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1. INTRODUCTION

The Hestock-Kurzweil integral was independently introduced by Kurzweil and Hen-
stock in 1957 and 1958 respectively. The concept of Henstock integral [9] for real
valued functions was first defined by Henstock in 1963, and it is seen to be easier
and simpler than the McSchane integral [11], Lebesgue integral [10], Denjoy inte-
gral [6] and Perron integral [13]. Recently, there have been tremendous research in
the study of Henstock integral. Many authors have investigated Henstock integrals
dealing with certain valued functions on time scales. For instance, Peterson and
Thompson [14] introduced Henstock delta integral on time scales and gave some of
its basic properties. In [15], Thompson studied Henstock integrals on time scales.
Other studies of integrals on time scales can be found in [2, 3, 4, 5], [12] and [15]. The
study of Double Henstock integral on time scales has not received enough attention
in the literature. But, Afariogun et al. [1] recently studied Henstock-Kurzweil-
Stieltjes-(O-double integrals of interval-valued functions on time scales. For further
study of such valued-functions integrals and other important properties (see [7] and
8)).

The aim of this paper is to introduce Henstock-Kurzweil double integral on time
scales which is a generalization of the Henstock-typed integrals in [7], [8], [9], and
[11]. Also, some basic properties of the integral are established with an example.
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The following concepts are important in Ty x Ty. Let a,b € T1,c,d € Ty, where
a<bc<d,and R =[a,b)r, X [c,d)r, = {(t,s) : t € [a,b),s € [¢,d),t € T1,s € Ta}.
Let FF : Ty x T9 — R be bounded on R. Let P; and P, be two partitions of
[a, b]T, and [c, d]T, such that P, = {to,t1,....,tn} C [a,b]r, and P» = {s¢, $1,...,Sn} C
[e,d]T,. Let {&1,89,...,&,} denote an arbitrary selection of points from [a, by, with
& € [ti—1,ti)T,,7 = 1,2,...,n. Similarly, let {(1, (2, ..., (,} denote an arbitrary selec-
tion of points from [c, d]r, with (; € [sj—1,5j)1,,J = 1,2,..., k.

Definition 1. [1] A pair 6 = (61,0r) of real-valued functions defined on [a,b]r, X
[e,d]T, is said to be a A-gauge for [a,b]r, X [c,d|T, if

dr(t,s) >0 on (a,blr, x (c,d]r,

dr(t,s) >0 on [a,b), X [c,d)r,

52(a) > 0, 3x(b) > 0 31(c) > 0 op(d) > 0

Or(t,s) > o(t,s) — (t,s) forallte [a,b)r,,s € [c,d)T,

A pair v = (v,vr) of real-valued functions defined on [a, b, X [c,d]|r, is said to be
a \7-gauge for [a,blT, X [c,d|T, if

vL(t,s) >0 on (a,blr, X (¢, d|T,

Yr(t,s) >0 on [a,b)T, X [¢,d)r,

vr(a) >0, Yr(b) > 0, yr(c) > 0, yr(d) >0
Yr(t,s) > (t,s) — p(t,s) for allt € (a,b]t,,s € (c,dr,

where the function o : T — T defined by o(t) = inf{s € T : s > t} and the function
p(t) defined by p(t) = sup{s € T : s < t} are respectively the forward and backward
jump operators.

Given a A-gauge 6 and a <7-gauge 7, the partitions Py = {to,t1,...,tn} C [a,b]T,
with tag points & € [ti—1,tilr, and Py = {so,s1,...,8k} C [c,d|r, with tag points
G € [sj—1,85]Ty, J=1,2,...,k, is said to be:

o J-fine if (§,C;) — 0L < (ti-1,85-1) < (ti;85) < ((&,¢5) + 0r(&is (5)) and
b f}/'ﬁne Zf (617CJ) - fyL S (ti_l,Sj_l) (t’w S]) ((§Z7CJ) + ’YR(é-ZaCJ»

Definition 2. [1] Let F' : [a,b)T, X [¢,d)T, — R be a real-valued function on R
with partitions Py = {to,t1,...,tn} C [a,b]T, with tag points & € [ti—1,tilT, for i =
1,2,...,n and Py = {sq, s1,..., sk} C [c,d]1, with tag points (; € [sj—1,s;|T, for j =
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1,2,...,k. Then

n k
S(Pr, Py, F) =3 F(, ¢G)(t) — (ti-1)][((s5) = (s-1)]

i=1 j=1
1s defined as Henstock- Kurzweil double sum of F.

