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PROPAGATION OF STRESS WAVES IN ELASTIC SOLIDS

IoN AL. CRACIUN

ABSTRACT. The propagation of waves in elastic media under dynamic
loads (stress waves) are investigated. The nature of deformation, stress,
stress—strain relations, and equation of motion are some objectives of inves-
tigation. General decompositions of elastic waves are studied. Two planar
waves in an infinite isotropic elastic medium, and then time-harmonic so-
lutions of the wave equations are analyzed. Spherically symmetric waves in
three—dimensional space from a point source, radially symmetric waves in
a solid infinite cylinder of radius a, and waves propagated over the surface
of an elastic body are studied. Finally, particular solutions of the Navier
equations are given.
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1. INTRODUCTION

The field equations of physics for a given continuous medium arise from
the three conservation equations: conservation of mass, momentum, and
energy. For an elastic medium these equations of motion are called the Navier
equations. From them, a rich variety of stress waves is obtained. The first
two conservation laws are common to all media, while the energy equation
defines a particular medium through the equation of state. When we deal
with an elastic solid we are concerned with the dynamic variables: stress and
strain. The energy equation for an elastic solid yields a relation between the
stress and strain. For small-amplitude deformations there is a linear relation
between the stress and strain, which is given by Hooke’s law.

A knowledge of wave propagation in elastic solids, which we call stress
wave propagation, is very important to engineers in many fields (mechanical,
civil, aeronautical, etc), where an investigation of the dynamic effects of
various loads on engineering materials is considered.
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2. NOTATION AND MATHEMATICAL PRELIMINARIES

Physical quantities are mathematically represented by tensors of various or-
ders. The equations describing physical laws are tensor equations. Quantities
that are not associated with any special direction and are measured by a sin-
gle number are represented by scalars, or tensors of order zero. Tensors of
order one are vectors, which represent quantities that are characterized by a
direction as well as a magnitude. More complicated physical quantities are
represented by tensors of order greater than one.

Throughout this paper light-faced Roman or Greek letters stand for
scalars, Roman letters in boldface denote vectors, while lower case Greek
letters in boldface denote second—order tensors.

2.1 INDICIAL NOTATION

A sistem of fixed rectangular Cartesian coordinates is sufficient for the pre-
sentation of the theory. In indicial notation, the coordinates axes may be
denoted by z; and the unit base vectors by e;, where j = 1,2, 3. In the se-
quel, subscripts assume the values 1,2, 3 unless explicitly otherwise specified.
If the components of a vector u are denoted by u;, we have

u = uj€e; + uses + uses. (].)

Since summation of the type (1) frequently occur in the mathematical de-
scription of the mechanics of a continuum medium, we introduce the summa-
tion convention, whereby a repeated subscript implies a summation. Equa-
tion (1) may be rewritten as

u = u;€;. (2)

As another example of the use of the summation convention, the scalar
product of the two vectors is expressed as

U -V = uv; = Uty + Ugls + Usvs. (3)

As opposed to the free index in u;, which may assume any one of the
values 1,2, 3, the index j in (2) and (3) is a bound index or a dummy index,
which must assume all three values 1,2 and 3

Quantities assume two free indices as subscripts, such as 7;;, denote com-
ponents of a tensor of second rank 7, and similarly three free indices define a
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tensor of rank three. A well-known special tensor of rank two is the Kronecker
delta, whose components are defined as

1 if i=j
0ij = L,
0 if 7 #j.
A frequently—used special tensor of rank three is the alternating tensor,

whose components are defined as follows:

+1 if ijk represents an even permutation of 123
Eijk = 0 if any two of the 15k indices are equal

—1 if 4jk represents an odd permutation of 123.

By the use of the alternating tensor and the summation convention, the
components of the cross product h = u x v may be expressed as

hi = &ijkU; Uk
In extended notation the components of h are
hy = ugvz — uzva, ho = uzvy —uyvz, hz = U1V — UV;.
2.2 VECTOR OPERATORS

Particularly significant in vector calculus is the Hamilton’s vector operator
(or nabna) denoted by V, which is given by

0 Lo 0
81’2 381‘3‘

9]
V=e +e
92 2
When applied to the scalar field ¢(xq,x2, 23), the vector operator V yields
a vector field which is known as the gradient of the scalar field,
Iy Iy O
radp = Vo = —e; + ——ey + ——e3.
g 2 2 o1y 1 O 2 013 3
In indicial notation, partial differentiation is commonly denoted by a
comma, and thus

gradp = Vo = ¢ rey.

71



I. Al. Craciun - Propagation of Stress Waves in Elastic Solids

The appearence of a single subscript in ¢, indicates that ¢ are the
components of a tensor of rank one, i. e.., a vector.

In a vector field, denoted by u(x), the components of the vector are func-
tions af spatial coordinates. The components are denoted by w;(z1, 2, 3).
Assuming that functions wu;(xy,zs,x3) are differentiable, the nine partial

u.
derivatives a—z(xl, Tg, x3) can be written in indicial notation as w; ;. It can
T
be shown that u; ; are the components of a second-rank tensor.
When the vector operator V operates on a vector in a manner analogous
to scalar multiplication, the result is a scalar field, termed the divergence of
the vector field u(x)

divu =V - -u=uy,.

By taking the cross product of V and u, we obtain a vector termed the
curl of u, denoted by curlu = V x u. If ¢ = V x u, the components of q are

q; = EijkUk,j-

The Laplace operator V? is obtained by taking the divergence of a gra-
dient. The Laplacian of a twice differentiable scalar field is another scalar
field,

divgradyp = V- Vo = Vg = fu.

The Laplacian of a vector field is another vector field denoted by VZu
Viu =V Vu=u;je.
2.3 GAuss’ THEOREM

One of the most important integral theorem of tensor analysis, known as
Gauss’ theorem, relates a volume integral to a surface integral over the bound-
ing surface of the volume. Consider a convex region B of volume V|, bounded
by a surface S which possesses a piecewise continuously turning tangent
plane. Such a region is said to be regular. Now let us consider a tensor field
Tjki--p, and let every component of 7., be continuously differentiable in B.
Then Gauss’ theorem states

/Tjkl---p,idV:/niTjkl---pdA7 (4)
v s

where n; are the components of the unit vector along the outer normal to the
surface S. If equation (4) is written with the three components of a vector u
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successively substituted for 7jy;...,, and if the three resulting expressions are

added, the result is
v s

Equation (5) is the well-known divergence theorem of a vector calculus
which states that the integral of the outer normal component of a vector over
a closed surface is equal to the integral of the divergence of the vector over
volume bounded by the closed surface.

