ACTA UNIVERSITATIS APULENSIS No 19/2009

VARIOUS REPRESENTATIONS FOR THE SYSTEM OF
HYPERBOLIC EQUATIONS WITH SINGULAR COEFFICIENTS

ADIB ADEL NASIM

ABSTRACT. Many new integral representations for the linear system of non-
standard hyperbolic equations with two singular lines in infinite regions, are ob-
tained. Furthermore, the obtained results are used to investigate some new bound-
ary value problems in infinite regions. Example of the obtained results is set. The
paper is devoted to investigate two different cases.
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1. INTRODUCTION

Hyperbolic differential equations with singular coefficients or singular surfaces
possess importance in diverse areas of mathematical physics and mathematical en-
gineering, including elasticity, hydrodynamics, thermodynamics and other problems
[1-7]. Furthermore, it is also well known that hyperbolic differential equations with
one or more singular lines occur in engineering and physical processes. For exam-
ple, the non-model hyperbolic equation of second order with two singular lines is
employed to describe the transformation spectrum of electric signals on long lines
with variable parameters in the theory of the electric flail [3-7].

Radjabov N. and co-workers recently have investigated some singular equations.
The contributions [3, 4] examin certain classes of singular elliptic and hyperbolic
partial differential equations,the contributions [4,5,7] discuss non-model linear hy-
perbolic equations with singular points or singular surfaces in finite and infinite re-
gions while the contribution [6] discuss non-model linear hyperbolic equations with
regular coefficients in infinite regions. The obtained solutions bad been used to solve
many boundary value problems. More detailed information for the study of these
equations can be found in a number of works [3-7].
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2. MAIN RESULTS
Let D be the following infinite region:
D=A{(z,y): —00o < x <o0,—00 <y < oo},
Which is bounded by

' ={-00<z<o00,y=0}
'y ={x=0,-00 <y < o0}

In the region D we consider the following system:

a Us )
Ty. axéyy) + Z [Jc ajs(x,y

= fo(z,y),1<s<n

) BUJ (z,y) ) 8U](

+y.bja(w, ). ZHED 4 )i (,y) Uj(a, y)}

(1)
where the coefficients ajs(x,v), bjs(z,y), cjs(x,y) and fs(x,y) are given continuous
functions.

In the present paper for the system (1) depending on equation coefficients a
series of new integral representations are obtained. These integral representations
are used for the solution of a number of boundary value problems, the following
statements being valid.

Case 1.

Theorem 1 Let the coefficients in system (1) satisfy the following condition:

a) ass(x,y) with respect to the variable y satisfy Holder’s conditions and with a
variable x have continuous derivatives of the first order.

b) bss(x,y) of the variable x satisfy Holder’s conditions and with a variable y have

continuous derivatives of the first order and the function ab%(;’y) with respect
to the variable x satisfy Holder’s conditions.

c) ajs(x,y))(J # s) of the variable x have continuous derivatives of the first order
and continuous with the variable y.

d) bjs(x,y))(j # s) of the variable y have continuous derivatives of the first order
and continuous with the variable x.
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e) In a neighborhood of I'y and I'y the functions ajs(x,y), bjs(x,y), cjs(x, y) satisfy
the following Holder’s conditions:

V(z,y) = 0(|z]*), D (2, y) = 0(Jy|*), a5 > 0,85 > 0 (2)
(1)

(where cs ' (x,y) is the first order set of all continuous functions)

bis(x,y) = 0(|z|**), «js > 0 in a neighborhood of 'y, (3)
bis(z,y) = 0(|y|%#), Bjs > 0 in a neighborhood of I's, (4)
W 0(|z[%%), 85 > 0 in a neighborhood of Ty, (5)
ajs(x,y) = 0(|z|H*), tjs > 0 in a neighborhood of I'y, (6)

Oajs(x,y) Yis
2 o(faf),

f) 0 <ass(z,0) <1, 0<bss(0,y)<1.

vjs > 0 in a neighborhood of T'y, (7)