Let P = Py x Py and Ot;0t; = [(t;) — g1(ti—1)][(sj) — (sj—1)] where { represents
either A or v/, then the Henstock-Kurzweil double sum of F is denoted by S(P, F')
is written as

n k
S(P.F) =3NS F(6,6)0t0s), (i=1,.m; j =1,...,k).

i=1 j=1

Definition 3. [2] Let F : [a,b)T, X [c,d)T, — R be a real-valued function on R =
[a,b)T, X [¢,d)T,. Then F is said to be Henstock-Kurzweil integrable if there exists a
number o € R such that for every e > 0, there are {-gauges 01 and d2 (or 1 and 7,
) for [a,b)T, and [c,d)T, respectively such that

IS(P,F) —a| < ¢

provided that Py = {to,t1,....tn} C [a,blr, with tag points & € [ti—1,ti|T, for i =

1,...,n is a 01-fine (or y1) and Py = {so,s1,...,sk} C [c,d|T, with tag points {; €

[sj—1, 5]y, J = 1,2,...,k is a 62-fine (or~y2) are d-fine (or~y) partitions of [a,b)r, and [c,d)T,
respectively.

« is the Henstock-Kurzweil double integral of F' defined on [a, b)T, X [¢, d)1,, and
write
// F(t,s)dtds = a.
R

2. MAIN RESULTS

Now our main results are as follows:

Theorem 1. If F': (a,b]r, x (¢,d|t, — R is Henstock-Kurzweil double integrable on
(a,blT, x (¢,d|1,, then the Henstock-Kurzweil double integral of F is unique.

Proof. Suppose that a; and as are both Henstock-Kurzweil double integrals of F
on [a,b), X [¢,d)r,. With the assumption that a; and ag are not unique, then F'
is said to be Henstock-Kurzweil double integrable on (a,b]r, x (¢, d|r, if it satisfies
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the following point wise integrability criterion: for every € > 0 there are {-gauges
91 and d2 (or 1 and ~y2) defined on (a,blr, and (c,d]r, respectively, such that for
every € > 0, there are Q-gauges 6] and 03 (or 4 and ~3) for [a,b)r, and 6% and &3
(or 42 and +3) for [c,d)T, such that

|S(PLF) —aq] < % and |S(P?, F) — as| < % for all pairs P! = P} x P} and
P? = P2 x P} of 6;-fine (or 1)

and for every ¢ > 0 and i € {1,2}, there are {-gauges 8¢ and 8% (or 74 and ~4) for
[a,b)T, and [c,d)T, respectively such that
5

|S(P, F) — oy] < 5

provided that P! = P} x P} is a pair of di-fine (or %) and di-fine (or 44) partitions
of [a,b)r, and [c,d)r, respectively.

Let 61 = min{d},6%} i.e. (01)r = min{(6})z, (0?)1} and (61)r = min{(6})g, (62)r}
and

82 = min{6d, 02} i.e. (62)r = min{(d)z,(02)1} and (62)r = min{(63)r, (05)r}, 01
and dy are ¢-gauges for (a, b, and (c, d|r, respectively, and given a pair P = P x P»
of &;-fine and dp-fine partitions of [a,b)r, and [¢,d)r,, P; is a 6i-fine and §?-fine
partition of (a,b]t,, P is a di-fine and d3-fine partition of [¢,d)r,, hence

lar —ag| < [(a1 = S(P,F)+ S(P,F) — az)|
< ’S(PvF)_a1|+‘S(P7Fag)_OQ’
e ¢
< 54‘5—8

since for all € > 0, there are {-gauges d; and d2 (or y; and 73), then it follows that
a1 = Q9.
Hence, the Henstock-Kurzweil double integral of F' on [a, b)t, X [¢, d)1, is unique.