2.4 NOTATION

The equations governing the linearized theory of elasticity are presented in
the following commonly used notation:

position (radius) vector : x(coordinates z;)
(

displacement vector : u(components ;)
small strain tensor : e(components &)
stress tensor : 7 (components 7;;).

3. FUNDAMENTAL CONCEPTS IN ELASTICITY

In this section we shall investigate the nature of deformation, strain, stress,
stress—strain relations, equations of motion for the stress components, and
equations of motion for the displacement.

3.1 DEFORMATIONS

An elastic material is a deformable, continuous medium which suffers no
energy loss when its deformed state returns to the equilibrium state. The
deformation of any medium is a purely geometric concept. Since strain is
derived from deformation, strain is also a geometrical concept. A continuum
is a medium that has a continuous distribution of matter in the sense that
its molecular and crystalline structure is neglected. This means that we
can define mathematically a differential volume element dV' that has the
same continuous properties as the material in the large. This concept of a
continuum is based on an averaging process, where we take advantage of the
large number of molecules in a differential volume element to smear out the
effects of individual molecules.

To describe a deformable continuum we consider two states of the medium
or body:
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1. The undeformed or equilibrium configuration or state;

2. The deformed configuration.

Any two neighboring points P;, P in the body in its undeformed state
under a deformation suffer the transformation P, — Pj, P, +— Pj. The
distance between the two undeformed points changes in the deformed state. If
P[P} < P, P, that part of the body undergoes a compression; if P{P; > P, P,
we have tension. Clearly, if there is no change we have the equilibrium state.
We use the Lagrange representation. A point in the undeformed state is
given by the coordinates X = (Xj, Xo, X3), where X is the radius vector.
In the deformed state, that point goes into the Eulerian coordinates given
by the radius vector x, where x = (1, 9, 23). The displacement vector u is
defined by u = x — X. Since we use the Lagrange representation, we have
x = x(X, 1), u =u(X,t), and all the dynamic and thermodynamic variables
are functions of (X,t)). We have thus defined deformation (compression or
tension) in terms of the displacement vector.

3.2 STRAIN TENSOR

For the equilibrium state, let X = (X7, X5, X3) and for the deformed state let
x = (x1, x9, x3) be the radius vectors of an arbitrary point of the body. In the
equilibrium state a particle occupies the volume element dVy = d X dXsdX3.
In the deformed state that particle occupies the volume element

dV, = dridxodxs.

A deformation is given by the regular transformation X ~— x, which has
a unique inverse transformation. The relation between these two volume
elements is

dV, = det(Jx(x)) dVa,,
where det(Jx(x)) is the determinant of Jx(x), the Jacobian of the transfor-
mation X — x. Jx(+) is also called the mapping function and is given by the
matrix

6’x1 8;61 8561

0X, 0X, 0X;

. 81'2 81‘2 81‘2
=1 9% ax, ax
8x3 81’3 81’3

0X; 0Xo 0X;
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The principle of conservation mass is given by
pzdVy = px dVx.

The compression ratio R is defined by

R="P= = [det(JX(x))} " det(Je(X)).
Px

We develop the strain tensor in the form of a matrix by considering a
curve C'x in the body in the deformed state. Under the mapping X — x,
this curve maps into the curve Cy in the deformed state. The two curves are
composed by the same particles. The column matrix dX has the components
dXy, dX5, dX3, while the row matrix is the transpose dX*. We have dX =
(dX1,dXs,dX3)*, and similarly for dx. Let dsy be an element of arc lenght
of C'x and let ds, be an element of arc length of C,, under the transformation
dX +— dx which is given by

dx = Jx(x)dX. (6)
The magnitude of dsx is the square root of the expression
(dsx)? = (dX)*(dX).
Similarly, we have
(dsy)? = (dx)*(dx).

The transpose of equation (6) is (dx)* = (dX)*(Jx(x))*. Using this ex-
pression and equation (6), we get

(ds,)? = (dx)*(dx) = (dX)"(Jx(x))"x(x)(dX).

Suppose the transformation X +— x has the property that for every curve
Cx all arc lengths are unchanged in being transformed to the corresponding
curve C,. It follows that (dx)*(dx) = (dX)*(dX), so that (Jx(x))*Jx((X)) =
E, the 3 x 3 identity matrix. This means that Jx(x) is the rotation ma-
triz yielding a rigid-body rotation (no deformation), where det(Jx(x)) > 0.
Since the measure of strain can be considered as a deviation from a pure
rotation, we may take the expression (Jx(x))*Jx((X)) — E as twice the
three—dimensional strain tensor. Thus, we have

e = S (X)) — B, @
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where € is the strain tensor. The reason for the factor of 1/2 in equation (7)
is seen when we derive the linear approximation of €. For this approximation
we have |(ds, — dsx)/dsx| < 1, so that
(ds,)? — (dsx)®  (ds, —dsx)(ds, + dsx) _
(dsx)? (dsx)? -
2dsx(ds, —dsx)  ds, —dsx
(dsx)? B '
Let £, be the linear strain tensor. We have
ds, —dsx  (dX\* dX
T L) = ay)

dSX

where equation (7) is used for the linear strain strain tensor.
3.3 STRAIN AS A FUNCTION OF DISPLACEMENT

We now obtain the strain tensor matrix € as a function of the displacement
vector u, where u = (uq, uz, u3). We have u = x — X, the components being
u; = x; — X;. Instead of calculating the right—hand side of (7) and setting
x = u + X to obtain ¢, we introduce K = Jx(u), the Jacobian of u, so that

ou, Oup  Owy
00X, 90X, 0X;
K — @uQ 8uQ aUQ
0X1 0X, 0X;
Ouz Ouz Ous
0X:1 0X, 0X;3

It follows that J = K + E, so that the strain tensor in matrix form becomes

1
e=-(K+K") 4+ KK" = ¢ +en.

2

(8)

The linear part of relation (8) is given by the matrix
(9u1 1 8u1 8u2 1 3u1 8u3
o 2lox, Taw) 2lox Tox)
. 1 (9u2 8u1 3u2 1 8U2 8u3
L 2 (axl 6X2> X, 2 (axg 8X2> ©)
1(% %) 1(% + %) Oug
2\0X,  0X3/ 2\0X, 0X3 0X3
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The diagonal elements of £ represent the pure or normal components of the
strain, while the off-diagonal elements are the components of the shear strain.
The strain tensor ¢ is represented by a symmetric matrix. This is true for
both the linear and nonlinear parts, that is for both 7, and ey.

