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CAPUTO-HADAMARD FRACTIONAL PANTOGRAPH-TYPE

DIFFERENTIAL EQUATIONS
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Abstract. In this article, we discuss the existence, uniqueness and Ulam-type
stability of solutions for Caputo-Hadamard fractional pantograph-type differential
equations. The existence and uniqueness of solutions is establish by using Banach’s
fixed point theorem, while the existence of solutions is obtained from Krasnoselskii’s
fixed point theorem. We also present and study different types of Ulam stability.
Finally, we give an illustrative example.
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1. Introduction

Pantograph equations arise in many applications such as number theory, electrody-
namics, astrophysics, nonlinear dynamical systems, probability theory on algebraic
structures, quantum mechanics. Many scholars have carried out important stud-
ies on the theory of pantograph equations, for more details see [3, 12, 13, 14, 21].
Recently, fractional pantograph-type differential equations involving different frac-
tional derivatives have been studied by different mathematicians, reader can refer
to, [1, 5, 9, 17, 24, 25] and the references therein. On the other hand, existence and
uniqueness of solutions to boundary value problems for pantograph fractional dif-
ferential equations has attracted the attention of many researchers, see for example,
[1, 2, 4, 6, 7]. Recently, Ulam stability for differential equations and fractional-type
differential equations have been attracted by several authors [8, 10, 11, 16, 20, 22].
Moreover, Ulam stability of pantograph differential equations with fractional deriva-
tive has been studied by many scholars, see [9, 10, 13, 23, 24, 25] and the reference
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therein. In this work, we discuss the existence, uniqueness and Ulam-type stabil-
ity of solutions for following neutral Caputo-Hadamard fractional pantograph-type
differential equations:

C
HD

α
[
C
HD

βx (t)− λg (t, x (µt))
]

= f (t, x (t) , x (ηt)) ,

x (1) = θ, x (T ) = ϑ, θ, ϑ ∈ R,

1 ≤ t ≤ T, λ > 0, 0 < µ, η < 1, 0 < α, β ≤ 1,

(1)

where C
HD

α and C
HD

β are the Caputo-Hadamard type fractional derivatives, g :
J × R→ R, f : J × R× R→ R are given continuous functions.

The rest of this work is organized as follows. In Section 2, we recall some
definitions and lemma which are used throughout the paper. In Section 3, we discuss
the existence and uniqueness of solutions for fractional boundary value problem
(1). In section 4, we define and study the different types of Ulam stability for the
fractional problem (1). In the last section, we give an illustrative example.

2. Preliminaries

In this section, we give notations, definitions and preliminary facts that will be used
in the remainder of this work.

Definition 1. [18] The Hadamard fractional integral of order ρ for a continuous
function h : [a,+∞)→ R is defined as

HI
ρh (t) = 1

Γ(ρ)

∫ t

a

(
log

t

s

)ρ−1 h (s)

s
ds, ρ > 0, (2)

where log (.) = loge (.), provided that the integral exist.

Definition 2. [15] For at least n−times differentiable function h : [a,∞) → R the
Caputo-Hadamard fractional derivative of order ρ is defined as

C
HD

ρh(t) = 1
Γ(n−ρ)

∫ t

a

(
log

t

s

)n−ρ−1

δn
h(s)

s
ds, (3)

where n − 1 < ρ < n, n = [ρ] + 1, δ = t ddt , [ρ] denotes the integer part of ρ and
log (.) = loge (.).
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Lemma 1. [15] Let x ∈ Cnδ ([a, b] ,R) . Then

HI
ρ
(
C
HD

ρx
)

(t) = x(t)−
n−1∑
i=0

ci(log t)i, ci ∈ R, (4)

where Cnδ ([a, b] ,R) =
{
h : [a, b]→ R : δn−1h ∈ C ([a, b] ,R)

}
.

We prove the following auxiliary lemma.

