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A NOTE ON HELICES OF MINKOWSKI SPACE

D. SaéLaM, G. Koru, O. KALKAN

ABSTRACT. The curve « is called a general helix if (V;, W) is a constant function,
where W is a constant vector field different from zero. We define the second kind
of harmonic curvatures and Darboux vector of a non-null unit speed curve and give
different characterizations of general helices with this curvatures and with the second
kind of Darboux vector.
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1. INTRODUCTION

Helix is a space curve with a lot of work on it. Helices have been focus for a number
of authors [1-16]. In 1845, Venant obtained that /7 is a constant function iff a
curve is a helix [17]. Helices by the fact that the function
2 ’ 2
K 1 (K
() ()

K2 K3 K9
is constant with the second curvature ko and the third curvature k3 into E*. See
also [12].

In this work we study general helices with the second kind of harmonic curvatures
in Minkowski space. We consider Minkowski space E;" with Lorentzian metric

(,):—i:dx?+ an da?,
i=1

1=v+1

where (z1,...,2,) is a coordinate system of R™. Let be w € E'.
1. If(w,w) > 0 or w = 0, then the vector w is called spacelike.
2. If (w,w) < 0, then the vector w is called timelike.
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3. If (w,w) =0 and w # 0, then the vector w is called lightlike.
The arbitrary timelike vectors u and w are in the same timecone iff (u, w) < 0. The
magnitude of a vector w is defined by |w|| = /[{(w,w)| [18].

Let a: I C R —E” be a regular curve, i.e. o/(s) # 0, where o/(s) = da/dt. The
curve « is named as

1. spacelike, if o/(s) is spacelike for all s € T.

2. timelike, if o/(s) is timelike for all s € I.

3. null(lightlike), if o/(s) is null(lightlike) for all s € I.
If « is spacelike or timelike, then « is called a non-null curve. We parametrize a non-
null or null curve a with the pseudo-arc length parameter ¢, if (o/(t),o/(t)) = 1 or
(a(t), " (t)) = 1, respectively. In either case « is a unit speed curve [18]. In whole
this article we use non-null curve with the pseudo-arc length parameter. For the
sake of simplicity, in the whole article we will understand the non-null curve with
the pseudo-arc length parameter curves, when we say curve.

Definition 1.1. We assume that o : I-E]', I C Risacurve and {Vi(s),..., V,,(s)}

is the Frenet frame of . i—th curvature of ais k; : I — R, ki(s) = €i41 (V; (s), Vit1(s)
with 1 <i<n—1and¢g; = (V;,V}) [5].

Theorem 1.1. Let a be a curve in E}} with the Frenet frame {Vi(s),..., Vi.(s)}
and curvature functions k;. One get the Frenet equations following by

!
!

V! = —gi1giki1Vic1 + KiVisa,
!

Vn — 75‘”,16”/{”71‘/71—1

where g; = (V;, Vi) =+l and 1 <i<n-—1[5].

For special case we assume that a = a(s) is a curve in E$, {T, N, B} the Frenet
frame and k; be i — th curvature functions of the curve (i = 1,2). Then the Frenet
equations are given as

T, = K,l‘/g
N = —e189k11 + ko B
B/ = —8263&2]\[

with (T, T) = e; = £1, (N,N) = g9 = £1 and (B, B) = e3 = +1. Moreover the
curvature functions of the curve « is following

I£1=€2<T/,N>, /€2=€3<N,,B>.
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Definition 1.2. The angles between the vectors y and z in the Minkowski space
are defined following:

1. If y and z are timelike vectors such that they lying in the same timecone,
then < y,z >= —||y|| ||z]| cosh ¢ with a unique real number ¢ > 0. ¢ is named as
the hyperbolic angle.

2. If y and z are spacelike vectors such that they span a timelike vector space,
then |< y,z >| = ||ly|| ||z|| cosh ¢ with a unique real number ¢ > 0. ¢ is named as
the central angle.

3. If y and z are spacelike vectors such that they span spacelike vector space,
then < y,z >= ||y ||#]| cos ¢ with a unique real number 0 < ¢ < 7. ¢ is named as
the spacelike angle.