Theorem 2 (Bolzano Cauchy Criterion). .

Let F : (a,b]t, X (¢,d|r, — R be a real-valued function over a rectangle (a,blt, %
(¢,d]|t,. Then, F is Henstock-Kurzweil double integrable on (a,blt, X (¢,d|r, if and
only if for each € > 0 there exists O-gauges 61 and d2 (or v1 and 7y2) for [a,b)T, and
[c,d)t, respectively, such that |S(P', F) — S(P% F)| < ¢ for all pairs P* = P! x P}
and P? = PEx P} of 61 (or v1)-fine partitions of [a,b)t, and 62 (or 2 )-fine partitions
of le,d)r,.

Proof. Suppose F' is Henstock-Kurzweil double integrable on (a, b]t, X (¢, d]r,, and

let
a:// F(t,s)dtds.
R
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Let ¢ > 0. There are {-gauges 01 and d2 for [a,b)r, and [c,d)T, respectively such
that |S(P,F,g) — a| < % provided that P = P; x P, where Pj is a ¢; (or 7) fine
partition of [a,b)r, and P, is a d2 (or 72) fine partition of [c,d)r,. Therefore, if
P=P xPyand P= Pll X PQI are pairs of d; (or ;) fine partition of [a,b)T, and P,
is a d2 (or 72) fine partition of [c, d)r,, then

|IS(P,F)— S(PY,F)| < |S(P,F)—al+|a—S(P,F)

e €

< 5 + 5 = €.
Conversely, suppose that for all € > 0 there are {-gauges 6; and dy (or 1 and ~2)
for [a,b)T, and [c, d)T, respectively such that |S(P!, F) — S(P? F)| < ¢ for all pairs
P! = P} x P} and P? = P? x P2 of 6; (or 71)-fine partitions of [a,b)r, and 3 (or
v2)-fine partitions of [c, d)r,.

Let n € N. Taking ¢ = —, there are {-gauges 01, and d2, (or v1, and y2,,) for
n

[a,b)r, and [c,d)r, respectively such that |S(P', F) — S(P2? F)| < ¢ for all pairs
P! = P} x P# and P%2 = P} x P} of 01, (or y1,,)-fine partitions of [a,b)r, and da,
(or 2,,)-fine partitions of [c, d)r,.

By replacing 6;, by min{d;1,di2,....,0n} with ¢ € {1,2}, we may assume that
Oint1 < Oipm. Thus, for all j > n d;; < 0;p, so any pair P" = P' x Py of 1,
(or v1,,)-fine partitions of [a,b)T, and d2,, (or v2,)-fine partitions of [c, d)T, is also
a pair of 01 (or 71 ;)-fine partitions of [a,b)r, and da; (or 72 ;)-fine partitions of
[¢, d)T,, hence

. 1
|S(Pn7F)_S(PJaF)| < }

This shows that {S(P", F)}nen is a Cauchy sequence.
2

Let « be the limit of {S(P", F)}nen. For all € > 0, choosing N > —, for {-gauges
€

d1,n and b2 v (or y1,n and 2 n) for [a,b)r, and [c, d)T, respectively,

|IS(P,F)—a| < |S(P,F)—S(PN,F)|+|S(PN,F)—q

e

+; ==

< Licc
5 <3713

N

for pair P = P; x P, such that P; is a 01 x (or v1,n) fine partition of [a,b)r, and P>
is a 02, v (or 2 ) fine partition of [c, d)r,.

The next theorem gives the linearity properties of Henstock-Kurzweil double
integral on time scales.

Theorem 3. Let F and G be Henstock-Kurzweil double integrable on [a, b, X
[c,d]T,, then
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(i) A\F is Henstock-Kurzweil double integrable on [a,b]t, X [c,d], for each A € R

with // /\F(t,g)dtds:A//F(tvs)dtdé’?