Lemma 2. For a given h (t) ∈ C (J,R) , the solution of the fractional differential
equation

C
HD

α
[
C
HD

βx (t)− λg (t, x (µt))
]

= h (t) , t ∈ J, λ > 0, 0 < α, β ≤ 1, (5)

subject to the condition
x (1) = θ, x (T ) = ϑ. (6)

is given by

x (t) =
1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

h (s)
ds

s
(7)

+
λ

Γ (β)

∫ t

1

(
log

t

s

)β−1

g (s, x (µs))
ds

s
+Hx (t) ,

where

Hx (t) = θ +
(log t)β

(log T )β

[
1

Γ (α+ β)

∫ T

1

(
log

T

s

)α+β−1

h (s)
ds

s

+
λ

Γ (β)

∫ T

1

(
log

T

s

)β−1

g (s, x (µs))
ds

s
+ θ − ϑ

]
. (8)

Proof. Using Lemma 2, we obtain

x (t) =
1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

h (s)
ds

s
(9)

+
λ

Γ (β)

∫ t

1

(
log

t

s

)β−1

g (s, x (µs))
ds

s
+

c0

Γ (β + 1)
(log t)β + c1.

where c0, c1 ∈ R.
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From (6), we get c1 = θ and

c0 =
Γ (β + 1)

(log T )β

[
ϑ− 1

Γ (α+ β)

∫ T

1

(
log

T

s

)α+β−1

h (s)
ds

s

− λ

Γ (β)

∫ T

1

(
log

T

s

)β−1

g (s, x (µs))
ds

s
− θ

]
.

Substituting the value of c0 and c1 in (9) yields the solution (7).This completes the
proof.

3. Existence and uniqueness results

We denote by X = C (J,R) the Banach space of all continuous functions from J to
R endowed with the norm defined by ‖x‖ = sup {|x (t)| : t ∈ J}.

In view of Lemma 2, we define an operator O : X → X as

Ox (t) =
1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

f (s, x (s) , x (ηs))
ds

s

+
λ

Γ (β)

∫ t

1

(
log

t

s

)β−1

g (s, x (µs))
ds

s
+Hx (t) . (10)

The first result is concerned with the existence and uniqueness of solutions for the
fractional problem (1) and is based on Banach’s fixed point theorem.

Theorem 3. Let f : J × R × R → R and g : J × R → R be continuous. Assume
that:

(H1) : There exists a constant ω > 0 such that

|f (t, u1, u2)− f (t, v1, v2)| ≤ ω (|u1 − v1|+ |u2 − v2|) , t ∈ J, ui, vi ∈ R, i = 1, 2.

(H2) : There exists a constant $ > 0 such that

|g (t, u)− g (t, v)| ≤ $ |u− v| , u, v ∈ C (J,R) .

If the inequality

2
(log T )α+β

Γ (α+ β + 1)
ω +
|λ| (log T )β

Γ (β + 1)
$ <

1

2
, (11)

is valid, then problem (1) has a unique solution on J .
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Proof. Let us fix L = supt∈[t,T ] |f (t, 0, 0)| <∞ and M = supt∈[t,T ] |g (t, 0)| <∞ and
define

r ≥
2
(

(log T )α+β

Γ(α+β+1)L+ |λ|(log T )β

Γ(β+1) M + |θ|
)

+ |ϑ|

1− 2
(

2(log T )α+βω
Γ(α+β+1) + |λ|(log T )β$

Γ(β+1)

) ,

we show that OBr ⊂ Br, where Br = {x ∈ X : ‖x‖ ≤ r}.
For x ∈ Br, we find the following estimates based on the hypothesis (H1) and

(H2) :

|f (t, x (t) , x (ηt))| ≤ |f (t, x (t) , x (ηt))− f (t, 0, 0)|+ |f (t, 0, 0)|
≤ 2ω ‖x‖+ L ≤ 2ωr + L, (12)

and

|g (t, x (µt))| ≤ ||g (t, x (µt))| − g (t, 0)|+ |g (t, 0)| ≤ $ ‖x‖+M ≤ $r +M. (13)

Thanks to(12) and (13), we obtain

|Ox (t)| ≤ 1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

|f (s, x (s) , x (ηs))| ds
s

+
|λ|

Γ (β)

∫ t

1

(
log

t

s

)β−1

|g (s, x (µs))| ds
s

+ |Hx (t)| (14)

≤ (log T )α+β

Γ (α+ β + 1)
(2ωr + L) +

(log T )β

Γ (β + 1)
($r +M) + |Hx (t)| ,

where Hx (t) is given by (8).
Then

|Hx (t)| ≤ |θ|+ (log t)β

(log T )β

[
1

Γ (α+ β)

∫ T

1

(
log

T

s

)α+β−1

|f (s, x (s) , x (ηs))| ds
s

+
|λ|

Γ (β)

∫ T

1

(
log

T

s

)β−1

|g (s, x (µs))| ds
s

+ |θ|+ |ϑ|

]
(15)

≤ (log T )α+β

Γ (α+ β + 1)
(2ωr + L) +

|λ| (log T )β

Γ (β + 1)
($r +M) + 2 |θ|+ |ϑ| .