4. If y is a spacelike vector and z is a timelike vector, then |<y,z>| =
lly|| |z]| sinh ¢ with a unique real number ¢ > 0. ¢ is named as the Lorentzian
timelike angle [4, 18].

2. SECOND KIND OF HARMONIC CURVATURES WITH GENERAL HELICES IN ELL

Ekmekgi et. al. in [6] gave harmonic curvatures of a curve following:

Definition 2.1. Harmonic curvatures H; : I - R, I CR, 1 <i<n—1ofa
curve o : I — E7 are defined following

0, i=0,
8162ﬂ, = 1,
H; = Ko (2)

1 /
[5i5i+1/‘fiHi72 + Hifl , 1=2,3,...,n—2.
Kit+1

with non-zero curvatures k;, 1 <i<n — 1.

We refer to functions H; as the first kind of harmonic curvatures of the curve.
Now, we obtain several characterizations for general helix by using the new functions
S; called the second kind of harmonic curvatures of the curve.

Definition 2.2. If the function < Vi, W > is constant for tangent vector field
Vi of a curve a : I — EJ} and a different from zero constant vector field W, then

the curve « is called general helix.

Theorem 2.1. A curve « is a general helix in E}} iff there exist differentiable
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functions S; : I — R, I C R, 1 <7 < n satisfying the equations

1 i=1,
_) 0 = 2,
Si = €i—1€i , (3)

with the condition
S;L = —nn_lSn_l. (4)

Proof. We assume that « is a general helix. Then the function (V;, W) is a constant
for a fixed axis W. Consider the differentiable vector field

W= w. (5)
=1

where
w; =g (Vi, W), 1<i<n (6)

are differentiable functions. Since « is a general helix, then the function w; =
e1 (V1, W) is constant. If we differentiate (6) with respect to s and from the equations
(1), then one obtain

w)(s) = e1e2k1wy = 0.

If we = 0 and the vector field W is constant, then W € sp{V1, V3, ..., V,,}. Since the
vector field W is constant, by differentiating the equation (5) and using (1), then
we obtain the O.D.E system

—K1wi + €2e3kows3 = 0
wh — egeqkzwy =0
wﬁl + k3wsg — e4e5k4ws = 0

’

Wy,_1 + Kp—2Wp—2 — En—1Epkn—1Wy = 0
/
w,, + Kp—1Wp—1 = 0. )

Let be
w; = Sjwy, 3<j<n. (8)

The functions S; : I — R for 3 < j < n are differentiable. It must be wy # 0,
otherwise from (7) it would be w; = 0, for 3 < j < n. Hence W = 0 and this is a
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contradiction. According to (7), we obtain

Sg = 6263%
Sy = Sai g,
- 3
K
Ss = 52 2 [k3S3 + S}
4 9)
En—2En—1
Spo1 = %[’in—Z%Sn—?)"’_Sq/lfQ]
n—
En—1¢€
Sh = = = [/fn—QSn—2 + 57,171]
Rn—1

At the end of (7) one obtain (4). Conversely, we assume that « is a curve with dif-
ferentiable functions S; for 1 < j < n satisfying the equations (3) and (4). Consider
the unit vector field W is defined by the following equation

W=w |V1+ ZSjV}'
=3

with w; € R. If we differentiate W and use the equations (3) and (4), then we
obtain W’ = 0. Also W is a constant vector field and < V4, W >= sjw; is a
constant function. Therefore the curve « is a general helix.

Now, we are in a position to define the second kind of harmonic curvatures of a
curve.

Definition 2.3. Let o : I — E] be a curve with non-zero curvatures k;
(1=1,2,...,n—1). We define the second kind of harmonic curvatures of o denoted
by S;: I CR—R,i=1,2,...,n, given by the equation (3) such that

1, i=1,
_Jo i=2,
Si = Ei—1&;

Ki—2Si o+ S, 1|, i=34,..,n.

Ri—1

Corollary 2.1. A curve a is a general helix in E7 iff the second kind of harmonic
curvatures S, and S,_1 satisfy the equation (4), that is

/
Sn = —Knp-1-1.