Then any solution for the system (1) within the class C*(D) can be represented
in the form
Us(a,y) = e 200 |y| =00V, (2, ), (8)

where Vs(x,y) is a solution of the system (1) Volterra integral equations of the second
type in the form:

Vs(z,y) — / dT/ M(l)(a: y; t, T)Vs(t, T)dt—

{/ dT/ M(Q) (x,y;t, 7)V;(t, 7)dt+

J=1,j#s

/z Vit,y) M2 (2, st dt+/ (@, y;7)Vi(e, T)dT} ED(z,y),  (9)

(1) - P ( )+foo wg(:cj)—wf(:c,'r)|T|a55(1‘,0)—b55(077)‘\I,S(T)dT_‘_

s 10
fyOO ews(@,7)—ws (z,7 ‘T’ass(:r,O)fbss(O,T)' f;o ewl(t,T)’t’bss(O,T) fsEiT) dt ( )

where ®4(x), Ys(y) are given continuous functions of the variables x and y. More-
over, 4(z) € C*(T1), Us(y) € CM(To), MY (2,38, 7), M2 (2, 5t,7), MY (2, y51),

M](g) (x,y;t,7) as given later in pages 8,9/, [w;(x,y), ws(x,y) as given later in the

proof by the formulae (15), (16)].
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Proof. Let the coefficients in system (1) satisfy: ass(z,y) € CL(D) with respect
to the variable y satisfy HOlder’s conditions, bss(x,y) with respect to the variable
x satisfy Holder’s conditions, at j # s,a;s(z,y) € CL(D) be continuous on y and
bjs(x,y) € C,(D) be continuous on z. Then the system (1) can be written in the
form:

x ass(T, s\, Cgl) Zz,
[a% - bas ,y)} [a% + M} Uy(z,y) = Fs(@y) 4 e ( y)Us(az,y)—
Y

z y Yy zy

n ajs(z,y) OU;(x, bis(zy) OU;(x, ci(x, (11)
S 3 [ ey e o) 4 e ,) = o),
& y) = —esw9) + 20D o o) e, y) (12)

Then we can put

s(z,y) | ass(z,y)
+
dy y
Substituting in equation (11), we get
OVs(z,y) | bas(x,y)
_l’_
ox
Solving equation (14), we get

Us(x7y) :V:?('r?y) (13)

Vilag) = e i o] =00 [, (y)+
+ [20 ewi(ty) [¢]bss(O) F (8, y)dt},

where W (y) are arbitrary continuous functions on I'g,

wi(z,y) = /xoo bss(t,9) ; ss(0,9) dt. (15)

Similarly, by solving equation (13), we get

Us(z,y) = emwaled)|y[=oe(=0) { (y)+

+ fyoo ewg(:pﬂ')_’7_‘(185(2,0).‘/;(#/7 y)dT}, (16)

where ®(z) are arbitrary continuous functions,

® ags(x,T) — ass(x,0)

5 = dr.
w?(xay) /y T T

Substituting the obtained value Vs(z,y) in equation (16) we get

Usay) = e vien)ly|-an0) [, (a)
4 52 €08a) o 20) (e af 8 00) (0, ()4 (1)
+ [ ewitT) |t |bssO) Fi(t, 7)dt}dT].
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Then we get
U, (.’IJ y) —_e —w3(z,y) ‘y’ ass(z,0) foo wi(z,7)—w; (z,7) ’T’ass (z,0) dr
f;o ewi(tT) ’ |bss (0,7) { et T)U (t 7-) 7;:1,]#8(%55}5 T)'BUZ)(Z T)+ (18)
]égt ,T) 8Ua(: T) + c]t(i'r ( ))}dt 8(1)('%.’ y)’

where
R i i LN O 5
+foo w} (z,7)—ws (z,7) ’T|a55 :cO)’:L,| ss(2,0) \I’ )d7+fyoo eWs (@,7) (19)
e —w3 (z,7 ’T‘ass (z,0) ‘£C| bss (0, T)d,]_ fIOO ewl (t,1) .]T\bss(o’y).f‘*giﬁ)dt}

and the function Fs(l)(:x, y) satisfy: bss(0,y) > 0,ass(z,0) > 0.
Also we get

foo w} (z,7)—ws (z,7) ‘7-|ass SCO)deOO wi (¢,7) ’T|b9507—) |$| 693(07—)