3.4 LINEAR MOMENTUM AND THE STRESS TENSOR

A basic postulate in the theory of continuous media is that the mechanical
action of the material points which are situated on one side of an arbitrary
material surface within a body upon those on the other side can be completely
accounted for the prescribing a suitable surface traction on this surface. Thus
if a surface element has a unit outward normal n we introduce the surface
traction t, defining a force per unit area. The surface tractions generally
depend on the orientation of n as well as on the location x of the surface
element.

Suppose we remove from a body a closed region V + S, where S is the
boundary. The surface S is subjected to a distribution of surface tractions
t(x,t). Each mass element of the body may be subjected to a body force per
unit mass, F(x,t). According to the principle of balance of linear momentum,
the instantaneous rate of change of the linear momentum of a body is equal
to the resultant external force acting on the body at the particular instant
of time. In the linearized theory this leads to the equation

82
/ tdA + / pFdV = / Pam (10)

By means of the tetrahedron argument, equation (10) subsequently leads to
the stress tensor 7 with components 7;, where

tl = TNk (11>

Equation (11) is the Cauchy stress formula. Physically 7, is the compo-
nent in the x;—direction of the traction on the surface with the unit normal

1.
By substitution of t; = 7ink, equation (10) is rewritten in an indicial

notation as
/ dA + / FdV il
Trik pr = p .
S % v ot
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The surface integral can be transformed into a volume integral by Gauss’
theorem, and we obtain

am 82'&1 B
/V (a—xk +pFi— g )dV =0,

Since V' may be an arbitrary part of the body it follows that wherever
the integral is continuous, we have

aTkl . aQUZ

This is Cauchy’s first law of motion and it represents the conservation of
linear momentum. These equations of motion are therefore Newton’s equa-
tions of motion for a continuum. They are the linearized equations of motion,
since the nonlinear terms for the particle acceleration, which represent the
convective terms, are neglected. Since they are linear, the Lagrangian and
Eulerian representations are the same; the difference between these two rep-
resentations appears only in the nonlinear terms. The equations of motion
are valid for any continuous medium (solid, liquid, gas) since they do not
invoke the energy equation that defines that material. Clearly, the equations
of motion give an incomplete description of the physical situation, since we
have three equations and six components of the stress tensor 7 and three
components of the displacement vector u. The additional requisite equations
are given from the conservation of energy, which supplies the constitutivwe
equations; these we take as Hooke’s law for an isotropic elastic medium.

3.5 BALANCE OF MOMENT OF MOMENTUM

For the linearized theory the principle of moment of momentum states

/S(xxt)dA—i—/v(xxF)dV—/vp%<X><a@-?)dv,

Simplifying the right-hand side and introducing indicial notation, this equa-
tion can be written as

82
/eklmxltmdA‘i_/gklmmlFde:/pgklmmlﬁ- (13)
s v v ot?
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Elimination of ¢,, from the surface integral and the use of Gauss’ theorem
result in

EkimTiThmMEdA = / Ektm (Ot Thom + T1Thm k) dV.

S \%4

By virtue of the first law of motion, equation (13) reduces to

/ Ektm Ok Tem AV
1%

or
EkimTim = 0.

This result implies that
Tim = Tml,

i. e., the stress tensor is symmetric.
4. THE NAVIER EQUATIONS OF MOTION FOR THE DISPLACEMENT

In this section we derive the linear equations of motion for an elastic medium
in terms of the components of the displacement vector by using Hooke’s
law. These equations are called the Navier equations. In many problems
in elasticity it is more convenient to obtain the equations of motion for the
displacement vector and then derive the stress field from the definition of
strain and Hooke’s law.

4.1 STRESS—STRAIN RELATIONS

In general terms, the linear relation between the components of the stress
tensor and the components of the strain tensor is

Tij = Uijki€kl,

where

Cijkt = Cjirt = Chriij = Ciji-

Thus, 21 of the 81 components of the tensor Cjji; are independent. The
medium is elastically homogeneous if the coefficient Cj;;; are constants. The
material is elastically isotropic when there are no preferred directions in the
material, and the elastic constants must be the same whatever the orientation
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of the Cartesian coordinate system in which the components of 7;; and €;;
are evaluated. It can be shown that the constants Cj;i,; may be expressed as

Cijkt = A6ijort + p(0ikj1 + dirdjk).
Hooke’s law then assumes the well-known form
Tij = )\Ekkaij + 2/151']'. (14)

Equation (14) contains two elastic constants A and g, which are known
as Lamé’s elastic constants.

The trace (sum of the diagonal elements) of the strain matrix © is called
dilatation. It is a measure of the relative change in volume of the body due
to a compression or dilatation. It is given by

O =11 + €90 + €33. (15)
Hooke’s law can be also expressed by the set of equations

Tij = A0ijO + 2peq;. (16)
Let ¢ be the trace of stress matrix so that

D =191 + T + T33. (17)

We have
O = (3N +2u)0. (18)

The inverse of equation (16) is

A 1

_ O + — 7. 1
2u(3\ +2p) Y o (19)

5ij 2[[1

The Lamé constants A\, u can be expressed in terms of the two elastic con-
stants Young’s modulus E and Poisson’s ratio o. It can be shown that

N Eo e E
(1+0)(1—20) 2(1+o0) (20)
A Pl p(3A 4+ 2p)
200+ p)’ Ap
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4.2 EQUATIONS OF MOTION FOR THE DISPLACEMENTS

We obtain the linear strain in tensor form from equation (9) by using the =
coordinate system instead of the Lagrangian variables X and the dispalace-
ment vector u. The ¢jth component of the linear strain tensor is g;; = u; ;.
Since the strain tensor is symmetric, we have

1
Eij = 5(“@;‘ + ). (21)

Tkl,k = /LVQUl + ()\ + ,U)(V . U)J. (22)

In this way, the [th equation of motion (12) becomes
B2+ (O 1)V )i = p(—F + ). (23)

The vector form of the Navier equations of motion for the displacement
can be obtained from (23) by multiplying with the unit vector e; of the x;
axis followed by addition over ¢. Thus, we have

pVu+ (A + 1) VO = p(—F + uy). (24)
Using the well known identity
Viu=V(V-u)-curl® =V(V-u) -V x ¥,

where ¥ = curlu = V x u is the curl of displacement vector u, equation
(24) becomes

—uV X W 4+ (A +21)VO = p(—F + uy). (25)

W is called the rotation vector. Note that the vector form of the Navier
equations are independent of the coordinate system. From the form given
by (25) we now derive two types of waves: (1) longitudinal waves involving
the wave equation for the dilatation, and (2) transverse waves, involving the
rotation vector.