By making the variation of parameter, we get different characterization

u(t) = /0 Kn—1(x)dz, % = Kp—1(1).

5



D. Saglam, G. Koru, O. Kalkan — A note on helices ...

Since S], = —kp—15n—1 in the equation (4), one obtain the following equation

, = &n— nSn - 7/‘7%—2(’&) Sn, .

a(0) = ez - (220 ) 5, 0w
Substitutite this equation into (3), we get the equation
Fn—2(u)Sp—2(u)

S'(u) + en—16nSn(u) =
(1) + 2ncrnSy(u) = 225

Making change of variables, depending on the value of €,_1&,, we have two general
solution of this equation:
1) If 16, = 1, then

Sy (u) = <m - / fin-2(W)Sn—2(v) udu) cos u+ (n + / n-2(w)Sn2(w) udu) sinu

Fn—1(u) Kn—1(u)

where m and n are arbitrary constants. Also this solution is the same for any general
helix in Euclidean space [1]. Because of that in this paper we give proofs for only
the following solution.

2) If e,—16, = —1, then

Sy (u) = (m - / Fn2(W)Sn—2(u) o udu> coshut (n + / Fn=2(WSn—2(W) o udu) sinh u

Kn—1(u) Kn—1(u)
(10)
where m and n are arbitrary constants. From the equation (10), we get
Sp(t) = (m— [ [kn—2(t)Sn_2(t)sinh [ k,_1(t)dt] dt) cosh [* bn1(z)da (11)
+ (n+ [ [kn—2(t)Sn—2(t) cosh [ k,_1(t)dt] dt) sinh [* bn1(z)da.
According to (4), we obtain
—S,(t
Snalt) = K , ((t))
n—1 (12)

(—=m + [ [Fn—2(t)Sn—2(t) sinh [ K, _1(t)dt] dt) sinh ft Kn_1(z)dx
—(n+ [ [Kn—2(t)Sn—2(t) cosh [ k,_1(t)dt] dt) cosh [* k1 (z)dz.

From Corollary 2.1, we can give the following theorems.

Theorem 2.2. We assume that a : I — E] is parameterized the pseudo-arc length
parameter ¢t with ,_1e, = —1. Then « is a general helix iff

Sn1(t) = (=m+ [ [Kn_o(t)Sn_z(t)sinh [ k,_1(t)dt] dt) sinh [* K,y (z)dz

— (04 [ [Fn—2(t)Sn—a(t) cosh [ kn_1(t)dt] dt) cosh [ k1 (x)da (13)

where m and n are constants.
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Proof. Suppose that « is a general helix. Let us define f(t) and g(t) by

f@&) = Sp(t)cosh¢+ S,_1(t)sinh ¢+ [ rp_2(t)S,_2(t) sinh ¢dt

g(t) =S, (t)sinh ¢ — S,,_1(t) cosh ¢ — [ kp_o(t)Sn—_2(t) cosh gdt (14)

where .
(;S(t):/ Kn—1(x)dx,

and the functions S, _2,S5,-1,95, are as in Theorem 2.1. If we differentiate equations (14)
with respect to ¢ and taking into account of (3) and (4), we obtain

d
d—f = S/ cosh¢+ Spky_1sinh¢ + S),_ sinh ¢
U
+Sn_1kn—1cosh ¢+ kp_2S,_2sinh ¢
= _/inflsnfl cosh ¢ + Sn"{nfl sinh ¢ - (Rnfl Sn + 5n72Sn72) sinh ¢
+Sn_1lin_1 COShgb + Hn_QSn_g sinh ¢
=0
and
dg o ' /
i —S,, sinh ¢ — Sy, kp—1 coshep — S, _; cosho

—Sn_1kn_1sinh ¢ — k,,_2S,_o cosh ¢

= ’inflsnfl sinh ¢ - Snﬁnfl cosh ¢ + (anlsn + Hn72Sn72) cosh ¢
—On—1Rn—1 Sil’lh¢ — I{n_QSn_Q cosh ¢

= 0.

Also we get f(t) = m and ¢(t) = n with constants m,n.
Sp_1(t) = <—m + / [Kn—2Sn—2sinh ¢dt]) sinh ¢ — <n + / [Kn—2Sn—2 cosh qﬁdt]) cosh ¢.