Yy
ajs(t T) aUa(tt T) dt foo er(w ’l')%'ajs(aj7 7—)|T’ass x, O)Uj(aj7 T)dT_
_fyoo w2(x 7)—w3 ( x7§ ‘7_|asS (z,0) 1 ‘x|*bss 0,7)

(Bt @) (¢, 7))t ) o] OU; (o, 7,

foo ewg(x,’r)—wf(x,’r)‘|T|ass($,0)d7_ f;o ewl(t,’r .|t|bss(0,’r .|x|—bss(0,’r).

Yy
bjs tt,T) aU]a(tt,T) dt — 6w§(af;7y)—wf(m7y) |y’ass(x 0)

S22 vt | £ pes@0) Ll 17, ()it — [o0(Oeelen) QAR gy
[0 4R6) g0 4] 0] bl Ly (21
— [ ewg(x,T)—wf(a:,r).|7_|ass(z,0)d7_'

oo Owy (t,m Obss (0,7 Obis(t,m),—
12T b () + PO b (1) (I £ [) 4+ 2l

‘ | %bss (O7T) 'ewi (t’T) U] (337 T)dt

Substituting the obtained values in equation (18) we get

KD (@, y;,7) = ev3@n) yfons@0), { guilan),
e~ wi (z,7)+w? (x,0) ] |7_|ass(:5,0) ) | t |bss(0,’r) (757’)_1021) (t, 7.)’

K2 (x, yitom) = e @) Jy[oas(0),

w (z,7)—w$ (z,7) ass(x,0 1
{ 2 )= ! ’T‘ aaf )T|x‘bss(0a7) :

8(ljg tT a]g(tT)bss(tT))_
w? ( tT |t|bgs 0,7) _ (ags(ﬂc ,T) awf(x,T))‘

) (22)

.€
_er(x T)—w$ (x,7)+ws (t,7) > ‘T|ags 3:0)

ow; (t,7 Obss (0,7 Objs(t, T
(P01, 7) 4+ 20 (1, )i £] 4 52T

t_1.|t|bss(077) ]m|_b”(077)]}

or
w3 (6) [¢[bss (07) | 5|05 (07) ( ]s(tT)

)
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KO (5 1) = vl i) [£]pas(09) bist)

KD (2, yi7) = ewslom)-uslon) |y|-au(e0) 12200 (o oy,

then we get the solution of the following system integral equations:

Uwoy) = [ dr [ K@it U e
Y T

Z {/ dT/ K :Cy,tT)U(tT)dt+

J=1,j#s

+/ K()(l‘y, tydt+/ K4)fvy, )Uj(t, 7)dr} = F)(2,y),1 < s <n.

(23)
Then Kernels satisfy the following properties:
K{l)(l’,y;xﬂ') oW (@,7) w3 (2,y) |7-‘agS 930)(3/,7_)—1621)(7577.)7
1 )
KD (2,y32,y) = 7955’”,
KD (g, 7) = evilen)uiea [y o (00),
frjeste 07 ) “J““’b (7))
_(a:(;zﬂ’) _ 8’LU18(73—C7T)) bJS(a';ET) |T‘ass(;v0 ‘y|—ass(:v 0)
(P by, )+ P,
o] js\&L» js\L> ss\Ly
K (@, y;2,y) = % Gisled) & m(j Do, y) — 22E8p, (2,3)+
5255 (@) abjs(zyy) w7 (z,y) dwi (z,y)
Y —ybjs(z,y) .
e e L
b
K (@, i) = 200 (21)
x
4 ajs\T,Y .
R (25)

Equation (19) satisfy
0 < ass(z,0) <1, 0<bss(0,y) <1
We introduce the new unknown function:

Vi(a,y) = Us(a,y)|y| s (0w,
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For Vi(z,y), we can get the general solution for equation (1) in the form of integral
equation (9), where

M (@it 7) = K{D (@, s 1, 7)o 500 | ~eel00) =
_€w2(z-r) wi (t,7)+ws (z,0)—w] (x,7) ’T‘assx()) ass(t(])

JEP D) el (7).