Now, by (14) and (15), we can write

|Ox (t)| ≤

(
4 (log T )α+β ω

Γ (α+ β + 1)
+

2 (log T )β $

Γ (β + 1)

)
r
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+
2 (log T )α+β

Γ (α+ β + 1)
L+

2 |λ| (log T )β

Γ (β + 1)
M + 2 |θ|+ |ϑ| ≤ r

which implies that OBr ⊂ Br. Now, for x, y ∈ Br and for any t ∈ J, we get

|Ox (t)−Oy (t)| (16)

≤ 1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

|f (s, x (s) , x (ηs))− f (s, y (s) , y (ηs))| ds
s

|λ|
Γ (β)

∫ t

1

(
log

t

s

)β−1

|g (s, x (µs))− g (s, y (µs))| ds
s

≤

(
2 (log T )α+β

Γ (α+ β + 1)
ω +
|λ| (log T )β

Γ (β+)
$

)
‖x− y‖ ,

and

|Hx (t)−Hy (t)| (17)

≤ (log t)β

(log T )β

[
1

Γ (α+ β)

∫ T

1

(
log

T

s

)α+β−1

|f (s, x (s) , x (ηs))

−f (s, y (s) , y (ηs))| ds
s

+
|λ|

Γ (β)

∫ T

1

(
log

T

s

)β−1

|g (s, x (µs))− g (s, y (µs))| ds
s

]

≤

(
2 (log T )α+β

Γ (α+ β + 1)
ω +
|λ| (log T )β

Γ (β + 1)
$

)
‖x− y‖ .

From the above inequalities, we get

‖Ox−Oy‖ ≤

(
2 (log T )α+β

Γ (α+ β + 1)
ω +
|λ| (log T )β

Γ (β + 1)
$

)
‖x− y‖+ ‖Hx −Hy‖

≤

(
4 (log T )α+β

Γ (α+ β + 1)
ω +

2 |λ| (log T )β

Γ (β + 1)
$

)
‖x− y‖ .

which shows that O is a contraction in view of the assumptions 2 (log T )α+β

Γ(α+β+1)ω +

|λ|(log T )β

Γ(β+1) $ < 1
2 . Hence, by Banach’s fixed point theorem, the operator O has

aunique fixed point which corresponds to the unique solution of problem (1).This
completes the proof.

88



M. Houas – Solvability and stability of neutral . . .

In the next result, we show the existence of solutions for the problem (1) by
means of Krasnoselskii’s fixed point theorem [19].

Theorem 4. Let f : J × R × R → R and g : J × R → R be continuous functions
satisfying the condition (H1) and (H2) . In addition, we assume that:

(H3) : For each t ∈ J, (x, y) ∈ R2 and kf , kg ∈ C ([0, T ] ,R+) , we have

|f (t, x, y)| ≤ kf (t) , |g (t, x)| ≤ kg (t) .

If

(log T )α+β

Γ (α+ β + 1)
ω <

1

2
− |λ| (log T )β

2Γ (β + 1)
$. (18)

Then the problem (1) has at least one solution on [1, T ] .

Proof. Let us fix

σ ≥ 2

(
(log T )α+β

Γ (α+ β + 1)
‖kf‖+

|λ| (log T )β

Γ (β + 1)
‖kg‖+ |θ|

)
+ |ϑ| ,

where ‖kf‖ = supt∈[0,T ] |kf (t)| and ‖kg‖ = supt∈[0,T ] |kg (t)| .
On Bσ = {x ∈ X : ‖x‖ ≤ σ} , we define the operators O1 and O2, as

O1x (t) =
1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

f (s, x (s) , x (ηs))
ds

s

+
λ

Γ (β)

∫ t

1

(
log

t

s

)β−1

g (s, x (µs))
ds

s
,

O2x (t) = Hx (t) . (19)

For x, y ∈ Bσ and t ∈ J, we have

|O1x (t) +O2y (t)| ≤ 1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

|f (s, x (s) , x (ηs))| ds
s

+
|λ|

Γ (β)

∫ t

1

(
log

t

s

)β−1

|g (s, x (µs))| ds
s

+ |Hy (t)| .

Using (H3), we obtain

‖O1 (x) +O2 (y)‖

≤ 2 (log T )α+β

Γ (α+ β + 1)
‖Nf‖+

2 |λ| (log T )β

Γ (β + 1)
‖Ng‖+ 2 |θ|+ |ϑ| ≤ σ.
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Thus ‖O1 (x) +O2 (y)‖ ∈ Bσ.
Next we prove that O2 is a contraction. Let x, y ∈ X. Then for each t ∈ J, we

have
‖O2 (x)−O2 (y)‖ ≤ ‖Hx −Hy‖ .