(i1) F + G is Henstock-Kurzweil double integrable on [a,blr, X [c,d|T, with

// ts—i—Gtsdtds-// tsdtds—i—//Gtsdtds

Proof. (i). Let € > 0. By assumption F' is Henstock-Kurzweil integrable. So for | >\|

there are ¢-gauges d; and dy (or 1 and 72 ) for [a,b)r, and [c, d), respectively such
£
S N

that
'S(P,F)—//RF(t,s)dtds 5

provided that Py = {to,t1,...,tn} C [a,b]y, with tag points & € [ti—1,t;]r, for i =
1,...,n is a 01-fine (or v1) and Py = {sg, s1,...,5k} C [c,d]p, with tag points ¢; €
[8j—1,85]Ty, J = 1,2, ...,k is a do-fine (or 7o) are d-fine (or ) partitions of [a, b)T, and [c, d)T,
respectively.

Now we have that

‘S(P, AF) — A//R F(t, s)dtds

ZZAF(& ) = (tamDI((s5) — (s u—x// F(t, 5)dtds

i=1j=

S(P,F) — k//R F(t, s)dtds

= Al

IM

Since € > 0 was arbitrary, therefore AF' is Henstock-Kurzweil double integrable on
[a, b]T, X [c,d]|T, for each A € R with

//R/\F(t,s)dtds:/\//RF(t,s)dtds.

(ii). Let € > 0. By assumption F' and G are Henstock-Kurzweil double integrable.
For % there exist ¢-gauges d; and 02 (or v and 72 ) for [a,b)r, and [¢,d)T, respec-

’ (P, F // (t,s)dtds| <
' (P2, G //Ftsdtds_

provided that P = {to,t1,....tn} C [a,b]r, with tag points & € [t;_1, |1, for i =
1,...,nis a d1-fine (or v1) and P = {sg,s1,...,55} C [c,d]|T, with tag points (; €

tively such that

and
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[sj—1, 5]y, 7 = 1,2, ...,k is a do-fine (or v2) are §-fine (or ) partitions of [a, b)T, and [c, d)T,
respectively.

Now define 6; 5, by min{d; 1, d; 2, ..., 0 n } with i € {1,2}, we may assume that d; 11 <
dim. Thus, for all j > n 6;; < 6;p so any pair P* = P[' x P3" of 01, (or v1,,)-fine
partitions of [a,b)r, and 2, (or vz ,)-fine partitions of [c, d)T, is also a pair of §; ;
(or 71,5)-fine partitions of [a, b)T, and d2; (or 72 ;)-fine partitions of [c, d)r,, hence

S(F+G,P") = ii(F-FG)(& Cil(s) — (ti—1)][((s5) — (s5—1)]
i=1j=1
= ii[f’(iz Cil(ta) — (ta—1)]((s5) — (sj—1)] + G(&, ¢ [(#:) — (ti—1)][((s5) — (s5-1)]
i=1j=1
n k
=3 > F(& ) — () [((s5)— (551 +ZZG£Z,CJ )= (ti—1)l[((s)—(s5-1)]
i=1 j=1 i=1 j=1

= S(F,P) + S(G, P).

2
For all € > 0, choosing N > —, for {-gauges d; x and d2 y (or v1,n and vy n) for
€

[a,b)T, and [c,d)r, respectively. Then for pair P = P; x P such that P; is a 01y
(or v1,n) fine partition of [a,b)r, and P is a d2 5 (or 72 ) fine partition of [¢, d)r,.

We have that
‘S(F—FGP <// tsdtds+//Gtsdtds)
S(P,F) // (t,s)dtds| + ' (P,G)—// G(t, s)dtds
R

2
Since € > 0 was arbitrary, therefore F' + G is Henstock-Kurzweil double integrable
on [a,bly, X [¢,d], with

//R[F(t’SHG(t’S)]dtds://RF(LS)dtds+//RG(t,s)dtds.