M (@, t,7) = K2 (@, ys ¢, 7)e w307 || ~0ss(10) =
_ _{6w2 (z,7)— wQ(t T)+w1(t T)—w§ (x,T |T|a55($,0)—ajj(t,0)‘
gs(t 7)

|E[bss(0 r)[l‘%s(m] _ ewl(t,r)—wé(w).%|b55(0,f)

tT
|T‘ a;;(t,0) bJS(t 7) [‘158(:7 ) awi;(fvT)]_
. wg(x T)— w2(t T)+ws (t,7)—ws (x,7) |T|a5$ (2,0)—aj;(t, O)

ow? 7 (t,7) Obss (0,7 Ob; s (t,7)
L[ @), [Z5 by () + 22550 (1,7 £ |4 =22

t ly,
Mg(s?))(l'»y;t) = KJ(S)(x yit)e” %(t,f).mfajj(t,o) _
= ewg(ﬂc,y)—w%(t,T)-&-wl( Y)— wl(x7y)_|£|bss(07y)

. ’y|ass (z,0)—ay;(t,0) .bjs (tv y)til’

M (@,y) = KD (@,y:7) = e 7000 =
= 3@ —wy(@ ) |7 jass(®0)=ai; (40) o (¢, )71

The Kernels satisfy the following properties:

1 (1)
MY (@, y;2,y) = 20,
M (@, i ,y) = iz —ulea) yjonz0ass(e0)
(2 b)) (onloa) v h),
Ty ry )
e¥ S( :y)*w%(xvy) b (x y)‘y|ajj(x:0)—
ows (x, y) Bb S(Z y) )
[ O st

Mj(g) (ZE y;x ) = ew%(@y)‘|y|ass(:v,0)ew§(x,y) bjsgivvy)7

( )(x y’ y) — wwylass(ﬂi,o)—aj]‘(x,o)'ewg(aj7y)—wg(m7y)‘

From the above inequalities, if the coefficients of the system (1) satisfy the conditions
of equation (9) on Vi(x,y) and satisfy the conditions:
1) ¢f(z,y) in a neighborhood I'1, I'y satisfy condition (2),
9 . (1) (.0). oY (2.0) — 0 2%
) /BJS +/6j8 > CL]J(.%', )7a]s > CL]J(.CC, ) ass(:n, ) ( )
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3) The coefficients bjs(x,y) are continuous with the variable v,

4) ab%(x’y) satisfy Holder’s conditions with the variable z.

Then the system (1) is the Volterra integral equations of the second type. By
solving system (9), we get Vi(z,y) and substituting the obtained value Vi(z,y) in
equation (8), we get the solution Us(z,y) of the system (1).

The proof is completed.

Theorem 2 Let the coefficients in system (1) satisfy the following conditions:

a) ajs(x,y)(j # s) are continuous with the variable y and have continuous deriva-
tives of the first order with the variable x,bjs(x,y)(j # s) are continuous with
the variable © and have continuous derivatives of the first order with the vari-
able y.

b) ajs(x,y)(j # s) are continuous with the variable y and have continuous deriva-
tives of the first order with the variable x.

¢) bss(x,y) € C(D), f(z,y) € C(D), cs(x,y) € C(D).
d) In the neighborhood I'y and T'y the functions satisfy the conditions (7), (23).
e) 0 < ass(r,0) <1, 0<bss(0,y) <1, 1 <5 <.
Then any solution of the system (1) within the class C*(D) is:
Us(z,y) = e—wf(%y)‘CE|—bss(0,y)'Vs(gjay)7 (27)

where V(z,y) is the solution of system (1) Volterra integral equations of the second
type in the following form:

Vo) + [t [T KO @yt Vit e
x y
/ {/ dt/ K](-?(x,y;t,T)Vj(t,T)dTJr
j=1j#s Ju y

3) oo
o[ty [ K@V ) = FO @) 1< s <0, (28)
J Y

s

where @gl)(x), qlgl)(y) are arbitrary continuous functions of the variables x and y.

