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BLOW UP OF SOLUTIONS FOR A SYSTEM OF STRONGLY
DAMPED PETROVSKY EQUATIONS WITH VARIABLE
EXPONENTS
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ABSTRACT. In this work, we deal with the system of strongly damped Petrovsky
equations with variable exponents. Under suitable conditions on variable exponents,
we prove the blow up of solutions with negative initial energy.
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1. INTRODUCTION
1.1. Setting of the problem:

In this paper, we consider the following system of strongly damped Petrovsky equa-
tions with variable exponents

ug + A%u — Aug + |ut]m(x)71 u = f1 (u,v), in Q, t>0,
v + A% — Ay + |vt\r(x)71 vy = fa(u,v), m Q, t>0,
u(x,t) =v(x,t) = 0yu(x,t) =0y (x,t) =0, ondQ, t>0, (1)

u(z,0) =wug (x),v(z,0) = vy (x),

Ut (ZL‘,O) = u1 (IL‘),Ut ($,0) =1 (SL‘), in ,

where () be a bounded and regular domain of R, n > 1, with a smooth boundary
09, and v is the unit outer normal to 9. The source terms fi (u,v) and fa2 (u,v)
as follows

{ fi(u,0) = alu+ oPPO (4 0) + b fuff O u foPOF, 2)

fo(u,v) = alu+ U’2(p(-)+1) (u+v)+b ‘u|p(-)+2 Mp(.) v,
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with a, b positive constans; and m (-), r(-), p(-) are given continuous functions
on ) satisfying some conditions to be specified later and the log-Holder continuity
condition given for any function p (-) by

< ————— forall x,y € Q, with |x —y| <4, (3)
log [z —y
where 0 < § < 1 and A > 0. By the definition of f; (u,v) and f2 (u,v), one can
easily verify that
wfi (u,v) +vfa (u,v) = 2 (p () +2) F (u,v), ¥V (u,v) € R?, (4)

where ]
2(p(z) +2)

The exponents m (-),r (-) and p(-) are measurable functions on 2 satisfiying

F(u,v) = alu+ v[2(p(f"’)+2) +2b |uv‘p(af)+2 .

2<m; <m(z) <mp <m,
2<r; <r(x)<ry<r¥
2<p1<p(z)<p2<p

where
my = essinfyeqm (x), mo = esssup,ecqm (),
r1 = essinfycqr (x), 1o = esssup,eqr (),
p1 = essinfrcqp(x), p2 = esssup,cqp (),
and

2
n—

{ 2<mirapf <oo if n <4,
2<mtrtpt <2y dif n> 4

1.2. Literature overview:

Antontsev et al. [4] considered the single strongly damped Petrovsky equation with
variable exponents

g + A2 — Auy + |ug) ™y = JuP@

They proved the local existence and blow up of solutions.
In [13], Messaoudi and Talahmeh studied the following system of nonlinear wave
equations with variable exponents

Utt + Au + ‘ut|m(x)71 Uy = fl (U, U) )
vy + Av + \vt|r(x)_1 v = fo (u,v).
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They obtained the blow up of solutions with negative initial energy. Also, Messaoudi
et al. [14] proved the existence and stability of solutions the same system.

Recently, problems with variable exponents have been handled carefully in sev-
eral papers, some results relating the local existence, global existence, blow up and
stability have been found ([1, 3, 5, 7, 10, 12, 15, 16, 17, 18, 19, 21, 23, 24, 25]). The
problems with variable exponents arise in many branches of sciences such as image
processing, electrorheological fluids and nonlinear elasticity theory [8, 9, 22].

In this paper, we prove the blow up of the solutions (1). To the best of our
knowledge, there is no result the blow up of the fourth order system with variable
exponents. The rest of our work is organized as follows: In section 2, we give some
lemmas, definition and theorem. In section 3, we state and prove our main result.

2. PRELIMINARIES

In this part, we state some results about the variable exponents Lebesgue space and
Sobolev space LP(®) () and W™P@) (Q), (see [2, 6, 20]).
Let g : © — [1,00] be a measurable function, where € is a domain of R". We
define the variable exponent Lebesgue space by
L@ (Q) = {u:Q — R; u measurable in Q : g4y (Mu) < o0, for some A >0},

where

oy (0) = | sl @) da

ap(@)
is a modular. Equipped with the following Luxembourg-type norm

p(z)
Hu\|p('):inf{)\>0:/ u (@) dxgl},
Q

A
LP0) (Q) is a Banach space.
We also define the variable-exponent Sobolev space W™4() (Q) as

w0 Q) = fu e 190(Q): Due L99(Q), [a] <m}.

