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ON SOME RESULTS FOR λ−SPIRALLIKE FUNCTIONS OF
COMPLEX ORDER OF HIGHER-ORDER DERIVATIVES OF

MULTIVALENT FUNCTIONS

Pramila Vijaywargiya

Abstract. In this paper we establish results of various kinds concerning λ−
spirallike functions of complex order in the unit disc U = {z : z ∈ C, |z| < 1} by
using the method of differential subordination. Our results provide extensions and
generalizations of many known and new results.
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1. Introduction

For a fixed p ∈ N := {1, 2, 3, ...} , letAn,p denote the class of all analytic functions
of the form

f(z) = zp +
∞∑

k=n+p

akz
k, (n ∈ N ), (1.1)

which are p - valent in the open unit disc U = {z : z ∈ C, |z| < 1}. Upon differentiat-
ing both sides of (1.1) q - times with respect to z, the following differential operator
is obtained :

f (q)(z) = α(p; q) zp−q +
∞∑

k=n+p

α(k; q) akz
k−q, (1.2)

where
α(p; q) =

p!
(p− q)!

(p ≥ q; p ∈ N ; q ∈ N ∪ {0}). (1.3)

Several researchers have investigated higher-order derivatives of multivalent func-
tions, (see, e.g.[8,12]).
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A function f(z) ∈ An,p is said to be λ− spirallike of complex order in U if and only
if

Re

{
1

b cosλ

[
eiλ
{

zf (q+1)(z)
(p− q)f (q)(z)

}
− (1− b) cosλ− i sinλ

]}
> ρ (1.4)

(p ≥ q; p ∈ N ; q ∈ N ∪ {0} ; 0 ≤ ρ < 1),

for some real λ, |λ| < π
2 , b 6= 0 , complex.

We denote this class by Sλ,q
n (ρ; b).

Now we mention below some known subclasses of our class Sλ,q
n (ρ; b):

(i) For q = 0, p = 1, ρ = 0 and n = 1, our class is reduced into the class Sλ(b),
introduced and studied by Al-oboudi and Haidan [1].

(ii) For q = 0, p = 1, ρ = 0 and b = 1− δ (0 ≤ δ < 1), our class is reduced into
the class Sλ

n(δ), introduced by Obradovic and Owa [9]. Further this class contains
the classes due to Libera [4] (for n=1) and Spacek [13] (for n=1, δ = 0) as special
cases.

(iii) For q = 0, p = 1, λ = 0 and n = 1, our class is reduced into starlike of
complex order b and type ρ denoted by S∗ρ(b), which contain another class by Nasr
and Aouf [7], for ρ = 0.

Let f and g be analytic in the unit disc U . The function f is subordinate to g,
written as f ≺ g or f(z) ≺ g(z), if g is univalent, f(0) = g(0) and f(U) ⊆ g(U).

The general theory of differential subordinations was introduced by Miller and
Mocanu [5]. Some classes of the first-order differential subordinations were consid-
ered by the same authors in [5]. Namely let ψ : C2 → C (C is the complex plane) be
analytic in a domain D, let h be univalent in U , and let p(z) be analytic in U with
(p(z), zp

′
(z)) ∈ D when z ∈ U , then p(z) is said to satisfy the first order differential

subordination if
ψ
(
(p(z), zp′(z)

)
≺ h(z) (1.5)

The univalent function q is said to be a dominant of the differential subordination
(1.5) if p ≺ q for all p satisfying (1.5). If q̃ is a dominant of (1.5) and q̃ ≺ q for all
dominants q of (1.5), then q is said to be best dominant of (1.5).

2. Results and Consequences.

We shall require the following results due to Miller and Mocanu in order to prove
our main results of the next section:

Lemma 1 [6]. Let q be univalent in the unit disk U , and let θ and φ be analytic
in a domain D containing q(U), with φ(w) 6= 0 when w ∈ q(U).
Set Q(z) = zq′(z)φ(q(z)), h(z) = θ(q(z)) +Q(z) and suppose that
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(i) Q is starlike (univalent) in U with Q(0) = 0 and Q
′
(0) 6= 0.