Moreover; @gl)(x) e CY(Iy), \Ifgl)(y) € C?(I'y),

F2 () = W (y) + [ vt =os(t0)y|oas0) Jgfhes0)
D (t)dt 4 [ ewilty)—wity) |y|=ass(t0) |¢]bss(03) Gy, (29)
) fyoo ewg(t’T).‘TWss(t’o).fSEiT) dt.
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Proof. Let the coefficients in system (1) satisfy: bss(x,y) € C’; (D) with respect
to the variable x satisfy Holder’s conditions, ass(x,y) with respect to the variable y
satisfy Holder’s conditions, at j # sajs(z,y) € CL(D) be continuous with respect to
the variable y and bjs(x,y) € C’;(D) be continuous with respect to the variable x.
Then the system (1) can be written in the form:

(2)
)+cs (x7y).Us($,y)—

et [ o], = B 2

-% [elea) O0ea) | bl Qo) | ey ) = B0, )] (30)
where
o) = eu(w.9) + s (0, 9) ), (31)
By solving equation (30), we get
Us(z,y) — e Wi @) |g|~bss(0) gwi(ty)=wi(ty) |¢)bss(0:9) gg,
et (LA ey - S (@D 0D, gy
lasltn) 00Ty T (4 7))t = fj“a)éx v),
F(l)(m ) _ p—wi( ,y)‘xrbss(o,y {0 1)( )+
+f°° wl(ty) w§(t,y) Jyl~ ass(t,0) mbgs Y) dt. foo w (t,7) Mmto), (33)

fStTd}

Similarly, we can get

Us(z,).e®i @) |2]bssO) =V, (z,9),
KW (z,y;t,7) = —ews(tT)—wi(ty)twi (ty)—wi(tr)
Jepr 09~ 07) 20t (7)1, ),

K2 (2, yst,7) = evitn)—wi ) ui (i) —wily),
'|t|b55(07y)_bjj(077-).[ajss-tﬂ').(aw%(tt,’?') _|_aass(t0 In |T|) iaajgg-tﬂ')]‘
_ewf(t,y)—w;(ty)+w§(tr)—w{(m)( 310%(;3/) +bss(t ))‘
[#[0s5(09) =35 (07) T joss (t,0) aJs(Tt,T)

— Wi (ty) —wi(ty)+uws (trr)—wi(67) |]bss(Oy) JJ(O,T)'[(M)

gs(t ) +1 1 abjs(ty ). |T|a55 (t0) 4 C”(t%-\t\ b“(o,T)'efw{(t,T),

KJ(E) (t,y) = eWi‘(t,y)*w{(tvy)%Ht,bss(O,y)*by(O,y).bjs(t’ )],
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K](4> (ty,7) = evi@y-wiey)ruwi@n)—w](@r) |g[bssOy)=b;(0.7),

|z ‘ass(l‘,o)'ajs(xv'r) )
y T

Moreover the Kernels of the system (26) at « = t,y = 7 satisfy the following

properties:
S
KOz, 2,y) = 28
Yy

K](? (ZE, vz, y) — ewf(:c,y)—w{ (z,y) ' [G«js(ﬂ%y) ) aw%(afvy) iaajggcfvy)]

Yy
| |05 (0:0)=bis O) _ (—9Wa@Y) _ bes (@) y) 1 1bss (0,9)—b3s (0)

ajsgfay) _ [ass(l'yo) bjs(xvy) _T_ %8173‘5('7:7;)] + Cj(:l:,y) ‘:L.|fbjj(0 y).

y dy Ty

e_w{('rvy)
The function K ](? (z,y;x,y) can be represented in the form

(2) (2)
Aj)(@y) | Bj, (a:,y)]mbss(o,y)_bjs(o,y%

(2) . _
st (':Uayvxay) - [ y . xy

where

) _ ws(x,y) | Oajs(x,y)
Ajs (IL’,y) - CLJS(ZE, y) ax + ax I

ows(x, Objs(x,
B](.? (z,y) = (x# + bss(x.,y)).ajs(x, y) — ass(z,0).b55(x,y) + y#—k
+|Jj|b85 (079)_bjj (O’y)Cj (;[;’ y)'e_wi (x,y)’

