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ABSTRACT. We give three different proofs to the identity (2). Some
applications are also presented.
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1. INTRODUCTION

In [3] we proposed the following question: Evaluate the sum

i
L

1

o

: (1)
=0 1 + 8sin? (kl)
n

In the next issue of the journal ”Mathematical Reflexions” no solutions
were given to this problem. The main purpose of this note is to present three
different proofs to the following general result.

Theorem. For any real number a € R\ {—1,1} the following relation
holds:

-1

3

1 _ nfa"+1)
“ @ D@ 1) @

2k
k=0 g2 — 2a cos il +1
n

Let us remark that the particular case n = 7 and a € (—1, 1) represents
Problem 49 in the Longlisted Problems of IMO1988 (see [4] page 217).
In the last section we present four applications of our main result.
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2. PROOFS OF THE THEOREM

Proof 1. (Dorin Andrica and Mihai Piticari) Let P € R[X] be a poly-
nomial with real coefficients of degree n —1, P = ag+ a1 X +--- +ap,_1 X" L.
If a € U, is an n'" root of unity, then we have

a 1
= (ao +aa—+ -+ Clnfl&nil) (CLO + nt + 4 anlﬁ)
(0 (6%
n—1 n—1 1
e 2 2 DY 2 k + —
=ay + ay + +an_1+ZAka —1—23]&].,
= ]:

where coefficients Ay, B; are different from zero. Using the relation (see |2,
Proposition 3, page 46])

Z Oék . n, if n|k
| 0, otherwise
CtEUn

we get the following nice formula

> |P(@))? =n(ag+ai +-- +al ) (3)

QEUn

In order to prove (2) we consider the polynomial

P=1+aX 4+ 4o ixmt =202 "2
+aX + +a X —1
Applying formula (3) it follows
a® —1

> PP =nl+a+-+a ) = n—— (4)

aclUy,
On the other hand we have

ara” — 1| (a™ —1)? B (a™ —1)2

|P(a)]* =

ac — 1 :(aa—l)(aa—l)—a2—2Reoz'a+1
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and formula (2) follows.

Proof 2. (Gabriel Dospinescu, Ecole Normale Superieure, Paris, France)
We will use so called Poisson kernel formula

1—17r2
1 —2rcost + r?

+0o0
= Z rimlzm - where  |r| <1 (5)

and z = cost + isint. Applying this formula in our case we have

n—1 1 G2 n—1 +o00 .
_ _ \m\ zmQ—7T
o (3 )

k=0 1 — 2acos — + a

k=0 \m=—oc0
n
+oo n—1 k
2mim
_ Z o™ (6 - > _ Z na™
m=—0o0 k=0 meZ
2n n
. nm_nl—a :nl—l—a
)
Zez; (1 —an)? 1—an
J

and formula (2) follows.
Proof 3. (Dorin Andrica) Consider the polynomial P € C[X] having the

factorization P = I_I(X2 + apX +b). Then
k=1

n

22X 12”:2X2+akx+b—b
X+akX+b Xk X2+ ap X +0

P
P

n b — 1
- z 1S 25 Wbty o
—|—ak.X+b X Xk:1X2+akX+b
XQ—b - 1 +n
X k:1X2+akX—i—b X’

and we derive the formula

XP' —nP < 1 ©)
(X2=0)P = X2+aX+b
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For the polynomial

n—1

2k
P=(Xx"-17=]] <X2—2Xcosi+1)
k=0 "
we have P’ = 2n X" 1(X™ — 1), hence
XP —nP  2nX"(X"—1)—n(X"—1)* X"+1

(X2 _1)P X2-D(x"—12 (X2 _1)X" 1)
and (2) follows from (6).

3. APPLICATIONS

Application 1. In order to evaluate the sum (1) we take a = 2 in identity
(2) and get

-1

S

1 Cn(2M+ 1)
2 - n_1)’
k=04—4cosﬂ+1 32 —1)
n
that is )
- 1 _n(2"+1) )
k=0 1 4 8 sin? (k—”) 320 —1)
n

Application 2. Let us use the identity (2) to prove the equality

—_

n—

1 (n—1)(n+1)

- (kl) = 3 : (8)