(1) We take the divergence of each term of equation (25) and use the fact
that V - V x ¥ = 0. We obtain

A2
%W@ ~0,-V.F. (26)
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Equation (26) is the vector form of the three—dimensional nonhomoge-
neous wave equation for ©, the nonhomogeneous term being the one involving
F. We set

A2n
p
It will be seen below that cy, is the longitudinal wave velocity.

(2) Next we get the equation of motion for ¥ by taking the curl of each

term in equation (25). We use the fact that V x © = 0 and obtain

b =@, - v xF.
p

We set

where cr is the velocity of the rotational vector, which, we shall shall show,
is the velocity of a transverse wave.

5. PROPAGATION OF PLANE ELASTIC WAVES

In this section we study the plane waves in an infinite isotropic elastic
medium. A plane wave is defined as one whose wave front is a planar surface
normal to the direction of the propagating wave. If the wave front is normal
to xy axis, then the displacement vector is a function of coordinate x; and
time ¢, and all derivatives with respect to x5 and x3 in equation (24) are zero.
For simplicity we set F = 0. Since the dilatation becomes © = u;;, we see
that the three scalar equations in (24) become

2 _

Cru111 = Ul

2 _

CrlU211 = Ut (27)
2 _

Crusz11r = U3tt-

The first equation of (27) is the one-dimensional wave equation for the
displacement component u; in the direction of wave propagation x;. This
gives a longitudinal wave, so that ¢y, is indeed the longitudinal wave velocity.
The second equation of (27) is the wave equation for uy. The direction of wave
propagation is still z1, so that us = ug(z1,t) gives particle vibrations in the
plane of the wave front (the x5 direction), which is normal to x;. This means
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that we hve a transverse wave, and cr is indeed the transverse wave veloc-
ity. Similarly for the third equation, where uz(x,t) shows transverse wave
propagation with the same velocity cr. From their definitions it is seen that
the velocity of longitudinal waves is always greater than that of transverse
waves.

6. GENERAL DECOMPOSITION OF ELASTIC WAVES

By using the definitions of ¢;, and ¢ we can write the vector Navier equation
(24) in the form

AGV2u+ (c; — ) V(V -u) = uy, (28)

where, again, F = 0. We now split equation (28) into two vector equations
by decomposing the dispalacement vector as follows:

u=uy + ur. (29)

We shal show that uj, represents a longitudinal wave and ur a transverse
wave. A longitudinal wave is rotationless, which means that

VXULZO.

It follows from vector analysis that a scalar function of space and time
exists such that

09, , 00 . 00

u, =grad¢p = Vo = 0z, e Os

es, (30)

where ¢ is called the scalar potential. On the other hand, ur satisfies the
equation
div ur = 0. (31)

This clearly means that a transverse wave suffers no change in volume
(an equivoluminal wave) but is rotational, so that

u=V x, (32)

where 1) is the vector potential.
Using equations (30) and (32), equation (29) becomes

u=Vo+V x. (33)
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Equation (32) tells us that the displacement vector can be decomposed
into an irotational vector and an equivoluminal vector.

We now insert equation (29) into (28), take the divergence of each term,
and use equation (31). We obtain

V- (C%VQUL — uL,tt) =0.

Since V xuy =0and V-( ) =0, it follows that the terms in parantheses
are also zero, yielding
C%VQHL — UL = 0. (34)

Equation (34) is the vector wave equation for the displacement repre-
senting longitudinal wave (irrotational waves), since the wave velocity is cr.
Since uy, = V¢, it is clear that the scalar potential ¢ also satisfies the wave
equation with the same velocity.

Similarly, inserting equation (29) into (28), taking the curl of each term,
and using the fact that V x ug, = 0, we obtain

V x (&V?ur — ury) = 0.
Since V - () =0, it follows that
&Vur —ury = 0. (35)

Equation (35) is the vector wave equation for ur, whose solutions yield
transverse, equivoluminal, rotational waves. It follows that the vector poten-
tial @ also staisfies this wave equation.

Sometimes it is easier to solve the wave equations in terms of the scalar

and vector potentials. Then the displacement can be obtained from equation
(33).

7. CHARACTERISTIC SURFACES FOR PLANAR WAVES

The wave front of a planar wave is a plane normal to the direction of wave
propagation. Let the normal to the wave front be v = (I, m, n), where [, m,n
are the direction cosines of v. Let the radius vector x = x1e; + x2e5 + x3€3 be
directed from the origin to aby point on the wave front. The scalar product
v - x is the projection of x on the wave front.

All solutions of the wave equations (34) and (35) are of the form

u, = f(v-x+ct)+glv -x—-ct),
ur = Flv-x+ct)+ G- -x—ct),
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where f, g, F and G are arbitrary functions of the indicated arguments
which are called the phases of the waves, (v - x + ct), and (v - x — ct) are
called the phases of the waves. The functions f(v - x + ¢t), F(v - x + ct)
represent progressing waves, while g(v - x — ct) and G(v - x — ct) are the
regressing waves. It is also true that there are no solutions that are not of
the form given by equations (36). If we set v - x — ¢t = const., we obtain
a characteristic surface; this is a planar wave front that progress into the
medium in the direction normal to the wave front with a wave velocity equal
to c. Setting v - x + ¢t = const. yields a characteristic surface that regresses
in the direction oposite to that of the normal to the wave front. Inserting
u = uy + uy, where u; and ur are given in (36), into equation (24), and
setting then x = y = z = 0, yields the following quadratic equation for ¢ :

(p = p)(pc® = A —2u) = 0. (37)

The roots of equation (37) are ¢*> = ¢, c%. This substantiates the fact

that, in any direction v, there are two planar waves, one longitudinal and
the other transverse.

8. TIME-HARMONIC SOLUTIONS OF THE REDUCED WAVE EQUATIONS

We now investigate time—-harmonic solutions to the wave equations for longi-
tudinal and transverse waves. These are waves whose time-dependent parts
are of the form e**.

We write the displacement vector u in the form

u = Re [U(z1, 29, 73) €], (38)

where Re[ ] is the real part of the bracket. In equation (38), u stands for
either a longitudinal or a transverse wave. Substituting equation (38) into
equations (34) and (35) and factoring out the exponentials yields

VU + k22U, = 0,

39
V¥Ur + k2Ur = 0, (39)

where k;, and kp are the wave numbers for the longitudinal and transverse
waves, respectively, and are given by
w w

kp=— kr=—.
Cr cr
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Equations (39) are called the reduced wave equations for Uy and Ur,
respectively. The reduced wave equations are of eliptic type. Let U stands
for Uy, and Uy. Solutions of the reduced wave equation VU + k?U = 0 are
of the form

U= '[_J'eik(l/-x)7

where U is a constant vector. Combining this solution of the reduced wave
equation with the time-dependent solution given by equation (38) yields the
time-harmonic solutions

u=Re[U eik(y"‘ﬂt)], (40)

where ¢ = w/k.