(ii) Re {zh′(z)/Q(z)} > 0 for z ∈ U .
If p is analytic in U , with p(0) = q(0), p(U) ⊂ D and

θ(p(z)) + zp′(z)φ(p(z)) ≺ θ(q(z)) + zq′(z)φ(q(z)) = h(z), (2.1)

then p ≺ q and q is the best dominant of (2.1).

Lemma 2 [5]. Let φ(u, v) be complex valued function, φ : D → C, D ⊂ C × C
and let u = u1 + iu2, v = v1 + iv2. Suppose that the function φ(u, v) satisfies the
following conditions:

(i) φ(u, v) is continuous in D;
(ii) (1, 0) ∈ D and Re {φ(1, 0)} > 0;
(iii) Re {φ(iu2, v1)} ≤ 0 for all (iu2, v1) ∈ D and such that v1 ≤ −n(1 + u2

2)/2.
Suppose that p(z) = 1+ pnz

n + pn+1z
n+1 + ..., be regular in the unit disk U such

that
(p(z), zp

′
(z)) ∈ D for all z ∈ U . If

Re
{
φ(p(z), zp

′
(z))

}
> 0 (z ∈ U),

then
Re {p(z)} > 0 (z ∈ U).

Lemma 3 [11]. The function (1− z)γ ≡ eγ log(1−z), γ 6= 0 is univalent in U if
and only if γ is either in the closed disk |γ − 1| ≤ 1 or in the closed disk |γ + 1| ≤ 1.

3. Main Results and Consequences.

Theorem 1. Let f ∈ Sλ,q
n (ρ; b), (|λ| < π

2 , b 6= 0, complex, 0 ≤ ρ < 1, p >
q),then (

f (q)(z)
α(p; q) zp−q

)γ

≺ 1

(1− z)2γ(p−q)(1−ρ)b cos λe−iλ (3.1)

where γ 6= 0 is complex and either |2γ(p− q)(1− ρ)b cosλe−iλ + 1| ≤ 1 or
|2γ(p− q)(1− ρ)b cosλe−iλ − 1| ≤ 1 and this is the best dominant.

Proof. Let q(z) = (1− z)−2γ(p−q)(1−ρ)b cos λe−iλ

, φ(w) =
(
γb(p− q) cosλe−iλ

)−1
w−1

and θ(w) = 1 in Lemma 1. Then it is easy to verify the conditions (i) and (ii) of the
Lemma 1. Namely q is univalent in U by Lemma 3, while

h(z) = θ(q(z)) + zq′(z)φ(q(z)) =
1 + (1− 2ρ)z

1− z
.
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Consequently, for p(z) = 1 + pnz
n + pn+1z

n+1 + ..., analytic in U with p(z) 6= 0 for
0 < |z| < 1, from (2.1) we get

1 +
eiλ

γb(p− q) cosλ
zp′(z)
p(z)

≺ 1 + (1− 2ρ)z
1− z

(3.2)

⇒ p(z) ≺ q(z)

Now, if in (3.2) we choose p(z) =
(

f (q)(z)
α(p ; q) zp−q

)γ
, then we have

(
f (q)(z)

α(p; q) zp−q

)γ

≺ 1

(1− z)2γ(p−q)(1−ρ)b cos λe−iλ

which evidently, completes the proof of Theorem 1.

If we put γ = −eiλ

2(p−q)(1−ρ)b cos λ in Theorem 1, we get

Corollary 2. Let f(z) ∈ Sλ,q
n (ρ; b), (|λ| < π

2 , b 6= 0, complex, 0 ≤ ρ < 1, p >
q), then (

α(p; q) zp−q

f (q)(z)

) eiλ

2(p−q)(1−ρ)b cos λ

≺ (1− z) (3.3)

and this is the best dominant.
From (3.3), we have the following inequality for f(z) ∈ Sλ,q

n (ρ; b)∣∣∣∣∣∣∣
(
α(p; q) zp−q

f (q)(z)

) eiλ

2(p−q)(1−ρ)b cos λ

− 1

∣∣∣∣∣∣∣ ≤ |z| (z ∈ U) (3.4)

Remark. (i) If we put q = 0, p = 1 and ρ = 0 in Theorem 1, we get a recent
result by Aouf, Oboudi and Haidan [2] for the class Sλ(b), which contains the results
obtained earlier by Obradovic, Aouf and Owa [10] for the classes S(b), Sλ and Sλ(δ)
respectively.