KD (2,y) = Dis(T0Y) | 1bes 0) b33 0) it -]t
x
K](.;L) (z,y:y) = M'|x‘bss(0,y)—bjj(07y)'ewf(x,y)—w{ (zy)

The system (28) is the Volterra system integral equation of the second type if the
functions ajs(x,y), bjs(z,y), c5(z, y) satisfy the following conditions:

c3(z,y) = 0(]z|**), as >0 in a neighborhood of T'y, (34)
es(x,y) = 0(|z|%), Bs >0 in a neighborhood of Ty, (35)

[Bss (,9) = bss (0, )| < Hifa[*, 35 > 0 (36)

ajs(x,y) = 0(|y|63(§>), Jj#s, B](-i) > 0 in a neighborhood of T'y, (37)
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(2)
Ag) (2,y) = 0(|y|ﬂjs ),ﬁ](i) > 0,j # s in a neighborhood of T, (38)
(2)
BJ(.? (x,y) = O(\y[‘sﬂ's ),9js > 0,7 # s in a neighborhood of Ty, (39)
(3)
Bjs(z,y) = 0(|:v\51'8 ) > 0,7 # s in a neighborhood of T'y, (40)

Also the functions ass(z,y), bss(x, y) satisfy the following conditions:
|ass(z, y) — ass(x,0)] < Haly|*, 65 >0 (41)

|8a55(a:,y) o aass(x70)
ox ox
By solving the system (28), we get FS@)(a:,y). Substituting the obtained value

P (z,y) in equation (28), we get the solution Us(z,y) of the system (1).
The proof is completed.

(1)
| < Hyly)®, 80 >0, (42)

Remak 1 The coefficients of system (1) in a neighborhood of T'1,Ty satisfy the
conditions (27)-(52).
Example Let in Theorem 1 and Theorem 2 the conditions:

M a,y) = 0(|2]*), a2 > 0, (@, ) = 0(ly|™), 8} > 0
i a neighborhood of I'y are essential and the satisfy the conditions
2 (w,y) = 0(a|**), a2 > 0,2 (@,y) = 0(|yl ™), B2 > 0.

If these conditions are fulfilled, then system (1) have solution essentially different
from the solution given in Theorem 1 and Theorem 2.
Let in system (1) ass = o = constant, bss = 8 = constant, fs(x,y) = 0, then the
functions of the form
afB—
Ulz,y) = a=PSo2gymainme B, +y~ Tz ™ (43)
_af—
A MH—g -A/\naa7ﬁ 7& _)‘nv

are the solutions of equations (1), where n = Ay, Axn, Ban being arbitrary constants
and the series converges at 0 < x < A71,0 <y < 871,

A B
A= lim 222 B = lim |22t

In particular if a8 = =y, then the general solution of equation (1) is given by the
formula:

Ulz,y) =2 ®(y) +y V()
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where ®(y), ¥(x) are arbitrary continuous different functions.
Problem A;. Find a solution of system (1) within the class C%(D) and the boundary

conditions:
Us(z,0) = fli(x),z € Ty,

Us(x,0) = gl(x),y € Ty, (44)

where fl(x), gl (y) are arbitrary continuous functions.
Solution of Problem A; In the case where Cgl)(x,y) = 0. Using the integral
representations (17), (18) and the conditions of equation (40) we can get the values

Phis(z),¥s(y),1 < s <n in the form
95 ()ly[ ) = Wi (y),
—Qjs(T,T 1
s () = | 9D | £() + —bjs(@,0)-fu(w) |, (45)

and by (45), the condition f) of Theorem 1 where ®4(x) € C(I'1), ¥y(y) € CH(Is),
we get fi(z) € C(T1),95(y) € C'(T2).