The minus sign in the phase gives a progressing travelling wave and the
plus sign a regressing wave, w is the same for both a longitudinal and trans-
verse waveform, while ¢ and k depend on the waveform.

The time—harmonic solutions expressed by equations (40) are special case
of the general solution given by (36). Note that we have the same phase of
the progressing and regressing waves, given by (v - x &+ ¢t), so that planes of
constant phase yield the traveling wave fronts.

9. SPHERICALLY SYMMETRIC WAVES

Spherically symmetric waves are produced in three-dimensional space from
a point source. For simplicity we consider the wave equation for the generic
scalar f(r,t), which may stand for the components of u, the scalar potential
¢, or the components of the vector potential 1. Setting r? = 22 + 22 + 22 and
neglecting angular dependence, we get the wave equation for f in spherical

coordinates: )
ot (2) 2] = fue a

We get time-harmonic solutions of equation (41) by setting

fr,t) = g(r)e™™". (42)

Inserting equation (42) into (41) yields

d*g 2\ dg 9 w
W+(—>—+kg:0, k:E

r /) dr
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This ordinary differential equations for g may be rewritten as

d*(rg)
+ k*(rg) = 0. 43
29 1 B(rg) (13)
Note that equation (43) is a second order ordinary differential equation for
rg where the first-derivative term is absent. Setting w = rg gives w” 4+ k*w =
0, so that the general solution of equation (43) is
1 +ikr
r)=—)e """,
o(r) =)
Multiplying this solution by the time-dependent part given by equation
(42) yelds time-harmonic solutions of the spherical wave equation as a linear
combination of terms of the form

lei(kT_Ct)’ lei(kr—i-ct) (44)
r r
The first expression of equation (44) represents an outgoing attenuated
spherical wave (emanating from the point source), while the second expres-
sion represents an incoming wave (from infiniti where the amplitude is zero)
going toward the source. Note that there is a singularity at the source.
The phase of the wave is (kr F ct). Setting the phase (k + ct) equal to a
constant and varying time generates an outgoing spherical wave front, and
setting (k — ct) equal to a constant generates an incoming wave; these are
the characteristic surfasces.
We may obtain a more general solution to the spherical wave equation
(41) by writing it as
¢ (rf) e = (rf)u-

Therefore the general solution for the spherical wave equation is
1 1
f(r,t) = =F(r —ct) + -G(r + ct), (45)
r r

where F' and G are arbitrary functions of their arguments to be specifically
determined by the boundary and initial conditions. The argument of F'is the
phase (r—ct) and thus represent an outgoing wave, while the argument of G is
(r+ ct) and represents an incoming wave. All solutions of the spherical wave
equation are of the form given by equation (45), and there are no solutions
that are not of those forms.
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10. CURVILINEAR ORTHOGONAL COORDINATES

In this section we digress by investigating the transformations from Cartesian
to curvilinear orthogonal coordinates and then specialize to the transforma-
tion to cylindrical coordinates.

Let (q1,q2,q3) be coordinates of a point in any system. The Cartesian
coordinates x1, xs, x3 will be functions of these coordinates, so that the set
of functions

Ty = 901(@11,(]276]3)7 Tg = 952((11,%76]3), T3 = $3(C]1,Q2,CI3)7 (46)

is a regular transformation, which can be written as x = x(q). Consequently,
there is the inverse transformation

q1 = C]1(51717-732>$3), Q2 = 612(-7317352,553), qs = Q3($17$2a$3)-

The three equations ¢; = ¢;, where ¢; are constants, represent three families of
surfaces whose lines of intersection form three families of curved lines. These
lines of intersection will be used as the coordinate lines in our curvilinear
coordinate system. Thus, the position of a point in space can be defined by
the values of three coordinates g1, g2 and g3. The local coordinate directions
at a point are tangent to the three coordinate lines intersecting at the point.

The Jacobian matrix of transformation (46) is a 3 x 3 matrix whose kth
column has the elements zj;. This matrix will be denoted by Jq(x).

The differentials dz; are now expanded in terms of (dqi, dgs, dgs), so that

= d —d —d , =1,2, 3. 47
aql q1 + aqz Q2+ 8(]3 g3, ? ) ( )

d!L‘Z‘
In the matrix form, equations (47) can be written as

dx* = dq* (Jq(x)>*,

where dx* is the transpose matrix of the one column matrix dx whose com-
ponents are dxq, dxs, drs. Similarly, for dq*. Let ds be an element of length.

It follows that s 4
d52 = Z Z gmd%dq]a (48)
i=1 j=1
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where
E)xk aZL’k
95 =05 =) 5 5 (49)

are called the metric coefficients.
The quadratic form (48) can be written as

ds* = da (Jo(x)) Ty (x)dq.

If we consider the element of length ds;, where i = 1,2, 3, that corresponds
to a change from ¢; to ¢; + dq;, we have

dsy = \/g11dq1, dss = \/ga2dqs, ds3 = v/ 933 dgs.

To shorten the notation we introduce the scale factors

hi = /11, ha= /922, hs = /933,

which are in general functions of the coordinates g;.

For an orthogonal system of coordinates the surfaces ¢ = const, ¢ =
const, g3 = const intersect each other at right angles, and all g,;, with i # j,
are equal to zero. We choose an orthonormal right-handed basis whose unit
vectors eq, e, and es are respectively directed in the sense of increase of the
coordinates ¢, q2 and ¢3. The following well-known relations hold

e; ej = 51']‘,

e, X €; = €, (50)

where in (50) the indices i, j and k are in cyclic order. A major difference
between curvilinear coordinates and Cartesian coordinates is that the coor-
dinates ¢1, g2 and q3 are not necessarily measured in lengths. This difference
manifests itself in the appearence of scale factors in the relation between the
infinitesimal displacement vector dx and the infinitesimal variations dgq;, dgo
and dqsz, namely,

dx = elhldql + thqu2 + eghng3. (51)

The scale factors h; are in general functions of the coordinates g;.
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All equations in Cartesian coordinates which do not involve space deriva-
tives and which pertain to properties at a point carry over unchanged into
curvilinear coordinates. If space derivatives are involved, however, equations
do not directly carry over, since the differential operators such as gradient,
divergence, curl, and the Laplacian assume different forms.