Lemma 1. (Poincaré Inequality) Let Q2 be a bounded domain of R"™ and q (-) satisfies
(3), and 1 < q1 < q(z) < g2 < 00, where

q1 =essinf q(z), g2 = esssupq ().
z€QN z€Q

Then
lully) < CIVullyqy s for allue Wy (),

where the positive constant C' depending on qq,q2 and §2 only.
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Lemma 2. If1 < ¢ < q(x) < g2 < o0 holds, then
min {Jwll% ), w2 )} < o) (w) < max { %), Jwll®) },

for any w € LI0) (Q).
Lemma 3. [13]. There exist two constants co and c¢i such that

I
2(p(z) +2)

C1

2(p(x)+2) 2(p(z)+2) < <
[ PEE] < o) < g [0

Corollary 4. [13]. There exist two constants ¢y and c1 such that

wlo()+ o) < [ Pluojdr<elo(w+ o). 6
Definition 1. (Weak solution). A pair of functions (u,v) is said to be weak solution
of (1) on [0,T], T > 0, if
(u,v) € L= ((O, T) ,Hg (Q)) ,
w € L®((0,7),L% () n L™ (Q x (0,T)),
e I®((0,T), L2 (9) N IO (@ x (0,T)
with
u(-,0) =ug, v(-,0) =wvg, ut(-,0) =wu1, ve(-,0) =01

and (u,v) satisfies

/utgé—/u1¢+/t/AuA¢+/t/VutV¢+/t/\ut|m(')1utq§ = /Ot/ﬂf@,
/Ut¢ /Uﬂ/)-i-/ /AvAw—i—/ /Vvtvw+//]vt| = /Ot/gfgw,

for all p € HZ (Q)NL™OF(Q), ¢ € HZ ()N L"OFH(Q), and all t € [0,T].

We state the following theorem which can be obtained by exploiting the Faedo-
Galerkin method and using the similar arguments as in [4, 11, 14].

Theorem 5. (Local existence). Suppose that p(-), m(-), r(-) € C () ,satisfy (3)
and, for all x € €,
{p(az)z& if n <4, (6)
p(x) =3, if n =25,
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m(x) > 2, ifn <4, (7)
2<m ()<10, ifn =5
2 S ) < 10 ifn=>5,
and (ug, u1),(vo,v1) € HZ (Q) x (Q) Then (1) has a unique weak local solution

(u,v) € L™ ((0,T), Hj () ,
ug € L% ((0,T), L* (Q)) n L™OT (Q x (0,T)),
v € L ((0,7),L*(Q)) n L"OFH(Q x (0,7)),
for T > 0.

3. BLOW UP RESULT

In this part we state and prove our main blow-up result. For this purpose, we define
energy functional of (1) as

B ) =5 [l + o] + 5 18wl + 180 - [ Fuyas @)

Lemma 6. FE (t) energy functional is nonincreasing function.

Proof. Multiplying the first equation of (1) by u; and the second equation by vy,
integrating over €2, using integration by parts and summing up the product results,
we get

E'(t) = — |Vu|? = |Vue|? = / || O g — / v @+ dz < 0. (10)
Q Q

Lemma 7. [13]. Assume that (6) holds. Then, we have the following inequalities:

lo(u) + 0 ()77 < C [|au]® + | Av] + o (w) + 0 (v)] (1)
lullypn sy < C [I1AI? + AV + usl3E2 35 + feelloe )| (12)
loll3pr2 < C (1Al + 1 A0]2 + Juel 522 + ol 33)| (13)
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[ retar<e, [@ (u) + 0 (0)) T 1 (o (u) + o <v>>m] Lo

/Q @ g < e [(9(“)4‘@(”))2&’1#2)+(Q(U)+Q(U))2<Tp2#2>]> (15)

for any u,v € H3(Q) and 2 < s < 2(p1 +2). Where C > 1, ¢; > 0,co > 0 are
constants and

H(t)=—-E(t).
Theorem 8. Assume that (3),(6), (7) and (8) hold. Assume further that
2(p1+1) > max{ma + 1,7 + 1} (16)

and

E(0) < 0.
Then the solution of problem (1) blows up in finite time.