Thanks to (H1) and (H2), we get

‖O2 (x)−O2 (y)‖ ≤

(
2 (log T )α+β

Γ (α+ β + 1)
ω +
|λ| (log T )β

Γ (β + 1)
$

)
‖x− y‖ .

Hence O2 is a contraction. Continuities of f and g imply that the operator O1 is
continuous.

Also O1 is uniformly bounded on Bσ as

‖O1 (x)‖ ≤ (log T )α+β

Γ (α+ β + 1)
‖Nf‖+

|λ| (log T )β

Γ (β + 1)
‖Ng‖ <∞.

Now we prove the compactness of the operator O1.
We define sup(t,x,y)∈J×Bσ×Bσ

|f (t, x, y)| = N1 and sup(t,x)∈J×Bσ
|g (t, x)| = N2.

Let t1, t2 ∈ J such that t2 < t1, then, we have

|O1x (t1)−O1x (t2)|

≤ N1

Γ (α+ β + 1)

[
(log t1)α+β − (log t2)α+β

]
+

N2 |λ|
Γ (β + 1)

[
(log t1)β − (log t2)β

]
,

which is independent of x and tends to zero as t1 − t2 → 0. Thus O1 is relatively
compact on Bσ. Hence, by the Arzela-Ascoli theorem, O1 is compact on Bσ. Conse-
quently, by the Krasnoselskii’s fixed point theorem, O has a solution on [1, T ]. The
proof is completed.

4. Stability results

In this section, we will study different types of Ulam stability for the considered
fractional boundary value problem (1).

Definition 3. The fractional boundary value problem (1) is Ulam-Hyers stable if
there exists a real number cf,g > 0 such that for each ε > 0 and for each solution
y ∈ X of the inequality∣∣∣CHDα

[
C
HD

βy (t)− λg (t, y (µt))
]
− f (t, y (t) , y (ηt))

∣∣∣ ≤ ε, t ∈ J, (20)

there exists a solution x ∈ X of fractional boundary value problem (1) with

|y (t)− x (t)| ≤ cf,gε, t ∈ J.
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Definition 4. The fractional boundary value problem (1) is generalized Ulam-Hyers
stable if there exists ψf,g ∈ C(R+,R+), ψf,g (0) = 0, such that for each solution y ∈ X
of the inequality (20) there exists a solution x ∈ X of the fractional boundary value
problem (1) with

|y (t)− x (t)| ≤ ψf,g (ε) , t ∈ J.

Definition 5. The fractional boundary value problem (1) is Ulam-Hyers-Rassias
stable with respect to ϕ ∈ X if there exists a real number cf,g > 0 such that for each
ε > 0 and for each solution y ∈ X of the inequality∣∣∣CHDα

[
C
HD

βy (t)− λg (t, y (µt))
]
− f (t, y (t) , y (ηt))

∣∣∣ ≤ εϕ (t) , t ∈ J, (21)

there exists a solution x ∈ X of problem (1) with

|y (t)− x (t)| ≤ cf,gεϕ (t) , t ∈ J.

Definition 6. The fractional boundary value problem (1) is generalized Ulam-Hyers-
Rassias stable with respect to ϕ ∈ X if there exists a real number cf,g,ϕ > 0 such
that for each solution y ∈ X of the inequality∣∣∣CHDα

[
C
HD

βy (t)− λg (t, y (µt))
]
− f (t, y (t) , y (ηt))

∣∣∣ ≤ ϕ (t) , t ∈ J, (22)

there exists a solution x ∈ X of problem (1) with

|y (t)− x (t)| ≤ cf,g,ϕϕ (t) , t ∈ J.

Remark 1. A function y ∈ X is a solution of the inequality (20) if and only if there
exists a function ψ : J → R such that

(1) : |ψ (t)| ≤ ε, t ∈ J.

(2) :
∣∣C
HD

α
[
C
HD

βy (t)− λg (t, y (µt))
]

= f (t, y (t) , y (ηt))
∣∣ + ψ (t) , t ∈ J, λ < 0, 0 <

µ, η < 1.

