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Simpson, Midpoint and Trapezoid type inequalities and many new results related
to these inequalities will be given.
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1. INTRODUCTION

It is obvious that the theory of inequalities has an important role in the fields of
mathematics and engineering applications. In particular, the most important of
these inequalities are Hermite-Hadamard inequality, Bullen inequality and Simpson
inequality. In addition, many different types of inequalities have been proposed by
many authors with the help of convex functions for these inequalities. The most
well-known inequalities related to the integral mean of a convex function are the
Hermite Hadamard and Bullen inequalities. It gives an estimate from both sides
of the mean value of a convex function and also ensure the integrability of convex
function. It is also a matter of great interest and one has to note that some of the
classical inequalities for means can be obtained from Hadamard’s inequality under
the utility of peculiar convex functions f. These inequalities for convex functions
play a crucial role in analysis and as well as in other areas of pure and applied
mathematics. Some of them can be viewed in the references section, [6], [15], [16].
Firstly, we can briefly state these general inequalities as follows.

Let f : I € R— R be a convex mapping defined on the interval I of real
numbers and a,b € I, with a < b. The following double inequality is well known in
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the literature as the Hermite-Hadamard inequality [8]:

f<a;b>§ f(a)+ f(b)

. 1
: 1)
Given a convex function f : [a,b] — R, the following inequality is well known in the
literature as the Bullen inequality [15]:

fa/abf(x)dngc;b)+f(“);f<b).

x)dx <

Bullen-type inequalities were obtained with the help of the different kinds of con-
vexity of the first-order absolute value function in [2], [3]. Further, Noor et. al
generalized the Bullen inequality for h-convex functions in [13].
The following inequality is well known in the literature as Simpson’s inequality.
Let f:la,b] > R be a four times continuously differentiable mapping on (a, b)
and H f (4)H = sup ‘ f® ‘ < 00. Then, the following inequality holds:

[r@var (50) s -

For recent refinements, counterparts, generalizations and new Simpson’s type in-
equalities, see ([1], [5], [9], [10]-[12], [14], [17]-[23]).

Trapezoid and midpoint inequalities are another known inequalities related to
the right and left sides of the Hermite-Hadamard inequality. In order to obtain these
inequalities, as stated below, identities play an important role.

In [7], Dragomir and Agarwal proved the following results connected with the
right part of (1).

(z)dz| <

< 550 ||

Lemma 1. Let f : I° C R — R be a differentiable mapping on I°, a,b € I° (I° is
the interior of 1) with a < b. If f' € Lla,b|, then the following equality holds:

He );f _a/ fz b_a/ (1—2t)f(ta+ (1 —t)b)dt. (2)

0

Theorem 2. Let f: I° CR — R be a differentiable mapping on I°, a,b € I° with
a <b. If |f'| is convex on [a,b], then the following inequality holds:

f()-;f b—a/f

In [11], Kirmaci proved the following results connected with the left part of
(1). In [11] some inequalities of Hermite-Hadamard type for differentiable convex
mappings were proved using the following lemma.

—D (p@l o). ©
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Lemma 3. Let f: I° C R — R, be a differentiable mapping on I°, a,b € I° with
a<b. If f" € L(la,b]), then we have

ia/abf(:r)dac—f<a—21_b> (4)

= (b—a) [/th’(ta—i—(l—t)b)dt—l—ﬁl (t—1) f'(ta+ (1 —t)b)dt| .

0

Theorem 4. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with
a <b. If | f'| is convex on [a,b], then we have

’bia/abf(:c)dx—f (“;b)‘ < (b;a) (| @)+ | ®)])- (5)

The purpose of this paper is established a new inequalities by using of the
Hermite-Hadamard inequalities. Later, in some special cases, Bullen, Simpson,
midpoint and trapezoid type inequalities and many new results related to these
inequalities will be given. Using functions whose first derivatives absolute values are
convex, we obtained new Bullen, Simpson, trapezoid and midpoint inequalities that
are connected with the celebrated Bullen type.

2. GENERALIZED BULLEN TYPE INEQUALITIES
In this section, we begin by the following theorem:

Theorem 5. Let f: 1 C R — R be a convexr function defined on the interval I of
real numbers and a,b € I with a < b, then the following inequalities hold:

f<a+x>+f<b42—x) (6)
dt+/ ft

()+f()
2

IN

IN

f ) +
for x € [a,b].