We consider first the gradient operator V. When applied to a scalar ¢ it
gives a vector Vi, with components which we call f;, f, and f3. Thus

Vo = fie1 + f2e2 + fzes. (52)
The increment of ¢ due to a change of position dx is
dQO = VQO -dx = hlfldql + hngdQQ + h3f3dQ3, (53)

where (51) has been used. The increment dy can also be written as

i Oy
do = 2 dg, + 22d
%) o0 q1 + o0 q2 +

whence it can be concluded that

€ 0 €9 0 €3 0
V= b = =
hy aQ1 o aQQ hs a%

9y

d 4
8(]3 qs3, (5 )

(55)

If the operation (55) is applied to the scalar function ¢, then from (53) and

10
(54) it results that f; in (52) is equal to h_a_go’ so that the gradient of the
i Oqi
scalar function ¢ gives
1 dy 1 0y 1 0y
dp=Vp=—— —— ———e;3. 56
sracy i h1 Oq1 ot ha Oga . hs 0gs o (56)

Let us consider an other vector function F which in the q orthogonal
system is expressed by

F = F1e1 + F282 + F383. (57)

where (Fy, Fy, F3) are the components of F along the axes of the q system
depending of ¢;, g2 and ¢s.
The divergence of F in this orthogonal system of coordinates is

1 8(h2h3F1) + 8(h3h1F2) + 8(h1h2F3)
hihshs 8q1 a% 8613

V.F= , (58)
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while the curl of the same vector is given by

1 [O(h3F3)  O(hoFy)]
VxF = —
haohs | Oga dgs |
n 1 [o(hF) _ O(h3F3) ]
hshy | Ogs o |
n 1 [O(hoFy) _ O(h1Fy) ]
hihy | Oq g2 |

61+

62+

€es.

Note that the expression (59) of the vector V x F can be write in the form

of a determinant, namely,

1

F =
V=

hieq

9
oq

hiuy

hoey  hses
0 0

9, g

haua  hsus

(60)

The Laplacian operator of a scalar function can easily be derived by using

(58) and (55). Thus

Vip=V . -Vyp=

hy

3
1 0
h2h3 HZ:; aQn |:

In cylindrical coordinate we choose

q1 r,

q2 07

qs3

hi

= Z.

]’Llhghg 8_4,0

3qn}'

The corresponding scale factors and unit base vectors are

€ =6,

€2 = €y,

€3 = e,.

(61)

(62)

The relations between the cylindrical coordinates (7,0, z) and the Carte-

sian coordinates (x1, zo, x3) are
21
L2

T3

= Z.
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In this case, r is the length of the projection on the plane (z1,xs) of the
radius vector, 6 is the angle between this projected radius vector and x; axis
measured in the trigonometric sense, and z is the axis of the cylinder which
is the same as 3 axis. Cartesian coordinate x; and x5 are in a plane normal
to the z axis. Here, g1 = r, ¢o = 0, and ¢35 = z.

The Jacobian matrix of transformation (63) is given by

cos sinf 0
Jo(x) =] —rsinf rcosf 0 |. (64)
0 0 1

Starting with equations (49), (63), and (64) we find that the cylindrical
coordinates system is orthogonal and

ds; =dr, dsy=rdf, ds;=d-z. (65)

Let the components of a vector F be F,., Fy, F, in the r, 0, and z directions,
respectively. Following (58), (59), and (62), we have:

C1[o(rE)  OF, OF.]
V-F—;{ T+ +r62}, (66)
10F, O0OFy
VxE = {Fae _E}e’*
(67)
OF, OF]_  1[00F) OF,
0z or r or 00 | 7

where e, is the unit vector of the projected radius vector on the plane (x1, z3),
€y is a unit vector tangent in the point (7,6, z) to the circle of r radius and
the centre in the point (0,0, z), belonging to the plane parallel with (z1, x2)
passing throught this point, and e, is the unit vector of x3 axis. These three
unit vectors stand for e;, e, and e3 in equation (57), and the set {e,, ey, e,}
forms a right—handed orthogonal basis in the three-dimensional space.

If u = u,e, + ugey + u.e, is the displacement vector refered to cylindrical
coordinates system, then the dilatation Vu = ©, the gradient of ©, and the
rotation vector ¥ = V X u are given by

1[0(ru,) Oug ou,

V-u:®:; 5 +86’ —H“az , (68)
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00 100 00
VO = Eer + ;%89 + aez, (69)

10u, 8u@]
(S

¥=Vxu = {

r o 0z
(70)
ou, B ou, N 1 O(rug) B ou,
0= or )T T a0
From (70) we derive that the components of the vector ¥ are
( B 10u, Oug
T v o
ou, Ou
U _ ro 2
o dz  or’ (71)
T — 1[0(rug)  9u,
A 20 |-

Our aim is to use the metric coefficients for the cylindrical coordinate
system along with the above expressions for the vector and scalar functions to
derive the Navier equations in the form given by equation (25) into cylindrical
coordinates.

11. THE NAVIER EQUATIONS IN CYLINDRICAL COORDINATES

Using equations (68), (69), (70), and (59), where F = ¥, the Navier equations
(25), divided by p, become in extended form

(,00 , [10¥, 0¥, 9%u,
A— - |- - — = —
Lor T 00 0z o2’
100 o ov 0%uy
2 i o 2 T _ z —
L0 r [ Dz or } ot?’ (72)
5 8_@ B 21 A(r¥y) B ov,.| 9%u,
0 L, T or 00 oo

For longitudinal waves without rotation, the rotation vector ¥ vanishes
and equation (72) reduces to the wave equation for the dilatation ©. For

transverse waves, © vanishes and equation (72) becomes the wave equation
for W.

12. RADIALLY SYMMETRIC WAVES
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We now investigate the propagation of radially symmetric waves in a solid
infinite cylinder of radius a. Some authors ([?], [?] etc) take the following
approach. They solve the Navier equations (72) for the dilatation and ro-
tation components. From them they obtain the displacement and rotation.
Then they apply the results to an infinite cylinder with free—surface boundary
conditions.

The approach to be used here is to take advantage of the fact that an
elastic medium has no internal friction, so that scalar and vector potentials
exist. We shall make use of this fact by solving the wave equations for these
potentials in cylindrical coordinates, and from these solutions we obtain the
displacement vector, the stress components, etc.