Theorem 5. Let f : J ×R×R→ R and g : J ×R→ R be continuous, suppose that
(H1) and (H2) hold. Then if

2
(log T )α+β

Γ (α+ β + 1)
ω < 1− |λ| (log T )β

Γ (β + 1)
$, (23)

the fractional boundary value problem (1) is Ulam-Hyers stable and consequently,
generalized Ulam-Hyers stable.
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Proof. Let y ∈ X be a solution of the inequality (20), i.e.∣∣∣CHDα
[
C
HD

βy (t)− λg (t, y (µt))
]
− f (t, y (t) , y (ηt))

∣∣∣ ≤ ε, t ∈ J,
and let us denote by x ∈ X the unique solution of the problem

C
HD

α
[
C
HD

βx (t)− λg (t, x (µt))
]
− f (t, x (t) , x (ηt)) , t ∈ J,

x (1) = y (1) , x (T ) = y (T ) ,

where λ > 0, 0 < α, β ≤ 1 and 0 < µ, η < 1.
By Lemma 2, we can write

x (t) =
1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

f (s, x (s) , x (ηs))
ds

s

+
λ

Γ (β)

∫ t

1

(
log

t

s

)β−1

g (s, x (µs))
ds

s
+Hx (t) ,

by integration of the inequality (20), we obtain∣∣∣∣∣y (t)−Hy (t)− 1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

f (s, y (s) , y (ηs))
ds

s

− λ

Γ (β)

∫ t

1

(
log

t

s

)β−1

g (s, y (µs))
ds

s

∣∣∣∣∣
≤ ε

Γ (α+ β + 1)
(log t)α+β ≤ ε

Γ (α+ β + 1)
(log T )α+β ,

where

Hx (t) =
c0

Γ (β + 1)
(log t)β + c1 and Hy (t) =

c2

Γ (β + 1)
(log t)β + c3

On the other hand, if x (1) = y (1) and x (T ) = y (T ) then c0 = c2 and c1 = c3.
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We have, for each t ∈ [1, T ]

|y (t)− x (t)|

≤

∣∣∣∣∣y (t)−Hy (t)− 1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

f (s, y (s) , y (ηs))
ds

s

− λ

Γ (β)

∫ t

1

(
log

t

s

)β−1

g (s, y (µs))
ds

s

∣∣∣∣∣
+

1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

|f (s, y (s) , y (ηs))− f (s, x (s) , x (ηs))| ds
s

+
|λ|

Γ (β)

∫ t

1

(
log

t

s

)β−1

|g (s, y (µs))− g (s, x (µs))| ds
s

Thanks to (H1) and (H2), we obtain

|y (t)− x (t)| ≤ ε

Γ (α+ β + 1)
(log T )α+β

+

(
2 (log T )α+β ω

Γ (α+ β + 1)
+
|λ| (log T )β $

Γ (β + 1)

)
‖x− y‖ ,

which implies that

‖x− y‖ ≤ ε (log T )α+β

Γ (α+ β + 1)
[
1−

(
2(log T )α+βω

Γ(α+β+1) + |λ|(log T )β$
Γ(β+1)

)] .
Then, for each t ∈ [1, T ]

|x (t)− y (t)| ≤ (log T )α+β

Γ (α+ β + 1)
[
1−

(
2(log T )α+βω

Γ(α+β+1) + |λ|(log T )β$
Γ(β+1)

)]ε = cf,gε.

So, the fractional boundary value problem (1) is Ulam-Hyers stable. By putting
ϕ (ε) = γε, ϕ (0) = 0 yields that the fractional boundary value problem (1) general-
ized Ulam-Hyers stable.

Theorem 6. Let f : J ×R×R→ R, g : J ×R→ R be continuous and suppose that
(H1), (H2) and (23) hold. In addition, we assume that:

(H4) : There exists an function ϕ ∈ C(J,R+) and there exists ηϕ > 0 such that
for any t ∈ J

1

Γ(α+ β)

∫ t

1
(log

t

s
)α+β−1ϕ(s)

ds

s
≤ ηϕϕ(t). (24)
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Then the fractional boundary value problem (1) is Ulam-Hyers-Rassias stable.

Proof. Let y ∈ X be a solution of the inequality (21), i.e.∣∣∣CHDα
[
C
HD

βy (t)− λg (t, y (µt))
]
− f (t, y (t) , y (ηt))

∣∣∣ ≤ εϕ (t) , t ∈ J,

and let us denote by x ∈ X the unique solution of the problem
C
HD

α
[
C
HD

βx (t)− λg (t, x (µt))
]
− f (t, x (t) , x (ηt)) , t ∈ J,

x (1) = y (1) , x (T ) = y (T ) ,

where λ > 0, 0 < α, β ≤ 1 and 0 < µ, η < 1.
Thanks to Lemma 2, we have

x (t) =
1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

f (s, x (s) , x (ηs))
ds

s

+
λ

Γ (β)

∫ t

1

(
log

t

s

)β−1

g (s, x (µs))
ds

s
+Hx (t) .