This ends the proof.

IN

<

w\m

Theorem 4 (Existence Theorem). Let F : [a,blr, X [¢,d]r, — R be a continu-
ous function and F is also be of bounded variation on [a,b|T, X [c,d|T,, then F is
Henstock-Kurzweil double integrable on [a,blr, X [c,d]T,.
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Proof. Let ¢ > 0. Since F is of bounded variation, Varz € R?. This means that
there exists M > 0 such that Varg(t,s) < M for all ¢,s € [a,b|r, X [¢,d]T,. Since
F is continuous on [a,b|T, X [¢,d|T,, for all tg, sg € [a,b]t, X [c,d]T, there exists a
positive dg(to, so) such that whenever ¢, s € [a, b|t, X [c, d], with

(¢, ) = (to, s0)| < o,

we have
\(F(t,s) - F(tg,So)‘ <E.

J
Let a positive gauge & be defined on [a,b]T, X [¢,d]|T, by § = 50, for all t,s €
[a, b]T, X [c,d]T,. Let

Py = {([a,t1],&1), ([t1, t2], &2), -y ([tn—1,0], &)} C [a, b]T,

and
Py = {([C, 81]7 Cl)a ([817 32]7 42)7 ) ([Skfh d]a Ck)} - [Cv d]'ﬂ'z
be d-fine tagged divisions of [a,b]t, X [¢,d]|T,. Then, there exists a tagged divi-
sion Py such that P; < Py and P, < Py. Now, for every ([t;—1,t],&) € P1 and
([sj—1,85],¢5) € Po; i=1,2,...,n; j=1,2,...,k. Now we have the difference
(i1, 85-1) = (8, 85)| = (&, G)I(E) — (£i-1))(s5) — (s5-1))] — S(F, Fij)

where

Fij = {([Xq(wl)’X(w)] (M)) s X§D = (s sion), XGP = (t,s5), g1 <may

is a refinement of ([(ti—1,sj-1), (ti, 55)], (&, ¢;)) in Py. Then

ms,j

|(ti-1,85-1) — (ti, 85) !—ZZ ZF &, G) — F(s(9)) (Xéiyj)_Xéi_’jl))-

i=1 j=1 \g=1

Now, 557, (&,¢j) € (i1, 8j-1)s (t1,85)) C (&,G) — 8(&i, &), (64, Gj) + 8(&:, ¢;) which
implies that

(&, ¢5) — si7| < [(tim1, 55-1) — (i, 55] < 6(&, ).
By continuity of F' at (&, (j),

| sbd — (&, ¢) |< 0(&,¢) =

50(5;’@) < 00(&,¢))

it implies that N
[F(sq?) = F(&, Gl <e.
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So,

Mi,j .
((tio1,85-1) — (ti, 55)] ZZ (ZF &,¢j) — <w>)) (X(gi,j) _X;z_,al))

i=1 j=1 \ ¢=1
Hence, by bounded variation of F', we have

[S(P, ) = S(Fo, F)]

n k n k
= DD G G)E) = (i) ((s5) = (0] = DD S(Pij, F)
i=1j=1 i=1 j=1
n k
= DD AFEG)(t) = (ti-1)((s)) — (s5-1)] = S(Pijs )}
i=1 j=1
n k
= DD i1, s5-1) = (ti, s5)
i=1 j=1

n

k
< YD ity si-1) = (tiss5)|
i=1 j=1

1
n k |Mij . .
= S 3SR G) - FGED)(FXED — FXY)
i=1 j=1 [g=1
n k My, j o .
< ZZ Z (6 G) = F(s§)(F(X§) — F(XH))|
1j5=1
n k .
< Z zJ) —F(X;Z_’Jl))))
=1 j=1
£« e i ij
< Dl Z (X F(Xé*?)))
i=1 j=1 \ ¢=1
c n k
S ? ZV&T 5 1 1,Sj 1) (ti,Sj)]
i=1 j=1
3 S
= ?VG/FF < EK = E&.
Similarly,

1S(Q, F) = S(Po, F)| <e.
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Thus,

|S(P,F) = S(Q, F)| |S(P, F) = S(Po, F)| + |S(Po, F) = S(Q, F)|
E+e

2¢.