Proof. Then E (0) < 0 and (10) gives H (t) > H (0) > 0. By the definition H ()
and (5), we get

1 1
H(t) = =5 [luel®+ loel| = 5 [18ul® + [ av]?] + /Q F (u,v) da

< /QF(u,v) dx
< alo(u)+eo(v)]. (17)
We define

U (t)=H'" (1) +5/

(we + voe) da + = [[Vull” + | Vol (18)
Q

for € small to be chosen later and

— 1 — 1
0<a<min{ p1+2 ’2(171—1—2) (ma2 + )’2(p1+2) (rg + )} (19)
2(p1+2) 2ma (1 +2) 2ra (p1+2)
Differentiating W (¢) with respect to t, and using (1) and (4), we have
W) = (1—a)H @) B (1) + = (lluel3+ o))
—e (llau) + | aol?)
—6/ wug| ™y da — 6/ v o " ® 7 pde
Q Q
+2€/ (p(x)+2)F (u,v)dz. (20)
Q

92



Erhan Pigkin, Nebi Yilmaz — Blow up of solutions ...

By using the definition of the H (), it follows that
e e
enH (1) = = [lluel® + loell*] = 5 180l + 1 80]] +en /Q F (u,v) da,

where 2 <7 < 2(p1 + 2). Adding and subtracting enH (t) from the right-hand side
of (20), we obtain

V) = () H O H (1) +e (5 +1) (3 + lorl3)
+e (g - 1) (||AuH2 + HAUH“‘) +enH (t)

+2(p1 +2) /

/ [ e gy v oy |T) vt} dx. (21)
By using (5), we have
V() > (L o) H (VB (0)+ 28 [ (0 + Junl+ ol
+lAu]? + [ Av]? + o (w) + 0 (v) |
—z—:/Q [u g™y v o [T Ut:| dx (22)

where

Bzmin{n,(%—l),(%—l—l), 200(p1+2)+g}>0.

To estimate the last term in (22), we use the Young inequality, we have

—+1
/|ut| m@) |y da < +1/5 @+, >+1dx+m +1/5 e g 4,
1

(23)
Similarly, we have
r(@) 1 r@)+1 | () ) 2)+1
; [ve| ™ o] d < —— 952 |v] !U " de,
(24)

where 61,92 > 0 are constants depending on the time ¢ and specified later. Let us
choose 41 and d9 so that

_m(z)+1 _r(z)+1

51 () _ le—a (t) and 52 r(z) kQH_O‘ (t)a

93



Erhan Pigkin, Nebi Yilmaz — Blow up of solutions ...

for a large constant k; and ks to be specified later, and substituting in (23) and
(24), respectively, we get

_ml m(x amx m k —Q
/rut| ulda <t [ ) 0) da TR ) 1) (25

T1
@) ol do < T2 / r@+ o) (5 gr + 2R gee (o B (). (26
/letl Ivlac_er]L Q\vl ()w+ﬁ+1 (t)H'(t). (26)

Combining (22), (25) and (26) gives

maky roky —a y
i+l r +1} B H (1)
e [H(0)+ Juul + 3 + 1 8ul® + [ A0 + 0 (0) + 2 (0) |
m(z)+1 Ham(a: r (x)+1 Har x) 1) d2
[l o= 22 [ (1) d21)

From (14), (15) and (17), we have

v (t) > [(1 —a)—

mo—+1
™ (@) < € (o) + 0 () TRT T (g ) + 0 (o) FE
Q

(28)
We then use Lemma 7, for
s=(m2+1)+2amz(p1 +2) <2(p1 +2),
and
s=(m1+1)+2ama(p1 +2) <2(p1 +2),
to do deduce, from (28), that
/ [u " HOE) (1) de < C [ Aul? + [ Av]? + o () + o ()] (29)
Q
Similarly
/Q o @ H O () do < C [|Au] + A0 + o () + o ()] . (30)

Combining (29), (30) and (27), give

V() > [(1—a>—5£2f_11— r:ZfQJHQ(t)H'(t)

™ iy "
— c-—2_C
(6 my+ 1 ro+ 1 >

X [H(t)JrHUtHﬁHth%JrHAU\\2+\\Av!!2+Q(U)+Q(v) - (3D
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Let us choose k1, ko large enough so that

=p- LI C - Ry C>0
7= my+ 1 ro +1 ’

and picking € small eoungh such that

maky  Toky >0,
my + 1 r+1"

(1—a)—c¢
and

W (0) = H(0) +e/

(wous + vovr) dz + = [ Vo> + Vo] > 0
Q

Hence (31) takes the form

v (1)

Y

ve [H (1) + luel3 + leel3 + 1Al + A0l + 0 (u) + 0 (v)]

\Y

2 2 2
72 [H () + uell3 + loell3 + 18wl + A0l + [l 32283 + ol T3)

Consequently, we get
U (t) > W (0) >0, for all t > 0.