Conversely, we assume that the equation (13) is true. According to Theorem 2.1, S,,(¢) is
defined by following equation

Sn(t) = (m - / [Kn—2Sn—2sinh ¢dt]) cosh ¢ + <n + / [Kn—2Sn—2 cosh d)dt]) sinh ¢
with ¢(t) = ft Kn—1(x)dz. A direct differentiation of (13) gives
! L = FKp_2S,_osinh? ¢+ <—m—|— / [n—2S,_9sinh ¢dt]> Fin_1 cosh ¢

—Fn_25,_ocosh? ¢ — (n + / [Kn—2Sn—2 cosh ¢dt]) Kp_1sinh ¢
= —Kp—2Sp—2 — Kp—15n.

This verifies the equation (3) for ¢ = n. In addition we get S;, = —k,—1Sn—1, which finishes
the proof.
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Theorem 2.3. We assume that a : I — E] is parameterized the pseudo-arc length
parameter ¢t with €,_16, = 1. Then « is a general helix iff

Sp1(t) = (m— [ [kn—2Sy_asin [ k,_1dt] dt)sin ft Kn_1(7)dx

— (n+ [ [Kn—25n—2cos [ Kkp_1dt] dt) cos ft Kn_1(x)dx (15)

where m and n are constants.

3. SECOND KIND OF DARBOUX VECTOR WITH GENERAL HELICES IN EZ}

Now we characterize general helices with the second kind of harmonic curvatures and Dar-
boux vector. Firstly, we get an important theorem following;:

Theorem 3.1. We suppose that a : I — EJ is a curve with its Frenet frame
{W1, V4, ..., V,} and second kind of harmonic curvatures {S7, Sa, ..., S, }. Then « is a general
helix iff

n
> S =, (16)
j=1
where C' is a constant different from zero.
Proof. According to Theorem 2.1 and since W is a unit vector, then the proof is obviously.
This theorem gives generalization of n = 3 and n = 4. Thus, for n = 3, from the equation

K
(16), we can write M —C. Forn= 4, from the equation (16), we can write
K2

Corollary 3.1. Depending on the angle ¢, the constant C' given by above theorem is
1) If ¢ is a hyperbolic angle, then C' = — sec h%¢.

2) If ¢ is a central angle, then C' = sec h?¢.

3) If ¢ is a spacelike angle, then C' = sec? ¢.

4) If ¢ is a Lorentzian angle, then C' = —¢1 csc h?¢.

Proof. 1) Since Vi and W are timelike vectors in the same timecone, then
wy = — (V4, W) = cosh ¢.
From (W, W) = —1 and (8), with (3), we have
1 —1 4w}
C= ZstJZ =-1+ ?Zsjw? =-1+———1 = —sech’s.

w
j=1 1j=3 1

Proof of the other cases is similar to above.
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All curvatures of a curve are constant different from zero, then the curve is a W-curve
[10]. Additionally all the curvature ratios of a curve are constant, then the curve is called a
cer (constant curvature ratios)-curve [9].

Corollary 3.2. Let the curve o : I C R — E} be a general helix. If the curve is a
W-curve, then the second kind of harmonic curvatures S; given in (3) satisfy the following
properties:

S; = 0, ifjiseven (17)
izl

Sj = H €2i€2i4+1 521'2—'17 lfj is odd (_j 7& 1).
i=1 v

Proof. Let a be a W-curve. From (3) if j is odd

K1
S3 = e9e3— = constant,
K2
E4€5 ’ R1KR3
S5 = [/’6353 + S4] = E£9E3E4€5 R
K4 Rak4
EGET ’ R1R3K5
S; = ——[ksS5 + Sg| = cae3e4e5€6e7 ;
K6 Ra2K4Ke6
Ei_3Ei_2 KR1R3R5...Kj—4
_ J J ’ _ J
ijz = 7[5]'745];4 + S]—,;g] = €2€3E4...65 281

Rj—3 R2K4KR6-...Kj—3
Ej—1&5

KR1KR3R5...Kj -2
Sj = 7[:“&]‘,25]',2 + S;-fl] = 526384...Ej,1€j7j
Rj—1 R2K4KR6-..Kj—1
If j is even
€384 K1y,
SQZO, S4:€2€37(7) :0, S :O,...Sj: yens
k3 K2

Therefore from this equations we obtain (17).