Proof. We splint interval [a, b] into [a,x] and [z, b]. Since f is a convex function on
[a,z] C [a,b], by using inequalities (1) we get

f(a“”) /f par < LOF f(). (7)
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By similar way for [x,b] C [a, ], it follows that

X b x
() <5t [rwa< LG, ®)

As consequence, by adding (7) and (8) we obtain

%iﬂﬁcﬂ) /fﬁ+/fﬁq)f0f@

which completes the proof of (1).

Corollary 6. Under assumption of Theorem 5, if we choose x = aTb, we have the

following Bullen type inequalities

f<a—2|—b> - ;[f<3ajb>+f<a23b>] o)
< —a/f ;[ (a;b%f(a);f(b)]'

Proof. By convexity of f, we have

a+b 13a+b 1la+3b 1 3a+0b a+ 3b
1(55) =1 () =a () o (5F0))

which completes the proof of (9).

Remark 1. In Theorem 5, if we choose x = a or x = b, then the inequalities (6)
become the inequalities (1) by using the fact that

1
x%ax—a/f or xlir%)b—fb/f

lim

3. TRAPEZOID TYPE INEQUALITIES

In this section, we give an identity which use to assist us is proving our results as
follows:
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Lemma 7. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f' € L[a,b], then the following equality holds:

T b
Fa)+ LQFLO) xia/f(t)dter_l:C/f(t)dt (10)

1
/ (1—2X) f' (Aa+ (1 — A)z)dA
0

b:z:)

1
/ (1—2X) f' (Az + (1 — A)b) dA
0

for x € [a,b] and X € [0,1].

Proof. Here, we apply integration by parts in integrals of right part of (10), and by
using the change of the variable t = Aa + (1 — \)x, then we have

(1—2X) f (ha+ (1= Nz)dA = fl@) ) _ xfa)z/f(t)dt

r—a Tr—a

O\,_.

And similarly, we obtain

(1—2\) f )\ac+(1—)\)b)d>\:bf(b) g(_ b /f

O\H

If we add f 1 from F 9 and multiply by ( 9 and ¢ ), respectively we obtain proof
of the (10).

Remark 2. If in Lemma 7, we get x = a or x = b, then the identity (10) becomes
the identity (2).

b

(a—;b>+f(a);f(b)} ! /f(t)dt

Corollary 8. Under assumption of Lemma 7, if we choose x = “T‘H’, then the identity
(10) reduces to

1

3 [f ~a
a

1
b
- /1—2)\ ()\a—l—(l—)\)a;— )d)\
0
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1

+(b—a)0/(12>\)f/ <)\a;b+(1)\)b) d.

8

Now, we extend some estimates of the right hand side of a Bullen type inequalities
for functions whose first derivatives absolute values are convex as follows:

Theorem 9. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
|f'] is convex on [a,b], then the following inequality holds:

f(x)+f();f [xa/f dt+/f ]

b—a), (z —a) |f" (@) + (b — ) | /" (b)]
g | @]+ 3

(11)

<

for x € [a,b].
Proof. Using Lemma 7 and the convexity of |f’|, we find that

f(x)—i—f();f [xa/f dt+/f ]

1

< (xga)/yl2)\|\f’()\a+(1)\)x)\d>\
b .
A ;x)/\1—2>\Hf’(>\x+(1—>\)b)|d>\
10
< "(@)] + (1 =X [f (2)]] dX

[e=]

bx)

/\1—2)\] M @)+ @ =X [f (b)) dA
0

- -d /(1—2)\) S (@] + (1= N) | (2)]] ar

[e=]

9
~—

\H

@A =1) X[ (@)] + @ =) |f (2)]] dA
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(b— )

(T =2X) [Af @)+ @ =N [f (®)|] dX

(b— )
2

+ A =1) [A|f (@) + (@ =X) | (b)]] dX

N‘H\ — O\w\»—-

_ b=a) (z —a)|f"(a)| + (b —2) | [ (b)|
LDy :
which this completes the proof of the (11).

Remark 3. Ifin Theorem 9, we get x = a or x = b, then the inequality (11) becomes
the inequality (3).

