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ABSTRACT. In this paper, we introduce the L%, f generalized Salagean integro-
differential operator, using the Al-Oboudi operator and the generalized Saldgean
integral operator. We investigate differential subordinations, and generalize some
previously known results.
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1. INTRODUCTION
Let H(U) denote the class of analytic functions in the unit disk
U={z€C:|z| <1}
Forac Cand me N={1,2,---}, let
Hla,m]|={f € HU): f(z) =a+ apnz™ + -,z € U}

and
Apm ={f € H(U) : f(2) = 2 + amy12™T + -+ 2 € U},
with A4; = A.

Definition 1. [/, p.4] Let f,F € H(U). The function f is said to be subordinate
to F, written f < F, or f(z) < F(z), if there ezists a function w € H(U), with
w(0) =0 and |w(z)| <1,z € U, such that f(z) = Flw(z)],z € U.

Remark 1. [/, p.4] If F is univalent, then f < F if and only if f(0) = F(0) and
f(U) c F(U).
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Definition 2. /4, p.16] Let ¢ : C> x U — C and let h be univalent in U. If p is
analytic in U and satisfies the second-order differential subordination

U (p(2), 20 (2),2°p" (2); 2) < h(2),2z € U, (1)

then p is called a solution of the differential subordination. The univalent function q
is called a dominant of the solution of the differential subordination, or more simply
a dominant, if p < q for all p satisfying (1). A dominant q that satisfies ¢ < q for
all dominants q of (1) is said to be the best dominant of (1).

To prove our main results we need the following lemmas.

Lemma 1. [/, p.71] Let h be convex in U with h(0) = a, v # 0 and Ry > 0. If
p € H[a,m| and

zp'(2)
p(a)+ L2 <h),
then
p(z) < q(z) < h(z),
where

q(z) = —— / h(t)tm~ldt.
mzm Jo
The function q is convexr and is the best dominant.
Lemma 2. [5, p.419] Let q be a convex function in U and let
h(z) = q(z) + mazq/(2),
where a > 0 and m € N. If p € H[q(0), m] and
p(2) +azp'(z) < h(2),

then
p(2) < q(2),

and this result is sharp.

Definition 3. [1] For a function f € A,§ > 0 and n € Ng = NU{0}, the Al-Oboudi
differential operator DY f is defined by

Dif(z) = f(2),
Dsf(z) = (1= 6)f(2) + 02f'(2) = Dsf(2),
Dy f(z) = Ds(Dy ' f(2)),z € U.

128



E. Gavris — Differential subordinations obtained by using generalized ...

Remark 2. DY is a linear operator and for f € A,

f) =24 a2t
k=2

we have
D§ f(z) :z—i—Z[l—i—(k—l)(S]nakzk,zeU (2)
k=2
and
DI f(2) = (1 - 8)D}f(2) +62(DRf(2)), 2 € U. (3)

When 6 = 1, we get Salagean’s differential operator [8].

Remark 3. Differentiating (3), we obtain

(D31 1(2)" = (D3 £(2)) +02(D3 f(2)", 2 €U @)

Definition 4. [6] For a function f € A,0 > 0 and n € Ny, the operator I3 f is
defined by
I3f(2) = f(2),
1 z
) = 5278 [ 672 ar = £ (2),
0
If(z) = (I} f(2)),z € U.

Remark 4. If f € A and f(2) = z+ > apz®, then

k=2
IMf(2) = 2z + f: {H—U{l—l)éi]nakzk’ zel, (5)
k=2
and
02(I3 f(2) = 171 f(2) = (1 = 0)IF f(2), 2 € U. (6)

When 6 = 1, we get Salagean’s integral operator [8].
Remark 5. Using (6), we have
(1) = (1) +0=(1 T (2)]

Motivated by [3] and [7], we introduce the following operator.

/

,2 € U. (7)
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Definition 5. Let n € No,d > 0 and A > 0 with § # 231, For f € A, let

1

xof(z) = T—A+ )

[(L=ND§ f(2) + XI5 f(2)],2 €T, (8)
where the opertors DY f and I f are given by Definition 3 and Definition 4, respec-
tively.

Remark 6. We have
Lisf(2) = Dy f(2),
Lis5f(2) =I5 f(2),
L35f(2) = L3of(2) = f(2),
and

anf(z) =0 =AD" f(2) + A" f(2)  (see [T]).