On the other hand, thanks to the Holder inequality and the embedding L2P1+2) (Q) <

L?(Q), we obtain
/ uurdz
Q

IN

[l [l

N

= C||“H2(p1+2) l[uelly

which implies
1

1o _1
/Quutd:c <C Hu”Q(p1+2 [luello ™

Similarly

1
— 1
/Q voda| < C I Il

Young’s inequality gives

/uutdzn—i—/vvtdfn
Q Q

_6 9

< C[IIUH o2y el +Hv||2 2y loella ™ | (33)

11—«
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for L+ % =1. We take 6 = 2 (1 — a) ,to get &= = 5= < 2(p1 +2), by (28).

o
Therefore (33), becomes

/ uurdr + / vupdx
Q Q

S 2 2
< O Il o) + 1005+ o + Dol

where

N <2(p1+2)
Pt =TT
By using (12) and (13), we have
T—a
/ uurdx + / vvgdx
Q Q
< C [H (8) + luelly + lloells + | Aull* + | Av]* + o (u) + o (v) |, (34)

for all ¢ > 0. Thus,

1
11—«

Uita (f) = [Hl—o‘ (t)—i—e/uut—l—vvtdfc}

Q

1
ia
/uutdx—i-/vvtdx
Q Q

< C[H(t)+IIUtII3+IlvtII§+IIAUH2+HAUII2+Q(U)+Q(U) (35)

IA

91w [H (t) +

where (a + b)? < 2P~ (aP + bP) is used. By combining of (32) and (35), we arrive
(1) 2 €T (1), (36)

where ¢ is a positive constant. A simple integration of (36) over (0,t) yields

- 1
Vi-s (t) > 5 )
*) \Pfﬁ(o)—fﬂ

—0

which implies that the solution blows up in a finite time 7, with

T < 1_70-.
= i (0)

This completes the proof of the theorem.

96



Erhan Pigkin, Nebi Yilmaz — Blow up of solutions ...

REFERENCES

[1] R. Abita, Existence and Asymptotic Behavior of Solutions for Degenerate Non-
linear Kirchhoff Strings with Variable-Exponent Nonlinearities, Acta Mathematica
Vietnamica, 46 (2021), 613-643.

[2] R.A. Adams, J.J.F. Fournier, Sobolev Spaces, Academic Press, New York, 2003.

[3] L. Alkhalifa, H. Dridi, K. Zennir, Blow-up of Certain Solutions to Nonlinear
Wave Equations in the Kirchhoff-Type Equation with Variable Exponents and Positive
Initial Energy, Journal of Function Spaces, (2021), 1-9.

[4] S. Antontsev, J. Ferreira, E. Pigkin, Ezistence and Blow up of Petrovsky Equa-
tion Solutions with Strong Damping and Variable FExponents, Electronic Journal of
Differential Equations, 2021 (2021), 1-18.

[5] S. Antontsev, J. Ferreira, E. Pigkin, S. M. S. Cordeiro, Ezistence and non-
existence of solutions for Timoshenko-type equations with variable exponents, Non-
linear Analysis: Real World Applications, 61 (2021), 103341: 1-13.

[6] S. Antontsev, S. Shmarev, Evolution PDFEs with nonstandard growth condi-
tions: Existence, uniqueness, localization, blow-up, Atlantis Studies in Differential
Equations, 2015.

[7] O. Bouhoufani, I. Hamchi, Coupled System of Nonlinear Hyperbolic Equa-
tions with Variable-FExponents: Global Existence and Stability, Mediterr. J. Math.
17 (2020), 1-15.

[8] Y. Chen, S. Levine, M. Rao, Variable Exponent, Linear Growth Functionals in
Image Restoration, STAM journal on Applied Mathematics, 66 (4) (2006), 1383-1406.