Corollary 10. Under assumption of Theorem 9, if we choose x = “T'H), then the
inequality (11) reduces to

;[f<a;b)+f(a);rf(b)] _bia/bf(t)dt

< (bl—Ga) [f,<a42rb)‘ N !f’(a)l-;lf’(b)l]
< (b;a) (If’(a)l-gf’(b)l)'

Theorem 11. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
|f'|* is convex on [a,b] for some q > 1, then the following inequality holds:

/f dt+/f ]

L [ (WP@P @I (SO @)
< tplea(rengreny oo (rorry)

where x € [a,b] and % + % = 1.

Proof. Using Lemma 7, Holder’s inequality and the convexity of |f’|?, we find that

f(x)+f();f La/f dt+/f ]
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1
[1=2X|f (Aa+ (1 = N)z)|dr + (b

1
z) /|12)\| |/ (Az + (1= \)b)| dx

<
0
@-a) (| s :
< U -2y dA) ( | N+ (1— )\)a:)qd)\>
2 (frwea) (f
(| e 5
7 12)\pd)\) ( |/ ()\:c+(1)\)b)qd/\)
(z /
<

1 ‘
. (/ M @)+ @ =2 | @] dA)
0

1 a
0= T (/ Mf (@ (1/\)f’(b)q]dk)
2(p+1)7 \y

 @—a) (@IS @INT  b—a) (1 O+ (@)
- 2(p+1)117< 2 ) +2(p—|—1)117< 2 >

which this completes the proof of the (12).

Corollary 12. Under assumption of Theoreml1l1, if we choose v = ‘ZTH’, then the
inequality (12) reduces to

s |7 (50) + KLY —bfa/bfu)dt

PR '<rf'<a>W+\f'<“;b>\q>3+('f’<b>!q+\f’(“2+b>|q>i
T 81| 2 2

(b—a) [(31F @ +IF B\ (31F O +]|f (@)
8(p+1)» ( 4 ) +< 4 ) ]

Remark 4. If in Theorem 11, we get x = a or x = b, then, the inequality (12)
becomes the inequality (2.4) of Theorem 2.3 in [7].
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4. MIDPOINT TYPE INEQUALITIES

Before starting and proving our next result, we need the following lemma.

Lemma 13. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
[ € Lla,b], then the following equality holds:

f<a—;—$>+f<b-i2-$) - {xla/mf(t)dt—kblx/bf(t)dt] (13)

_ (x—a)/)\ [ O+ (1= Na) — ' a4+ (1 - \)z)] dr
0

tb—z) [ A=) [f Oz (1= Nb) — F (Ab+ (1= N)a)] dA

N[
[

for x € [a,b].

Proof. In the proof of (13), we apply integration by parts, then we have

1

2

o= /)\ [ O + (1 Na) — f' ha+ (1 — Na)] dA

— (xla)f<“-;:c)_(:x_la)2/xf(t)dt

[y

T, = /(1—>\) 7 O+ (1= N)B) — £ b+ (1 — \)a)] d

- (blx)f (b;x> B (b_1$)2 jf(t)dt.

If we add T from 7} and multiply by (z — a) and (b — z), respectively we obtain
proof of the identity (13).

S
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Remark 5. If in Lemma 13, we take x = a or x = b then, the identity (13) becomes
the identity (4).

Corollary 14. Under assumption of Lemma 13, if we choose x = “TH’ the identity
(13) reduces to

;[f<3a2—b>+f<3bi—a>] _bia/bf(t)dt

1

_ boa /QA[f’ <A“;b+(1—x)a) _f ()\a—k(l—)\)a;—b)}dk
0

4

+/1(1—)\) [f/ </\a;b+(1—/\)b> s ()\b+(1—>\)a;b>]d/\

2

Finally, we extend some estimates of the left hand side of a Bullen type inequal-
ities for functions whose first derivatives absolute values are convex as follows:

Theorem 15. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
|f'] is convex on [a,b], then the following inequality holds:

T b
a+zx b+ 1 1
P55+ (M50) - o2 e = [ s

(z —a)|f" (a)| + (b= =) | ()]
8

(14)

for x € [a,b].

Proof. From Lemma 13 and using the convexity of |f’|, then we have
b 1 L
a+zx +
— t)dt + —— t)dt
P55+ (550) - |2 [ roae = [ s

MIF Oz + (1= Na)| + | f (Aa+ (1= N)z)|] dA

< (@-a)

o\mw
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1
+(b—x)/(1—)\) (1 e+ (1= NB)| + [/ b+ (1 — A)a)|] dx

N

1

b 1
< @-af @]+ @) [+ @2 [f @]+ @[] [ a-nix
0 1

_ (b—a) (z —a) [ (a)] + (b —x) [ (b)]
C NP @)+ : .
This completes the proof.