(ii) Putting q = 0, p = 1 and ρ = 0 in Corollary 2, we get a result obtained
by Aouf, Al- Oboudi and Haidan [2]. Also λ = 0 in (3.4), gives the result obtained
earlier by Obradovic, Aouf and Owa [10].

Theorem 3. Let the function f(z) defined by (1.1) be in the clas Sλ,q
n (ρ; b) and

let
0 < β ≤ n

2(p− q)(1− ρ)b cosλ
(3.5)
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Then we have

Re


(

f (q)(z)
α(p; q) zp−q

)βeiλ
 >

n

2β(p− q)(1− ρ)b cosλ+ n
(z ∈ U),

where b 6= 0 real, |λ| < π
2 , 0 ≤ ρ < 1, p > q, p ∈ N , and q ∈ N ∪ {0} .

Proof. If we put
B =

n

2β(p− q)(1− ρ)b cosλ+ n
(3.6)

and (
f (q)(z)

α(p; q) zp−q

)βeiλ

= (1−B) p(z) +B (3.7),

where β satisfied (3.5) then p(z) = 1 + pnz
n + pn+1z

n+1 + ..., is regular in the unit
disk U .

By a simple computation, we observe from (3.7) that

eiλ
[

zf (q+1)(z)
(p− q)f (q)(z)

− 1

]
=

(1−B)zp′(z)
β(p− q) [(1−B)p(z) +B]

(3.8)

and from that

1
b cosλ

[
eiλ
{

zf (q+1)(z)
(p− q)f (q)(z)

− 1

}
+ b cosλ

]
−ρ = 1−ρ+ (1−B)zp′(z)

β(p− q)b cosλ [(1−B)p(z) +B]
(3.9)

Since f(z) ∈ Sλ,q
n (ρ; b), therefore from (3.9), we get

Re

[
1− ρ+

(1−B)zp′(z)
β(p− q)b cosλ {(1−B)p(z) +B}

]
> 0, (z ∈ U) (3.10)

Let us consider the function φ(u, v) defined by

φ(u, v) = 1− ρ+
(1−B)v

β(p− q)b cosλ [(1−B)u+B]
,

then φ(u, v) is continuous in D = C −
{
−B
1−B

}
× C.

Also, (1, 0) ∈ D and Re {φ(1, 0)} = 1− ρ > 0.
Furthermore, for all (iu2, v1) ∈ D such that v1 ≤

−n(1+u2
2)

2 , we have

Re {φ(iu2, v1)} = 1− ρ+ Re
[

(1−B)v1
β(p− q)b cosλ {(1−B)iu2 +B}

]
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= 1− ρ+
B(1−B)v1

β(p− q)b cosλ
{
(1−B)2u2

2 +B2
}

≤ 1− ρ− nB(1−B)(1 + u2
2)

2β(p− q)b cosλ
{
(1−B)2u2

2 +B2
}

=
(1−B) [2β(p− q)(1− ρ)b cosλ− n]u2

2

2β(p− q)b cosλ
{
(1−B)2u2

2 +B2
} ≤ 0

because 0 < B < 1 and (2β(p− q)(1− ρ)b cosλ− n) ≤ 0.
Therefore, the function φ(u, v) satisfies the condition of Lemma 2. This proves

that
Re {p(z)} > 0 for z ∈ U , that is, from (3.7)

Re


(

f (q)(z)
α(p; q) zp−q

)βeiλ
 > B (z ∈ U),

which is equivalent to the statement of Theorem 3.

Taking ρ = 0 and β = n
2(p−q)b cos λ in Theorem 3, we have

Corollary 4. Let the function f(z) defined by (1.1) be in the Sλ,q
n (0; b). Then

Re


(

f (q)(z)
α(p; q) zp−q

) neiλ

2(p−q)b cos λ

 >
1
2

(z ∈ U).
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