Corollary 3.3. Let the curve aw : I C R — E7' be a general helix. We suppose that
the curve is a ccr-curve, then the second kind of harmonic curvatures S; given in (3) are
constant.

Proof. Proof is the same as the proof Corollary 3.2.

Besides, from the definition of the second kind of harmonic curvature functions, we
obtain following lemma.

Lemma 3.1. We suppose that o : I — E? is a curve with its Frenet frame {V7, Va, ..., V. },
and second kind of harmonic curvatures {51, Sa, ..., S, }. If the curve a : I CR — EV is a
general helix, then

€j <V},W>:Elsj <V17W>, 1 §]§n (18)
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with W is a fixed axis of the general helix a.
From this lemma, we obtain the following corollary.
Corollary 3.4. If W is an axis of the general helix «, then we can write

j=1

From the Lemma 3.4 we get
w; = &; <Vj,W>=€15j <‘/1,W>,1ijn

where (V1, W) = gqw; is constant. By the definition of the second kind of harmonic curva-
tures of the curve, we obtain

W = w1 ZSJ‘/}
7j=1

Also the vector field N
D=3 5,V
j=1

is an axis of the general helix «.
Definition 3.1. We suppose that a : I — E7 is a curve with its Frenet frame
{V1,Va,...,V,} and second kind of harmonic curvatures {51, So, ..., S, }. We call the vector

D=3 5V, (19)
j=1

is called the second kind of Darboux vector of the curve a.

Theorem 3.2. We assume that o : I — E is a curve with its Frenet frame
{W1, Va, ..., V. }, and second kind of harmonic curvatures {57, 59, ..., S, }. Then « is a general
helix iff the second kind of Darboux vector D is a constant.

Proof. If o is a general helix in Minkowski space E]'. Then from Corollary 3.5 we get

W=uw [y 5,V
j=1

Since w; is a constant, then D is a constant vector field.
Conversely, let the second kind of Darboux vector D be constant, then we obtain

(D, V1) = e1. Also one get wy = is constant. For W = w; D, where (W, V) = ejw; is

1
. 1Dl . o .
constant. Hence W is a constant vector field. So « is a general helix in Minkowski space
E7'. This finishes the proof.

10
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From the definitions of S; in (3), we intend to express the functions S; in terms of Ss
and the curvatures of « as follows:

Sj = ZAjiS:E,i)7 3<j<mnm, (20)
=0
where 0
; d" Sg 0) K1
S8 A ey
3 dsi 3 3 2 3I€2
Then
Sy = e3e4k3 'S, = Ay Sh+ AsSs,
Ss = As3Ss + As15% 4 As0Ss,
Se = Ag3S; + AgaSy + Ag1Sh + AgoSs
where
Ay = eseary’, Ay =0,
Aso = esesky'hyl, Asi =esesky(k3'), Aso = cagsk) ks,
A63 = 636655;1&21%51, A62 = 63661635_1[14321(63_1)/ + (/ﬁzllﬁgl)/],
Ag1 = €5€6Hg1[€3€4ﬁ4551 + 8355(/@;1(}651)/)/ + €4€5I€21/€3], Ago = €4€6Kgl(ﬁzlﬁg>/

and so on. Define the following functions:
Azp =1, Ay =0

AjO =Ej_1&j [Ii;_lllij,QA(j,g)o + K;—llA/(j—l)O} , 0<j53<n

—1 1

_ -1 -1 —1,.-1 -
Ajj—3) = E3EjR 1 Kj ok _3...Ky Ky , 4<j<n

— 1

_ -1 -1 1 —-1,-1\/ -1 -1 -1 —-1,.-1\/
Aji—a) —53€j[/£j_1 (Iij_zlij_3...li4 Ky ) + Ko1K (“j—sm"% Ky )

