
= (1) |(©),] k[ (1+8) = (8+a)] (@),

n=1

It follows from Theorem 1 that f € S*(a, 3, k).

Conversely, let us suppose that f € S*(«, 3, k). Since

§ (1= @) [
T (14 8) = (B+ )l |(0),,.,]
n>1,—-1<a<l1l g>0and k> 0.

nkn — a)ll(a x
Setting A, = “PHA=Grall@un] S S gand Ag=1— 3 A,
(1_0‘)’(C)n+1| n=1

It follows that f(z) = § Anfn(2). This completes the proof of the theorem.
n=0

)

Finally, we prove the following:
Theorem 8. The class S*(«, 3, k) is closed under convex linear combinations.

Proof. Suppose that the function f(z) and f5(2) defined by

fi(z) = i - 2 ’((Z))”“’ a2, (j=1,2 zel). (28)
are in the class S*(a, 3, k). Setting
f(z)=pfi(z)+ 1 —p)f2(2), 0<p<1) (29)

we find from (28) that

f(z) =

N | =

(@), 4]
)

gl

’ {Maml + (1 —p) an,2} 2", (30)
n+1
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0<pu<l1,zel,).
In view of Theorem 1, we have

Zn (1+58)—(6+a)

= fﬁ n*[n(1+8) - (84 )] ‘<a)"“‘an,1
n=1 ’(C)n-H‘
Z n*[n (14 6) — (8 + )] EZ;”“ U2

<p(l—a)+(1—p)(1—a)=(1-a).

which shows that f(z) € S*(a, 3, k). Hence the theorem.
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