ARVAN

By Cauchy criterion Theorem 2, F' is Henstock-Kurzweil-Stieltjes-(-double inte-
grable on [a, b1, X [c,d]T,.

Example 1. Let F' : [a,b)T, X [¢,d)r, — Ir be a Dirichlet function defined by:

Fit,s) {[0, 1 if () €@
~1.0] if (ts) ¢ Q"

Then F(t,s) is Henstock-Kurzweil double integrable with

b pd
/ / F(t,s)dtds = 0.

To show this, let € > 0. Enumerate the rational numbers in [a,blT, as {ri,r2,..., }
and enumerate the rational numbers in [a,blT, as {q1,q2,...,}. Now, define a A-
gauge 01--fine for [a,b]T,, the partition P; = {to,t1,....,tn} C [a,b]T, with tag points
& € [ti—1,ti]my fori=1,..,nis a dic-fine (or vic) and Py = {so, s1, ..., sk} C [c,d]r,
with tag points (j € [Sj—1, 5]y, J =1,2,...,k is a 6a--fine (or voc) are 6-fine (or )
partitions of [a,b)r, and [c,d)T, respectively.
It follows from Definition 1, that 61 = (d11,,01r) and 62 = (021, 02r), then

Ve

Sip(t) = oup(t) = { 28 =T
1 Zf t¢ {7’1,7’2,...}.

Similarly,

B

Sar(8) = bap(s) =< 27 if s=gqj
L if sé¢{q, -}

Let gi(t) =%, t€a,blr, and ga(s) =2s, s € [a,blr,. Then,
Ve VE

<>g(t, S) = ?’ 27] Zf (t, S) = T‘Z‘,qj‘
1 if t¢{ti,ta,...},s ¢ {q1,q,...}.
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If & € {ri,ra,..} is a tag on [ti—1,t;] and § € {q1,q2, ...} is a tag on [sj_1, s;], then
F(&,¢) =[0,1] and
(1) = (ti-1) ((55) = (57-1)) < Oc(E1,¢5) = \Qf v
Thus we have:
Ple6) ( (31— (5tim1) ) (259) — (250) < 0u(61) =

If& & {ri,ra,...} and ¢; ¢ {q1,q2,...} are tags on [t;_1,t;] and [sj_1, s;] respectively,
then F(&;,¢;) = [—1,0] and

((t:) — (ti—1)) ((s5) = (s5-1)) < 0e(&i, ¢5) = [0, 1].

VEVE _ e

217 2i = ity

Therefore,
P66 (10— (3tio1) ) 25) = (25,-1)] < 0:(60.6) = (0} =

So subintervals with tags & € {ri,r2,...} and {; € {q1,q2,...} do not contribute
to the Henstock-Kurzweil sum S(F,P). Let u be the set of indices i,j such that
& € {ri,r2,...} and 5 € {q1,q2,...} and v be the set of indices i,j such that & €
{ri,re,...} and §j € {q1,q2,...}. We conclude that:

[S(F, P) —al = |S(F,P) = {0}]

(F,
= ZZ (€, ¢) () — (ti-1)) ((57) — (55-1))

IN

DD F(E ) () = (ti-1)) ((s5) = (s5-1))

1€ JEU

+ D0 F(&G) (k) = (tim1)) () — (55-1)
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Since € was arbitrary, which holds for all € > 0, therefore the Dirichlet function
F(t,s) is Henstock-Kurzweil double integrable on [a,b)T, X [c,d)r, with

b pd
//F(t,s)dtds:o.

3. Conclusion

We obtained uniqueness and existence results for Hentock-Kurzweil double integrals
on time scales. These results generalized the existing Hentock-typed integrals in
classical sense. An example is provided to support our result.
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