+..+ K;}1K5j21€;}3...ﬁ21(Iigl)/], 5<j<n
AJ'L = Ejflgj |:I€;711H;712A(]‘,2)i + ’%jifll(Azjfl)i + A(jfl)(lfl))} 5 1 S Z S ]—5, 6 S] S n

and Aj; = 0 otherwise.
As a consequence of Theorem 2.2, according to the functions A;;, we have the following
equation. (4) leads the followig condition

Anny S50+ (4

n(n—3

n—3
)+ Annogy ) S5
n—4 )
3 (AL + Antio1) + Fno1 A 1)) S5 (21)
2

K2

+(Ano + Fn—1A4(n-1)0)S3 =0, n>3.

11
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As a consequence of (21) and Theorem 2.1 according to the functions A;;, one can write
this corollary.

Corollary 3.5. The properties are equivalent:

1. « is a general helix.

2. Forn>3

o\ (2 o\ ()
0 = Apn-s) (,ﬂ) + (An(n 3 T A 4)) <,€2>
n—4 K1 (%)
+2 [AL; + Angi1) + fin—1A(n-1)i] (2>
+ (Alno + Hn—lA(n—l)O) <H1> .
K2

3. The function

n j—3j-3 () (k)
S (1) ()"
j=3i=0k=0 ®
where C' is constant, j —¢ >3, j—k>3.
Example 3.1. a(t) = (cosh %7 sinh %, %) is a general helix curve in E} (Figure 1).
Tangent vector T makes a constant angle with a fixed direction W = (0,0, 1) and also it is

clear that « is a unit speed spacelike curve with a timelike principal normal N. The Frenet
vectors of « are

T = o= (g et U )
N = Z:(COSh\fSlnh\;i’())

t 1 t 1
B = TxN= sinh —, cosh —,
(\/ V2'Ve T VR ﬁ)

and the curvature x1, the torsion k5 of o are
! 1 ! 1
51:_<T7N>:§,/€2:<N7B>:§.

For n = 3 the equation (16) is

2
C ey tesS2o1+ [s] o
K2

On the other hand from Definition 2.2, (T, W) = cos ¢ = —=. Using this result in Corollary

N

3.1, we get C' = sec® ¢ = 2.

12



D. Saglam, G. Koru, O. Kalkan — A note on helices ...

Example 3.2. «(t) = (\%, cos ‘g,sm *\?) is a general helix curve in E} (Figure 2).

The tangent vector T' makes a constant angle with a fixed direction W = (1,0,0) and also
it is clear that « is a unit speed spacelike curve with a spacelike principal normal N. The
Frenet vectors of « are

Too oao (L VB VBV VB
= o = 73 \/ism\/i,\/icos\/5 ,

T 3t 3t
N = — <0,—cos\[ —sin\[>,

K V2’ V2

_ _ (VB g VBt 1 VB
B = T><N—< \/i’ﬂsm\/ﬁ’ ﬁcos\[>

and the curvature x1, the torsion ko of o are
3 3
—(T',N) =2, kg = — (N, B) = V3,
2 2
For n = 3 the equation (16) is

2
C ey tesSial— [s} Y
K2

On the other hand from Definition 2.2, (T, W) = sinh ¢ = —. Using this result in Corollary

N

3.1, we get C' = —e; csch?¢p = —2

Example 3.3. «(t) = (smh ‘\fft cosh \\[ft \tf) is a general helix curve in E5 (Figure

3). The tangent vector T' makes a constant angle with a fixed direction W = (0,0,1) and
also it is clear that « is a unit speed timelike curve. The Frenet vectors of o are

(VB VBEVB VB
To= o= <f hff hff)

!
N = 2 = (sinh\/&,cosh\/gtﬁ) ,
K

V2 V2
B = TxN= h\[t L h\[t\[
\f NV AN
and the curvature k1, the torsion ko of o are
3 3
= (T, N) =%, kp = (N, B) = —§~

For n = 3 the equation (16) is

2
C=ei+e382=—1+ [%msl] — 2.
K2

13
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On the other hand from Definition 2.2, (T, W) = sinh ¢ = . Using this result in Corollary

Sl

3.1, we get C' = —&; csc h?¢ = 2.
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