Remark 6. If in Theorem 15, we take x = a or x = b then, the inequality (14)
reduces to the inequality (5).

Corollary 16. Under assumption of Theorem 15, if we choose x = “T‘H’ the identity

(14) reduces to
;[f <3az—b> +f<3bi—a>} _bia/f(t)dt
(b—a) [f’ (a;b) n \f’(a)!ﬂf'(b)!]

2
(b—a) (\f’ (@ +1f (b)l) .

IN

<
- 8 2

Theorem 17. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
|f/|* is convex on [a,b] for some q > 1, then the following inequality holds:

f <a;x> +f(b%2-x) _ [mla/xf(t)dt+b1x/bf(t)dt]
15)

! o[ (@I @I (1 @+ 1 @)
= (14p)r 2" {( )[< 2 ) +( 2 )]

+ (b~ 2) [(’f' @) + \f’(b)ﬁ)é . <\f’ B + 17" <x>rq>é”

—~

2 2
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where x € [a,b] and 1% + % = 1.

Proof. From Lemma 13, Holder’s inequality and the convexity of |f’|?, we find that

(555 () [ ot o]

@ ! @
(/|f’(/\a:+(1/\)b)qd)\) + (/}f’()\bJr(l)\)x)qd)\)

1
2

(x—a) i / q q
< )\ - A a dA
(1+p)P2 P (0/ ‘f ‘ )|f( )H )

+ (/ M @]+ @ =) |f ()] ab\)
0

_bmr) gx’xq l—A’qu)\q
+(1+p)%21+% (O/Hf(ﬂﬂ )| ()]
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+ /[A\f’ @)+ @ =) |f (2)]"] dx
0

(v —a) F @+ @I (1 @)+ (@)
: (1+p)r2ts K 2 > +< 2 >]

L -2 [(U%@W+U%@W)3+(u%ww+uwmw>

1 1
(1+p)r2tts 2 2

|

Remark 7. If in Theorem 17, we take x = a or x = b then, the inequality (15)
reduces to the inequality (2.3) of Theorem 2.3 by Kirmaci in [11].

This completes the proof.

Corollary 18. Under assumption of Theorem 17, if we choose x = GTH’ the inequal-
ity (15) reduces to

;[f <3a:b> +f<3b2—a>] blaa/bf(t)dt

. - (U%iﬁﬂ+wf<»>3+<v' W+U%1§H>3
- (1+p)§23+% 2 2
. (U%;§H4ﬂﬁ(ﬂ>;+<v’ W+U%:§ﬂ>3
2 2
<

(b a) [(3famq+u%mw>i+<u%@w+3v%mw>1
4 4 '
5. SIMPSON TYPE INEQUALITIES

Before starting and proving our next result, we need the following lemma.

Lemma 19. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
I € Lla,b], then the following equality holds:

[2f (“”>+2f <l7+2:”>+f(x)+f(“);f(b) (16)
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Lla/xf dt+/f ]

a

_ (x—a)0/<)\—(15> [f Az + (1= A)a) — £ (Aa+ (1 — Na)] dA

1
+(bx)/<2>\) [ (v + (1= A)b) — f (\b+ (1 — A))] d

for x € [a,b].
Proof. In the proof of (16), we apply integration by parts, then we have

1

[0 1) p :
H = 0/</\—6> [/ O+ (1— Na) — f' ha+ (1 — Na)] dA

- 3($2_a)f<“;$>+6(xl_a)[f(>+f( /f

1
Hy = /(2—)\> 7 O+ (1= N)B) — £ b+ (1 — \)a)] d

[N

b
_ 2 b+ x 1 . N 1
B 3(b—:E)f< 2 >+6(x—a)[f()+f( )] (b—x)2$/f(t)dt

If we add H; from H; and multiply by (z — a) and (b — ), respectively we obtain

proof of the identity (16).

Remark 8. If in Lemma 19, we take x = a or x = b then, the identity (16) becomes

the identity (4) of Lemma 1 by Alomari et. al. in [1] for s = 1.