Solving the system of integral equations (9), we get Vi(x,y) and substituting the
obtained values ®s(x), Vs(y), Vs(z,y) in equation (8) we get the solution of Problem
A;.

Theorem 3 Let the coefficients of system (1) satisfy the conditions a), b), e),
f), equation (12) and in problem Aj the function fl(x) € C(T'1),gl(y) € CY(T'y).
Then problem A; has the unique solution which is given by the formulae (8), (9),

(45)-

Remak 2 In the case where C’él)(x,y) # 0.
To solve problem Aj, we use the formula (25) and Remark 1, we can get the unknown
functions ®4(x), ¥s(y) which can be given by the formula (45).

Theorem 4 Let the coefficients of system (1) satisfy: The conditions of Theorem
2, Theorem 8 and the functions fl(z),gl(y) satisfy the conditions of Theorem 3.
Then problem Ay has the unique solution, which is given by the equation (8), Vi(x,y)
is the solution of the system (9) and the functions ®s(x), ¥s(y) are given by the
formula (45).

Problem Aj,. Find a solution of system (1) within the class C?(D) and the boundary
conditions:

oUs(x,y)

Us(0,y) = Qg(y)ay € I'y, T‘yzo = ff(x)»m el (46)
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where fl(z),gl(y) are arbitrary continuous functions.

Solution of Problem As. Similarly, as the Solution of Problem A;, using the
integral representations (32), (33) and the conditions of equations (46) we can get
the values ¢l (z),9!(y),1 < s < n and the values of the condition e) of Theorem 2
and solving the equation (22), we get Us(z,y) and substituting the obtained values
in equation (27) we get the solution of Problem Aj.

Case 2

Also, for system (1), the following statements being valid.

Theorem 5 Let the coefficients in system (1) satisfy:
ajs(x,y) € Cy(D), bjs(z,y) € C;(D),ass(ac,y) € Cy(D), bss(z,y),
cs(z,y) € C(D),1 <s<mn, atj # s,5,s =1,2,...,n. Then any solution for the
system (1) within the class C*(D) N C(D) is:

V(i) — [ 430030 dr [ 68 (1, 7)Us (1, 7). 60 0@ e
+ fyOO eWs (z,7)—w3 (2,9) ]+ f;o ewi (6,7)—wi (z,7)
L aU; au;
1= Zl(ajs(t, ) + bjs(t, 7) 5 4 ¢t T)U;(E,7))]dE = gs(2,y),1 < s <n,
J:
JF#s
(47)
where Us(x), ®s(y) are given continuous functions onT'1,T'e and gs(x,y) is a solution
of the system (1) Volterra integral equation of the second type in the form:

Js (;(;7 y) = \Ils(x)efwg(%y) + fyoo e’w;(x,f)fWS(m,y)fWT(m,T).q,s (T)dT+

+ fyOO eWs (x,7)—wj (a:,y)d,r‘ f;o et (t,7)—wj(z,T) fs (t, T)dt, (48)

[e.9]

wi(z,y) = /:Obss(t,y)dt, wi(z,y) = /y o, 7)dr, (49)

Problem Aj. Find a solution of system (1) within the class C?(D)NC(DUT;UTy)
with the boundary conditions:

Us(0,y) = as(y),y € Iy,
Us(z,0) = bs(z),z € 1,1 < s <. (50)
as(0) = bs(0).

Solution of Problem Aj. The function gs(z,y) of equation (48) on I'y satisfy the
following properties:

Us(0,y) —/

Y

[e.9]

[(MD(0,457)U(0,7) = M2 (0,5 7)U3(0,7))] dr = g5(0, ),
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95(0,y) = ¥,(0).e 107 4+ / w20 =wi(09) g (1)dr (51)
Yy
where
Mj(sl) (-%'7 Y; 7') = €w§(x’7—)7w§(lﬂ’y) s (.I', T)? (52)
MJ@ (z,y;7) = ewt@n-wiEy)—wil@n) g (0, 1), (53)
Mﬁ) (z,y;7) = Wi =wilm) b (3, ), (54)