Remark 7. For f € A, f(z) = 2+ Y arz® by using (2) and (5), we have
k=2

G0 = g 2 [0 ) - e

N A6
(14 (k—1)5)"

] apz®, 2 € U. 9)

2. MAIN RESULTS
Theorem 3. If0<a<1,f € A, and

R| (L3 f(2)) + 1_§\\(:_>\(55Z<(Igl+1f(z))” + (IZ{‘f(z))")] >a,z€U,  (10)
then
ER(E%f(z))I >,z €U,
where

21— a) [t
— m

= =2 —1 dt.
7=7l)=2a-1+—0 /1+t
0
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Proof. Let f € Ap,.
If

then (10) is equivalent to

(L3 £2) + = i‘i S02((I ()" + (13 £(2)") < hlz),z €U (1)

Using (4), (7) and (8), we obtain

A0

o (@) + (13 £:))

(L33 f(=)" +

_ A= NDF () M ()
1— A+ Ao

1 ii " ((I;“f(z))’ + 02 (IF ()" + 0z(I5 f(2)" - ([§z+1f(z))/)
A6

1-=A+ X

1=
D WY
bY)

Y (1) +02(131(2)" = (I 1(2)) ]
)

= D) 02 (D312 ] + S (R )
Y

n "
T A )
1—A A0

= m(DSLf(Z))/ + m(ﬂ?f(@)l
V)

1—A " n "
wo (g (PR + T (87"

= (L3:£(2)) +62(L3:f(2))", 2 € U. (12)
From (11) and (12), we have

(Lhsf(2) +02(L5sf(2))

(DFT () + (I (=)

"< h(z),z €. (13)

Let
p(z) = (L% f(2)) 2 € U. (14)
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Using (9), we get

A6
k k—1
1+ k-no) "™

p@)—1+1_;+N%2;J“1—M@A%k—nﬁn+

=14bpz" + b2+ 2T,
and from (13), we have
p(2) + 820 (2) < h(z),z € U.
Applying Lemma 1, we obtain
p(z) < q(z) < h(z),z €U,

where
1

g(z) = — /0 h(t)es—tdt

dmzsm

1 z 1
= 1/‘Pa—1+%1—@}w%4ﬁ
dmzsm Jo T+t¢
1
20—1 (* 2(1 — Z 5wl
- lb/téf%u+ ( ?)/ gt
0 0

Omzsm dmzsm 1+t

1
2(1 — Z tam !
=2a—1+ ( ?)/ i dt,z € U.
dmzem Jo 141

The function ¢ is convex, it is the best dominant, ¢(U) is symmetric with respect to
the real axis, so we obtain

—a 1s-—1
R(LYsf(2)) = Rp(z) > Rg(1) =v(a) =2a -1+ 2(15m ) /O tl 7 %

Example 1. Form =1\ = %, 6= %, n=0anda= % we obtain that the inequality

§R<f’(z)+zf;(z)) >%,Z€U,

implies
Rf'(z) >2—2In2,z € U.
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Theorem 4. Let q be a convex function, q(0) = 1 and let h be a function such that
h(z) = q(2) + mézq'(z),m € N,§ > 0,z € U.

If f € Ay, verifies the following subordination

Ad

(B35 FE) + T3

oz (171 1(2)" + (I3 f(2)") < h(),2 €U, (15)

then
(L35 f(2)) < q(2),2 € U.

The result is sharp.
Proof. Using (12) and (14), the subordination (15) is equivalent to
p(z) +02p'(2) < h(z2) = q(2) + mézq'(2),2 € U.
Applying Lemma 2, we obtain
p(z) <q(2),z €U,

that is,
(L3sf(2)) < a(z),z €U,

and the result is sharp.
Remark 8. Taking m =1 and 6 = 1, we obtain Theorem 3 from [7].
Remark 9. Taking A =0, we obtain Theorem 2.2 from [2].

Theorem 5. Let q be a convex function, q(0) = 1 and let h be a function such that
h(z) = q(2) + mzqd'(z),m e N,z € U.

If f € Ay, verifies the following subordination

(L3:f(2)) < h(z),z €T, (16)
then
L5/ (2) <q(2),z € U.

The result is sharp.
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Proof. Let

p(e) = Hel) ey (17)

Differentiating (17), we get
(L35 f(2)) = p(2) + 2p/(2),2 € U.
The subordination (16) becomes
p(2) + 2p'(2) < h(z) = q(2) + mz2q'(z),2z € U.
Applying Lemma 2, we obtain
p(z) <q(2),z €T,

that is,
ﬁi\b‘f(z) <q(2),z €,
and the result is sharp.
Remark 10. Taking m =1 and 6 = 1, we obtain Theorem 1 from [7].
Remark 11. Taking A = 0, we obtain Theorem 2.3 from [2].

Theorem 6. Let g be a convex function, q(0) = 1 and let h be a function such that
h(z) = q(z) + mzq'(z),m e N,z € U.

If f € Ay, verifies the following subordination

/
2LV f(2)
—20———= 1 < h(2),z€U, 18
( B, ) <M "
then " )
L5 f(z
—r—=<q(2),2€U.
) <1
The result is sharp.
Proof. Let
L3 (2)
p(z) = ,z e U.
(2) ,C%f(z)
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We get

2L (2 /
p(2) + 20/ (2) = (2p(2)) = <2sz(2())> ,2€U.

The subordination (18) becomes
p(2) + 2p'(2) < h(2) = q(2) + mzq'(2),z € U.
Applying Lemma 2, we obtain
p(z) <alz),z €U,

that is,

7£§§1f(2) z),zelU
L0 70e) <4q(2),z €T,

and the result is sharp.

Remark 12. Taking m =1 and 6 = 1, we obtain Theorem 2 from [7].
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