Now, by integration of the inequality (21), we obtain∣∣∣∣∣y (t)−Hy (t)− 1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

f (s, y (s) , y (ηs))
ds

s

− λ

Γ (β)

∫ t

1

(
log

t

s

)β−1

g (s, y (µs))
ds

s

∣∣∣∣∣ (25)

≤ ε

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

ϕ (s)
ds

s
.
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Thanks to (H1) , (H2) and (H4) , we can write

|y (t)− x (t)|

≤

∣∣∣∣∣y (t)−Hy (t)− 1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

f (s, y (s) , y (ηs))
ds

s

− λ

Γ (β)

∫ t

1

(
log

t

s

)β−1

g (s, y (µs))
ds

s

∣∣∣∣∣
+

1

Γ (α+ β)

∫ t

1

(
log

t

s

)α+β−1

|f (s, y (s) , y (ηs))− f (s, x (s) , x (ηs))| ds
s

+
|λ|

Γ (β)

∫ t

1

(
log

t

s

)β−1

|g (s, y (µs))− g (s, x (µs))| ds
s

≤ εηϕϕ(t) +

(
2 (log T )α+β ω

Γ (α+ β + 1)
+
|λ| (log T )β $

Γ (β + 1)

)
‖x− y‖ ,

which implies that

‖y − x‖

[
1−

(
2 (log T )α+β ω

Γ (α+ β + 1)
+
|λ| (log T )β $

Γ (β + 1)

)]
≤ εηϕϕ(t).

Then, for each t ∈ [1, T ]

|x (t)− y (t)| ≤ ελϕ[
1−

(
2(log T )α+βω

Γ(α+β+1) + |λ|(log T )β$
Γ(β+1)

)]ϕ(t) = εcf,g,ϕϕ(t).

Hence, the fractional boundary value problem (1) is Ulam-Hyers-Rassias stable.

5. Example

Consider the neutral fractional pantograph equation with Caputo-Hadamard type
fractional derivatives

C
HD

1
2

[
C
HD

2
3x (t)− 1

23

(
3
16 sin (t)x

(
t
3

)
+ 2

3

)]
= 1√

16+t2
cos (t)x (t) + 1

4x
(
t
2

)
+ 3

5 , t ∈ [1, e] ,

x (1) =
√

3, x (e) = 5
7 ,

(26)
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For this example, we have α = 1
2 , β = 2

3 , λ = 1
23 , µ = 1

3 , η = 1
2 , T = e, g (t, x) =

3
16 sin (t)x+ 2

3 and f (t, x, y) = 1√
16+t2

cos (t)x+ 1
4y + 3

5 .

For each (x1, y1) , (x2, y2) ∈ R2 and t ∈ [1, e], we have

|f(t, x1, y1)− f(t, x2, y2)| ≤ 1

4
(|x1 − x2|+ |y1 − y2|) .

Hence the condition (H1) holds with ω = 1
4 . Also, for any x1, y1 ∈ R, we have

|g(x1)− g(y1)| ≤ 3

16
|x1 − y1| .

So, (H2) is satisfied with $ = 3
16 .

It follows that

2
(log T )α+β

Γ (α+ β + 1)
ω +
|λ| (log T )β

Γ (β + 1)
$ ' 0.256 13 <

1

2
,

By Theorem 3, we conclude that the problem (26) has a unique solution on [1, e].
Furthermore, we have

2
(log T )α+β

Γ (α+ β + 1)
' 0.461 96 < 1− |λ| (log T )β

Γ (β + 1)
$ ' 0.990 97,

and from Theorem 5, the fractional problem (26) is Ulam-Hyers stable.
Let ϕ (t) = t2. Then

1

Γ(α+ β)

∫ t

1
(log

t

s
)α+β−1ϕ(s)

ds

s
≤ 3

Γ
(

25
6

) t2 = ηϕϕ (t) .

Thus, the hypothesis (H4) of Theorem 6 is satisfied with ϕ (t) = t2 and ηϕ = 3
Γ( 25

6 )
.

Therefore, by Theorem 6 the problem (26) is Ulam-Hyers-Rassias stable.
—————————————————————–
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