Indeed, the identity (2) is equivalent to

=
Il

—

n—

1 n(a™ +1) 1

T (42 n __ _1)2°
1 a2 — 2a cos il +1 (a 1)(a ) (a-1)
n

£
Il

Taking in the right hand side the limit for a — 1 we get
[ n(a™+ 1) 1
(

lim
a—)l

a?—=1)(a"—1) (a—1)2

302



D. Andrica, M. Piticari - On some interesting trigonometric sums

1 . (n=1a""—(m+Da"+(n+1)a—n+1

"o zlzlir% (a—1)3
_ 1 lim (n+1)(n—1)a" —n(n+1)a" ' + (n+1)
2n a—1 3(a—1)2
_ 1 i (n+1)(n—1)na" %@ —1) _ (n—1)(n+1)
2n a—1 6(a—1) 12
It follows
I i
k=1 a%? —2acos — +1
n
that is
"i 1 C(n=1)(n+1)
k=1 4 sin’ (k—w) 12 |
n

so we obtain identity (8).
Remarks. 1) Using the symmetry

sin? (k—W> :SiHQM, k=1,2,...,n—1,
n n

from identity (8) we get:
If n is odd, n = 2m + 1, then

zm: 1 _2m(2m+2)  m(2m+2)
o kT Y\ 6 B 3
k=1 sin
2m +1
That is equivalent to
Xm:ctg o km _ m(2m — 1)
— 2m +1 3

If n is even, then we obtain

(10)
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2) A different method to prove (9) is given in [1, page 147]. Consider the
trigonometric equation sin(2m + 1)z = 0, with roots

T 2T mm
om+1"2m+1""""2m+1

Expressing sin(2m + 1)z in terms of sinx and cos x, we obtain

2m + 1) om . (Qm + 1) 2m—9 . 3
cos”"xsinx — coS rsimn' x4+ ...

sin(2m + 1)z = (

1 3
2 1 2 1
= sin?"* ¢ (( m1+ )ctg My — ( m3—i— )ctg =2y 4 )
km . . 2m+1
Set z = ,k=1,2,...,m. Since sin x # 0, we have
2m+1
2 1 2 1

Substituting y = ctg %z yields

2m+ 1\ ,, 2m+ 1\ ,. 4
T A U EA

an algebraic equation with roots
2m 9 mT

T , , ..., Ctg
2m+1 2m+1 2m +1
Using the Vieta’s relation between coefficients and roots, we obtain

(Qm + 1)

icth km _ 3 _ m(2m — 1)
2% m 1 (Qm T 1) 3
1

2

ctg 2 ctg

Application 3. We use now the result in our Theorem to prove the

following identities:
If n is odd and n > 3, then

=N 1 2_ 1
t (11)
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If n is even and n > 4, then

k=1 cos?

1 n* —4

= 12

Z km 6 (12)
n

In order to prove the identity (11) we note that from (2) we have

~1

T ok dM @ (e =)

3

k=0 2 + 2 cos —
n
n .. a*+1 n?
= — lim = —.
4a——1 g+ 1 4
That is
n—1 1
_— nz,
km
k=0 cos? | —
(%)
therefore
n—1
1 2
=n"—1

Using the symmetry

cosz(k—ﬂ):cOSQ(M), k=1,....n—1,
n n

the identity (11) follows.
To prove the identity (12) by the same method is much more complicated.
From (2) we have

a>—1)(a»—1) (a+1)?

— 1 _ {( n(a™ +1) 1 }

n[(t—1)" + 1] 1

:E%{t(t_z)[(t— D —1] t2}
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1 nlt— 1"+ 1)t — (£ —2)[(t — 1)* — 1]

2 120 2[(t— 1) — 1]
-1
nt (2 —nt+ %ﬂ + t3f(t))
= ——lim
2 t—0

£2 (—nt + @ﬁ + t3h(t))

(t—2) (—nt + "(n2_ Dy _nin= 13(” —2 ey t4g(t))
% (—nt + w# + t3h(t))
n*(n —1) _2n(n—1)(n—2) _n(n-1) ,
_ 1 2 6 2 _n—1
2 —n 12

since f, g, h are polynomials in ¢, and so f(0), g(0), h(0) are finite. It follows

and then using again the symmetry

k —k
COS2(—W):COSZ<M>, k=1,....n—1,
n n

we get the identity (10).
Remark. It is possible to derive the relation (12) directly from (8) by

k —_— 1

21{:7{_ -2(7T kﬂ-):SiHQM:SiH —_— s

n
2n n 2

Application 4. If x € R and |z| > 1, then

n-1 ) ) on (x + V22— 1) [(Hm)uq )
kzox_cos%% (@ + Ve =1)" =] [(o+ Var=T)" 1]
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Indeed, we have

— 1 ! ”Zl 1
2k " 2a '
k=0 a2—2acos—7r+1 2 k=01(a+1>—00822k—7r
n 2 a n
1 1 . .
Let z = 5l + —|]. Then a = 2+ v2? — 1, and from identity (2) we get
a
1 - 1 _ nfa"+1)
2a 2k (a2 — 1)(a™ — 1)’

k=0 x — cos —
n

i.e. the relation (13).
Taking in (13), x = 2, we get

- X (24 VE) [(2+V3)" + 1
=0 1 + 2sin? (kl) - (34 3v3) [(2+\/§)n—1] .

S
—

(14)

=

n
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