Radially symmetric waves in a solid cylinder are symmetric about the
cylinder axis z, so that the angular displacement component uy vanishes and
the other components do not depend on the angle 6. Each particle of the
cylinder oscillates in the (r, z) plane. It turns out that the rotation vector
¥ = V x u has a nonzero angular component that is independent of 6.
We consider an infinite train of time-harmonic waves of a single frequency
along a solid infinite cylinder such that the displacement is a simple harmonic
function of z. The cylindrical coordinates are (r, 6, z), where where 6 is the
angle that the radius vector » makes with the z axis. The x,y coordinates
are in a plane normal to the cylinder axis z. The displacement vector is
u = (u,,0,u,), where the components are functions of (r, z,t). We see that

% auzao) - (07 \Ij970)7

0z or

the rotation vector has the form V x u = (0,

where Uy is also a function of (r, z, ).
In our axisymmetric case, the relation between the components of the
displacement vector to the scalar and vector potentials (33) become

w - 90 W
" or 0z’ (73)
? 0z ror \ Or 0z 0Or2 ror’

The wave equations for the potentials ¢ and 1 in axisymmetric cylindrical
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coordinates become

2 2 2
q[Zo 10, 70) 2

or?2  ror 022 ot?
(74)
oy 10y ) _ 0%
r oz ror  022| 0t
The only nonzero components of the stress tensor are
u, Ou, Ou, ou,
e = A(7+ or * 82)+2M8r’
(75)

ou, N ou,
Tre = ,
" P\ oz or
since the cylinder is axisymmetric so that the angular components of the
stress tensor vanish.

The boundary conditions are on a free surface, which means that on that
on the surface r = a we have

T =0, 7,,=0, atr=a. (76)

To solve for the potentials we take time harmonic solutions. Furthermore,
since the wave front propagates in the z direction, we assume the potentials
are harmonic in z. Therefore we can separate the r—dependent parts of the
potentials and write them in the form

(b _ AF(T)ei(kziwt)7 w — BG(T)ei(kz:twt), (77)

where A and B are constants and F' and G are functions of r to be deter-
mined. Note that the same phase kz + wt is used for the scalar and vector
potentials. At any instant t, potentials ¢ and v are periodic functions of z
with wavelength A, where A = 27 /k. The quantity & = 27 /A, which counts
the number of wavelength over 27 is termed the wavenumber. At any po-
sition the potentials ¢ and 1) are time—harmonic with time period T, where
T = 27 /w. The circular frequency w is given by w =k - c.

Inserting equations (77) into the appropriate wave equations (74) yields

d*F  1dF

dr? + rdr +AF =0,

G 1dG 78)
E— _—— 2 pu—

72 + - +7°G 0,
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where
2 2
BP=2 -8 p=2 (79)
55 Cr

The solutions of equation (78) that has no singularity at » = 0 is Bessel’s
functions of order zero, so that the potentials become, for progressing wave

fronts,
¢ = AJo(Br)eF==t o = BJy(yr)e k=D (80)

Using (80), equation (73) for the displacement components become

d d .
- — ) — i(kz—wt)
u, = [ikAJo(Br) +~2BJy(qr)] eikzt),

Starting with (69) and (81) we derive that the divergence of the displace-
ment vector in the case of radially symmetric waves is given by

2
©=V.u= —W—QAJO(BT) eilhz—wt), (82)
‘L

Using now the constitutive equations (75), the expressions of u, and wg
given in (81), and equation (82) we find that the components 7,,, 7, of the
stress tensor are

d? w? d? .
Trr = { [211@%@7‘) - )\g(]o(ﬁr)} A+ ZuikBWJO(W‘)} eilka—wt)

2

. d w d i(kz—w
Tre = W [QZkA%JO(BT) + (c_2 — 2k2> B%Jo(’yr)} eilkz—wt)

L
(83)
To satisfy the boundary conditions (76) we must to have
d2 u)Q - d2
[QUWJO(ﬁr) s - )\g&]{)(ﬁa)] A+ 2#2kﬁj@(’77’) r:aB = 0’
d w? d
s A w L\ d .
Qder Jo(0r) . + (c% 2k > = Jo(yr) T:aB 0
(84)
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The system (84) is a set of two algebraic homogeneous equations for the
constants A and B. Therefore, for nontrivial solutions thwe determinant must
equal zero, yielding

d? w? d?
Q;Lﬁ]()(ﬁr) T )\gjo(ﬁ@) 2MZ}€WJO(,W)‘T:¢1
(85)
L d w? 5\ d
2Z/{Z%J0(5T) . (g — 2k ) %JO(W“) .

This is the period equation. It is difficult to discuss this equation in its
general form, other than to perform numerical analyses for special cases. But
if we have a thin cylinder, than the radius a is small, therefore Sa and ~va will
be small enough to neglect fourth—order terms. This is seen by expanding
the Bessel function

Jo(a:)zl—%x2+6—14x4—~-, (86)
where x stands for Sa or ya. Using equation (86) in the expansion of equation
(85) and keeping only the quadratic terms, we get the required approxima-
tion for the period equation. From this we obtain an approximation for the
longitudinal wave speed:

W E _1222
CL_k_\/p<1 4aka), (87)

where F is the Young’s modulus and o is the Poisson’s ratio of the cylinder.

13. WAVES PROPAGATED OVER THE SURFACE OF AN ErLASTIC BODY

Lord Rayleigh investigated a type of surface wave runing along the planar
interface between air and an isotropic elastic solid in which the amplitude of
the wave damps off exponentially as it penetrates the solid. It was anticipated
by Lord Rayleigh that solutions of this type might approximate the behaviour
of seismic waves observed during earthquakes [Proceedings of the London
Mathematical Society, vol. 17 (1887), or Scientific Papers, vol. 2, p. 441].
When such surface waves are studied by the Rayleigh’s treatment, it is
considered that the (z,y) plane bounded by the free surface y = 0 has air
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in its upper plane y > 0 and an isotropic elastic solid in the lower plane
y < 0. We assume that monochromatic progressing waves (single frequency)
are propagated in the positive x direction as a result of forces applied in the
solid at some distance from the surface (for example, the forces that pro-
duce earthquakes). Since the nature of the disturbing force is not specified,
there are infinitely many solutions to these wave equations. However, using
Rayleigh’s approach we obtain solutions that are exponentially damped.
We assume that all the dependent variables are functions of (z,y,t) and

that the displacement vector u = (u, v, 0). The rotation vector ¥ has the form

ov 0
¥ = (0,0,¥), where ¥ = a_v ~ 2% The two-dimensional wave equations for
x

the scalat potential ¢ and the component ¥ of the vector potential ¥ are

) (62gz5 62gb> %9

L

02 ' Oy? o’ (58)
oz T o2) T o

The boundary conditions at y = 0 are of type of a free surface, so that
the shear stress 7,, and the normal stress 7, vanish on the x axis. In this
case, Hooke’s law gives us