[9] L. Diening, P. Harjulehto, P. Hasto, M. Ruzicka, Lebesque and Sobolev spaces
with variable exponents, Berlin: Springer, 2011.

[10] J. Ferreira, W. S. Panni, S. A. Messaoudi, E. Pigkin, M. Shahrouzi, Fzistence
and Asymptotic Behavior of Beam-Equation Solutions with Strong Damping and
p(z)-Biharmonic Operator, Journal of Mathematical Physics, Analysis, Geometry,
(accepted).

[11] S.A. Messaoudi, O. Bouhoufani, I. Hamchi, M. Alahyone, Ezistence and blow
up in a system of wave equations with nonstandard nonlinearities, Electronic Journal
of Differential Equations, 2021 (2021), 1-33.

[12] S. A. Messaoudi, M. M. Al-Gharabli, A. M. Al-Mahdi, On the decay of solutions
of a viscoelastic wave equation with variable sources, Math Meth Appl Sci., 45 (2022),
8389-8411.

[13] S.A. Messaoudi, A.A. Talahmeh, Blow up of negative initial-energy solutions of

a system of nonlinear wave equations with variable-exponent nonlinearities, Discrete
and Continuous Dynamical Systems Series S, 15(5) (2022), 1233-1245.

97



Erhan Pigkin, Nebi Yilmaz — Blow up of solutions ...

[14] S.A. Messaoudi, A.A. Talahmeh, M.M. Al-Gharabli, M.Alahyone, On the exis-
tence and stability of a nonlinear wave system with variable exponents, Asymptotic
Analysis 128 (2) (2022), 211-238.

[15] S.A. Messaoudi, A.A. Talahmeh, J.H. Al-Shail, Nonlinear damped wave equa-
tion: Existence and blow-up, Comput. Math. Appl. 74 (12) (2017), 3024-3041.

[16] S.H. Park, J.R. Kang, Blow-up of solutions for a viscoelastic wave equation with
variable exponents, Math. Methods Appl. Sci. 42 (6) (2019), 2083-2097.

[17] E. Pigkin, Finite time blow up of solutions of the Kirchhoff-type equation with
variable exponents, International Journal of Nonlinear Analysis and Applications,
11(1) (2020), 37-45.

[18] E. Piskin, Finite time blow up of solutions for a strongly damped nonlin-
ear Klein-Gordon equation with variable exponents, Honam Mathematical J., 40(4)
(2018), 771-783.

[19] E. Pigkin, Blow up Solutions for a Class of Nonlinear Higher-Order Wave Equa-
tion with Variable Exponents, Sigma Journal of Engineering and Natural Sciences,
10 (2), 2019, 149-156.

[20] E. Pigkin, B. Okutmustur, An Introduction to Sobolev Spaces, Bentham Science,
2021.

[21] E. Pigkin, H. Yiiksekkaya, Nonezistence of Global Solutions of a Delayed Wave
Equation with Variable-Ezponents, Miskolc Mathematical Notes, Vol. 22 (2) (2021),
841-859.

[22] M. Ruzicka, FElectrorheological Fluids: Modeling and Mathematical Theory,
Springer Science & Business Media, 2000.

[23] M. Shahrouzi, On behaviour of solutions for a nonlinear viscoelastic equation
with variable-exponent nonlinearities, Comput. Math. Appl. 75 (11) (2018), 3946-
3956.

[24] M. Shahrouzi, J. Ferreira, E. Pigkin, Stability result for a variable-exponent
viscoelastic double-Kirchhoff type inverse source problem with nonlocal degenerate
damping term, Ricerche di Matematica, (in press).

[25] M. Shahrouzi, Ezponential Growth of Solutions For A Variable-Exponent

Fourth-Order Viscoelastic Equation with Nonlinear Boundary Feedback, Ser. Math.
Inform., 37 (2022), 507-520.

Erhan Pigkin

Department of Mathematics,
University of Dicle,
Diyarbakir, Turkey

98



Erhan Pigkin, Nebi Yilmaz — Blow up of solutions ...

email: episkin@dicle.edu.tr

Nebi Yilmaz

Department of Mathematics,
University of Dicle,

Diyarbakir, Turkey

email: nebiyilmaz1981Qgmail.com

99



	Introduction 
	Setting of the problem:
	Literature overview:

	Preliminaries
	Blow up result

