ACTA UNIVERSITATIS APULENSIS No 16/2008

THE INTEGRAL OPERATOR ON THE SP («a, ) CLASS

DANIEL BREAZ !

ABSTRACT. In this paper we present a convexity condition for a integral
operator F' defined in formula (2) on the class SP («, ().

2000 Mathematics Subject Classification: 30C45

Keywords and phrases: Univalent functions, integral operator, convex
functions.

1.INTRODUCTION

Let U = {z € C,|z| < 1} be the unit disc of the complex plane and de-
note by H (U), the class of the olomorphic functions in U. Consider A =
{feHU),f(2) =24 az®+ a3z’ + ..., z € U} be the class of analytic func-
tions in U and S = {f € A: f is univalent in U}.

Denote with K the class of the olomorphic functions in U with f(0) =
f'(0) — 1 =0, where is convex functions in U , defined by

K:{feH(U):f(o):f’(o)—1:o,Re{zJ{,”((ZZ)) +1} >O,zEU}

and denote for K () the functions convex by the order u, u € [0,1), defined
by

2f" (2)
f'(z)

K(M):{feH(U):f(O):f’(O)—lzo,Re{ +1}>,u,zEU}.
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In the paper (3) F. Ronning introduced the class of univalent functions
SP(a,3),a > 0,0 € [0,1), the class of all functions f € S which have the

property:

2f'(2)
f(z)

()

~ (et 0)) < Remprs

+a—p3, (1)

for all z € U.
Geometric interpretation: f € SP («, () if and only if zf' (2) /f (2),z €
U takes all values in the parabolic region

Qop={w:lw—(a+p)<Rew+a—-f}={w=u+iv:v’ <da(u—p)}.

We consider the integral operator defined in [2]
z t aq " t Qn
o\t t

and we study your properties.
Remark. We observe that for n = 1 and a; = 1 we obtain the integral
operator of Alexander.

2.MAIN RESULTS

Theorem 1.Let «y,i € {1,...,n} the real numbers with the properties
a; >0 forie{l,..,n},

Zaz a—ﬁ—l—l (3)

and (B—a—1)>"" a; +1 € (0,1). We suppose that the functions f; €
P(a, () for i = {1,...,n} and « > 0,8 € [0,1). In this conditions the

n

integral operator defined in (2) is convex by the order (3 —a — 1) > " | a;+1.

Proof. We calculate for F' the derivatives of the first and second order.
From (2) we obtain:
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F(2) = (fl7(z>>a o (ﬁ%z))a

and
0= (B (4 42
Al RACES ) PR EACESAC))
e VTeRE R (R= Rt R

Multiply the relation (4) with z we obtain:

PGS, () ) s, D) S,
IR (ﬁ() 1)‘,22]@@) 2o 0

i=1 i=1

The relation (5) is equivalent with

) NS (D N e
) 2 (GG re-n)remay Z ¥
and
2F" (2)

N, (e I
) +1_; z<fi(z) + ﬁ>+(ﬁ 1); 1 (7

We calculate the real part from both terms of the above equality and
obtain:

Re (Z]Z/(S) + 1) Re {zn: (ZJ;’:,(( )) - B) }+(ﬁ —a-1) iaiﬂ.
T ®)
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Because f; € SP(«,3) for : = {1,...,n} we apply in the above relation
the inequality (1) and obtain:

Re( +1)| > a| =~ —(a+0)|+B—-—a—-1)) a+1. (9)
ERVAP RIS 2
Because «; Z;?((z? — (a+ ﬁ)) > 0 for all i € {1,...,n} and the inequality

(3) we obtain that

2F" (2) =
Re(F/(z) +1)2(5—a—1);ai+1>0. (10)

From (10) and because (8 —a — 1) ", a;+1 € (0,1) we obatin that the
integral operator defined in (2) is convex by the order (3 —a — 1) >~ | a;+1.

Corollary 2. Let vy the real numbers with the properties 0 < v < a_;ﬁﬂ
We suppose that the functions f € SP(a, ) and o > 0,5 € [0,1). In this

z VA v .
conditions the integral operator F (z) = fo (@) dt is convexr.

Proof. In the Theorem 1, we consider n =1, a; = v and f; = f.

For o = 8 € (0,1) we obtain the class S («, ) where is caracterized by
the next property

zf' (2) 2f' (2)
. 11
e e -
Corollary 3. Let a;,i € {1,...,n} the real numbers with the properties

a; >0 forie{l,..,n} and

—2a‘ < Re

1= a;€0,1). (12)
i=1
We suppose that the functions f; € SP (o, ) fori ={1,...,n} and o €
(0,1). In this conditions the integral operator defined in (2) is convex by the
order 1 — %" | ;.

Proof. From (2) obtain that
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2B (2) zf’ =
) - > a Zaz, (13)

i=1

where is equivalent with
ZF”
Re( F(z )
From (11) and (14) obtain that:

e (S0 1) - S

i=1

iai +1, (14)
i=1

fi(2)

o |22 —2a‘ > 0 for all i € {1,...,n}, from (15) we

Zle (Z) _2a’+1_iai. (15)
i=1

Because ) .,

obatin:

Ji(2)

Re <Z£,”((ZZ)) + 1) >1- ia (16)

Now, from (12) we obtain that the operator defined in (2) is convex by
the order 1 — Z?:l ;.

For a = § = 5 we observe that SP (2, 5) = SP. This class is defined by
Ronning in the paper [4]. For the class SP we have the next result:

Corollary 4.Let a;,i € {1,...,n} the real numbers with the properties
a; >0 forie{l,..,n} and

1—iaie[o,1). (17)

We suppose that the functions f; € SP for i = {1,...,n}. In this condi-
tions the integral operator defined in (2) is convex by the order 1 — 3" | ;.
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