Toy = 2HEay, Tyy = AO + 2y, © = eap + £y, (89)

for two—dimensional stress and strain. The components u, v, and w of dis-
placement vector u become

09 OV 09 0V B
u_8x+8y’ v—ay o w = 0. (90)

The strain tensor has the nonzero components

ou @ 0>

fer = %_8x2+8x8y’
1/0v Ou Py 1 v 9P
= (248 = b (. 01
Say 2(8:v+8y> 8:178y+2< 8x2+8y2>’ (O1)

oo o
v oy  Oy?  Oyox’
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Inserting equations (91) into (89) yields the boundary conditions for the
components of the stress tensor at y =0 :
0?¢ 0?w 0?w
0) — =—(z,0) + —(z,0 =0
axay(l‘7 ) o2 (I7 >+ ayg (I7 ) )
D¢ 0?W
TP 0,0) - 0 ) ~ 0
ayz(ﬂf ) 8y8x($ )

2
(92)

AV26(z,0) + 2,;(

The problem is to find time-harmonic solutions to (88) that exponen-
tially decay with y, are progressing waves in the x direction, and satisfy the
boundary conditions (92). To this end we take the potentials in the form

¢(z,y) = Ae”@e* =D W(z,y) = Be W=D 0 >0,b>0, (93)

where A is the amplitude of the scalar potential, B is the amplitude of the
vector potential, and a and b are the decay constants, which are determined
from the wave equations. Note that the wave number k£ and the frequency w
are the same for each potential. Inserting equations (93) into (88) yields

a2 — 2 [1—(2)2} — 0,
b — k2 [1—(5)1 = 0.

The wave velocity c¢ is not equal to ¢, or ¢r. However, if a = 0 then
c = ¢y, or if b =0 then ¢ = ¢y. But neither a nor b can vanish.

To satisfy the boundary conditions we insert equation (93) into equation
(92) and obtain

(94)

—2iakA+ (b*+ k*)B = 0,

95
[2ua® + Na® — k?)) A+ 2ipbkB = 0. (95)

Equations (95) are a pair of homogeneous algebraic equations for the
complex constants A and B. As usual, we set the determinant equal to zero
in order to have nontrivial solutions for A and B. We get

Apabk® — (b° + k*) [2pa® + M(a® — k)] = 0. (96)
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Eliminating a and b from equation (96) by appealing to (94) we derive
that equation (96) becomes a cubic in (¢/cr)?, which can be put in the form

5% — 85+ 8(3 —2r)s — 16(1 — 1) = 0, (97)

2 2
C Ctr
s=|—], r={—] .
Cr CL

Using the approximation A = p (Poisson’s condition), we get r = 1/3 and
equation (97) becomes

where

(s —4)(3s* — 125 + 8) = 0. (98)
The roots of equation (98) are

2v/3 2v/3

3
81:4, 82:2+T, 83:2——.

It is easily seen that the only root that yields positive values for a and
bis s = 2 — 2v/3/3. We thereby obtain the following relationship between ¢
and cp :

c=+/scp =0.919% cp.

For the case of an incompressible body we have ©® = 0. This gives r = 0, so
that the velocity of a Rayleigh wave becomes

c = +/scp = 0.9553 ¢

We have seen that in either case c is slightly less than the velocity of an
equivoluminal wave.

We note that c is independent of frequency. This means that there is no
dispersion, that is the wave shape is maintained. Having determined c in
terms of ¢r and ¢, we can then calculate the decay constants a and b, which
determine the rate at which the potentials attenuate with depth (note that
y is positive downward). From the definition of the wave number k, both a
and b are proportional to w and a > b. This means that for a given frequency,
irrotational waves attenuate faster than equivoluminal waves. We also see
that waves of higher frequency are attenuated more rapidly than those of
lower frequency.
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Seismographic signatures often depict waves similar in structure to Rayleigh
waves. However, seismograph records of distant eartquakes indicate disper-
sion, which means dependence of ¢ on w. This arises mainly because of the
inhomogeneity of the earth, and also because of the viscoelastic properties of
the earth.

14. SPECIAL CASES

As we know, the vector Navier equation (24) is satisfied with a vector of the
form

u=Vé+V x0T, (99)

where the potentials ¢ and ¥ have to satisfy the wave equations (suppose

that F = 0)

0% P 0*Ww

AN A o)
A class of particular solutions of the Navier equation (24) can be generated

by seeking solutions of (100) of the form

ANV =

(z) —_ Ae—ay-i—i(x—wt)’ U — e2€—by+i(m—wt)’ (101)

where A, e, a > 0, and b > 0 are constants. It is seen that in this case
the displacement vector (99) has the form u = (u,v,0), and v and v are
independent of z. The functions ¢ and ¥ in (101) are solutions of (100) if

Since we have a two-dimensional problem it results that only the third
component of the vector B is nonzero. Putting B3 = B, we follow to deter-
mine the constants A and B from adequate boundary conditions.

When the gradient and curl are expressed in cylindrical coordinates (r, 0, z),
then for axially symmetric problems,

dp OV dp 0¥ 1
_ 99 _ —0, u, =242 Ty 102
Y= or "8z M 0, u 8z+8r+r ’ (102)
and the functions ¢ and ¥ must to satisfy the following differential equations
9% 0*
C%V2¢ = W, C%v2\11 = W7 (103>
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where V? is the Laplace’s operator in cylindrical coordinates which in axially
symmetric case has the form

@ 10 @
o2 ror 022

Particular solutions of equations (103) may be seeking of the form

VQ

¢ — F(r)ei(szt)’ U = G(T)ei(szt)’

where F' and G are solutions of the following ordinary differential equations

F"(r) + %F(T) + (c:—2 - 1) F(r)y = 0,
L (104)

G'(r) + 2G(r) + (“’—22 - 1) Gor) = 0.

r Cr

The solutions of equations (104) may be expressed with Bessel’s function
of order zero

F(r) = Jo(Ar), G(r) = Jo(mnr), (105)

2 2
w w

R e R gy Ly}
ﬁl C% 7 C%

If we have to solve a boundary value problem in axially symmetric case,
then the functions ¢ and ¥ must to be of the form

where

¢ = AF(r)e'==t) ¥ = BG(r)e'=?), (106)

where F(r) and G(r) are given in equation (105), and A and B are constants
which will be determined from boundary conditions.
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