M}f) (2, y;t) = e i 0 —wi@y)—wi@0) p. (¢ (),
From equation (52, (53) we get
1 2
M (0,y7) = M0, 53 7)

then
Us(0,y) = 95(0,y)
Similarly, the function gs(z,y) of equation (50) on I'y satisfy:

o0

Ustw,0) = >0 | [M2(, 05) = M0 (2,0:0) U (1, 0)dt = gs(,0), - (55)
j=lj#s "
9s(x,0) = Uys(z),1 <s<n. (56)

Then we can put
3 wi —wji(x
M (a,05) = €100, (2,0),
4 ws —wi(z 3
M (2,0;1) = 1O @0 b, (.0) = M (2, 0;4).
We get
Us(2,0) = gs(2,0) = Ws(z).

Substitute the values Us(z,0), Us(0,y) in equations (51), (55) we can get the values
U(x), Ps(y) in the forms

Us(2) = bs(2),
i ew30)=w30) & (tau)dr = as(y) — bs(0).e~*2(09)
1> ew3(07) &, (7)dr = a,(y).e”3O¥) — by (0).

Dy(y) = e300 3000 (0, ) (as(y) — bs(0) + "3V al(y)]
5(y) = ass(0,y)[as(y) — bs(0)] + as(y), (57)
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®,(0) = ass(0,0)as(0) +al(0),  as(0) = bs(0).

Substituting the obtained values U4(x), ®5(y) in system (48) and using the condi-
tions (50) of problem Az we get the solution of Volterra system integral equation of
the second type which is solvable and its uniqueness solution can be get by using
the kernels (52), (53), (54).

The proof of the following Theorem is completed.

Theorem 6 Let the coefficients of system (1) satisfy: the conditions of Theorem
5, ass(0,y) € C*(T's),as(y) € C*(T2) and bs(z) € C*(|T1). Then problem As has
the unique solution in the form:

Us(z,y) = gz, y) + 7 77 Ni(z, y; ¢, 7)g(t, T)dt.dr + [[° No(z,y;7)g(w, 7)dr+
+ 1,7 Na(z, y;t)g(t,y)dt — [ Na(x,y;7)g(0, 7)dT — [° N5(x,y;7)g(t, 0)dt
(58)
where g(t,y),U(x,y), N1, Na, N3, Ny, N5 are the kernels of the system integral equa-
tion (51), (55). The formula (58) of the functions Gs(x,y) can be obtained by using
the inequalities (48), (49), (57), (50).

Problem A4. Find a solution of system (1) within the class C(DUT';UT'2)NC?(D)
with the boundary conditions:

%ZSLUO = fs(y)7 US(xv 0) = gs(l'). (59)

where fs(y), gs(x) are continuous functions on I'y, T';.
Solution of Problem A,. From equation (47), we can get the values

U5<$,0) = (I)s(x) = gs(x)7 \Ps(x) = gs(x)

and
o0

BL(y) — ass(0,y) / B (r)dr = Fi(y), (60)

By solving equation (60) and substituting the obtained values ¥4(x), ®s(y) in equa-

tion (48) and then solving the obtained system, we get the solution of Problem
Ay

Theorem 7 Let in system (1) the coefficients a(z,y),b(x,y),c(x,y), f(x,y) sat-
isfy the conditions of Theorem 5 and in Problem Ay: fs(y) € C*(T'1), gs(z) € C?(T'y).
Then problem Ay has the unique solution which is given by the formulae (58), (48),
and

Dy(y) = fs(y)—ass(o,y).gs(())ewg(o’y)—l—ass(o,y)-/y

OO[ e — e 20% g (0)| dr.

ass(0,7)
(61)
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Remak 3 Similarly, we can investigate system (1) where the coefficients sat-
isfy the conditions bss(z,y) € C’;(D),ass(x,y),cs(x,y) € C(D),s = 1,2,...,n;
ajs(z,y) € C(D),bjs(x,y) = inCy(D) at j # s,j,s = 1,2,...,n. Also, we can
get a series of new integral representations and a number of boundary value prob-
lems.
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