Corollary 20. Under assumption of Lemma 19, if we choose x = CLTH’ the identity

(16) reduces to

é[4f<3a:b>+4f<3bja>+f(a;rb>+f(a);f(b)] blaa/bf(t)dt
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[ O R R
+j(2—A> [f’()\a;b—lr(l—)\)b)—f’ (Ab+(1—A)“‘;b>]dA

2

Finally, we extend some estimates of the Simpson type inequalities for functions
whose first derivatives absolute values are convex as follows:

Theorem 21. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
|f'| is convex on [a,b], then the following inequality holds:

U (452) o (5) o 5]

2 2 2

_ Lla/mf(t)dt—i—blw/bf(t)dt]

b—a), 5(x—a)lf (a)|+5(b—2)|f (b
< 5(72)\f(x)|+ ( )lf()l;; (b—x)|f (b)

for x € [a,b].

Proof. From Lemma 19 and using the convexity of |f’|, then we have

é [Qf <a—|2—a7> +2f (b;x) + f(x) + f(a);f(b)] - [xia/xf(t)dtjtb_lx/bf(t)dt]

< @-a [ |- g1 ek - Nal 41 a0 Nl
0
1
5 ! !
—s—(b—x)/‘G—)\’Hf (A + (1= NB)] + | (b + (1 — V)] dA
< @-aly @I+ 1F @1 [ gl oo @+ @i [ [ - Ao
0

1
2
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5(b—a) 5(x—a)|f (@) +5(b—x)|f ()
g @)+ = -
This completes the proof.

Remark 9. If in Theorem 21, we take x = a or x = b then, the inequality (17)
reduces to the inequality (2.2) of Theorem 2.1 by Sarikaya et. al. in [20].

Corollary 22. Under assumption of Theorem 21, if we choose x = %H’ the identity
(17) reduces to

[4f<3a+b>+4f<3bza>+f<a—2i_b>—|—f(a)—2i_f(b)} _bla/f(t)dt

5(b—a) [f/ <a+b>’+ \f’(a)lﬂf’(b)!]

144 2 2

IN

5(b—a) (1f (@) + |/ (b)]
e

Theorem 23. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
|f/|* is convex on [a,b] for some q > 1, then the following inequality holds:

} {2f<a+x)+2f(b+x)+f() f(a)—l—f(b)}

2
1
m_

a/f d”/f ] (18)
a +1p>$ 7 p

» {(x_@ [(If/ GIEly <a>|q>é (e <x>|Q);]

<|f’ @ 17 <b>|Q>i ) (If’ DliRa} <x>|q>;”

where x € [a,b] and % + % = 1.

IN

+ (b—1x)

Proof. From Lemma 19, Holder’s inequality and the convexity of |f’|?, we find that

[ () o (B52) + st + L] [xia/xf(t)dt+b_lx/bf(t)dt]
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IN

(z - a) (/%Aépcu);
(el

) (jZApd)\)p

[(/) (e

] {M {

+ (/ A @17+ (= V17 @) dA) ”
0

1

+(b— ) {(/ A (a )\)f’(b)q]d)\)
0
+ (/ AP O + 0=V @] dA) ”
0

< 1 1 1 P
T (14p)r L3 T e

x {@c-a) K'f’ @+ | <a>|Q>3 N (If’ @ 17 Wﬂ
+(b-2) l(f <w>\q;|f' <b>|q>le . (If’ (b)lqglf’ <m>|q)31}

This completes the proof.

Q=

IN

A @)+ 1= M) £ (a)]] d)\)

O\mh—t
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Remark 10. If in Theorem 23, we take x = a or x = b then, the inequality (18)
reduces to the inequality (2.3) of Theorem 2.3 by Sarikaya et. al. in [20].

Corollary 24. Under assumption of Theorem 23, if we choose x = ‘ITH’ the inequal-
ity (18) reduces to

é[4f<3a2—b>+4f<3b2—a>+f<a—21-b>_i_f(‘l);‘f(b)} _bia/f(t)dt

(b—a) [ 1 1 1%
= 2(1+p)7 [3”+1+6p+1}
. (\f'(%b)yq+|f'<a>Q>5+(\f'(%b)|q+|f'<b>|q>q
2 2
<

(b—a) [1 . 1}
2(1+p)% 3p+1 ' gp+l

>< [<3|f’ @l +1f (b)\Q)é (s (b)q);] |
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