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Abstract. In this research work, we study a new subclass of Bazilevic functions
via Caratheodory maps with normalization by other than unity defined by new
operator denoted by Bn

σ,γ(λ). We obtain some basic properties of the new class,
namely inclusion, closure under certain integral transformation, Coefficient bounds,
bound on the Fekete Szego functional.
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1. Introduction

Let Pλ is the class of all functions of the form

h(z) = 1 + i
µ

η
+ p1z + p2z

2 + p3z
3 + · · · . (1)

such that for z ∈ U , a complex number λ = η+ iµ with µ ≥ 0 and η > 0, then h(z)
is said to belong to Pλ if and only if h(0) = λ

η = 1 + iµη and Reh(z) > 0.
The class of functions of the form (1) is Caratheodory-type with normalization
1 + iµη as against normalization p(0) = 1 for Caratheodory maps and the function

L0(z) = 1+z
1−z + iµ

η plays a central role in the class Pλ especially with respect to
extremal problems.
In [2], the Basilevic map given as follows

f(z) =

[
α

1 + β2

∫ z

0
[p(t)− iβ]t

−(1+ iαβ

1+β2
)
g(t)

( α
1+β2

)
]
. (2)

where p ∈ P and g(z) = z + b2z
2 + · · · is starlike with the parameters α > 0 and

β are real and all powers mean principal determinations only. The Basilevic map
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was redefined to suit the caratheodory type normalised by other than unity in the
following definition
Definition 1[2] Let λ = α/(1 + iβ), the function f(z) belong to the class B(λ, g)
if and only if

z(f(z)λ)

ηziug(z)η
∈ Pλ. (3)

By taking g(z) = z and using the salagean differential operator, we have the following
definition
Definition 2[4] The function f(z) belong to the class Bn(λ) if and only if

Dn(f(z)λ)

ηλn−1zλ
∈ Pλ. (4)

Using the salagean differential operator Dnf(z) and and inverse of integral op-

erator Lσ,γf(z) = (λ+γ)−σtγ−1

zγΓ−σ
∫ z

0 (log zt )
−σ−1f(t)λdt (see [12], [5]), on f(z)λ, we have

Dn(Lσ,γf(z)λ) = zλλn +
∞∑
k=2

(
λ+ γ + k − 1

λ+ γ

)σ
(λ+ k − 1)nAk(λ)zλ+k−1. (5)

where Ak for k = 2, 3, · · · depends on the coefficients ak of f(z) and the index λ.
We denote

Lσ,γ(Dnf(z)λ) = Dn(Lσ,γf(z)λ) = Lnσ,γf(z)λ. (6)

n ∈ N ∪ {0} , σ > 0, γ > −1.
Note that Ln1,0 = Dn+1f(z)λ, L0

1,0 = Df(z)λ = zf
′
(z)λ. If η = 1, µ = 0, then

L0
1,0 = zf

′
(z).

From the series expansions of the operator Lσ,γ on f(z)λ, we have the recursive
relation

z(Lσ,γf(z)λ)
′

= (λ+ γ)Lσ+1,γf(z)λ − (λ+ γ)Lσ,γf(z)λ. (7)

Applying Dn on (7), we have

Ln+1
σ,γ f(z)λ = (λ+ γ)Lnσ+1,γf(z)λ − (λ+ γ)Lnσ,γf(z)λ. (8)

Using the salagean anti-derivative define as In = I(In−1f(z)) =
∫ z

0

In−1f(t)

t
dt and

Jσ,γf(z) =
(λ+ γ)σtγ−1

zγΓσ

∫ z
0 (log

z

t
)σ−1f(t)dt. (see [12], [5]) on f(z)λ.

Therefore

In(Jσ,γf(z)λ) =
zλ

λn
+

∞∑
k=2

(
λ+ γ

λ+ γ + k − 1

)σ Ak(λ)

(λ+ k − 1)n
zλ+k−1. (9)
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We denote
In(Jσ,γf(z)λ) = Jσ,γ(Inf(z)λ) = Jnσ,γf(z)λ. (10)

It can be seen that

Lnσ,γ(Jnσ,γf(z)λ) = Jnσ,λ(Lnσ,γf(z)λ) = f(z)λ. (11)

Using the operator Lnσ,γ , we introduce a new class defined as.
Definition 3

An analytic function f ∈ A is said to belong to the class Bn
σ,γ(λ) if and only if

Lnσ,γf(z)λ

ηλn−1zλ
∈ Pλ. (12)

and the integral representation is as follows

f(z) =
{
ηλn−1[Jnσ,γz

λh(z)]
}1/λ

.

2. Preliminary Lemmas

Lemma 1. [4] Let u = u1 + u2i and v = v1 + v2i. Let a be a complex number with
Rea > 0 and ψ(u, v) a complex-valued function satisfying:
(a) ψ(u, v) is continuous in a domain of Ω of C2,
(b) (a, 0) ∈ Ω and Re(a; 0) > 0,
(c) Re(u2i, v1) ≤ 0 when (u2i, v1) and 2v1Rea ≤ −|a−iu|2. If h = a+c1z+c2z

2+· · ·
such that (h(z), zh

′
(z)) ∈ Ω and its real part is greater than zero, then Reh(z) > 0.

Lemma 2. [4] Let h ∈ Pλ. Then,

|pk| ≤ 2, k = 1, 2, 3 . . .

The result is sharp. Equality holds for the function h(z) = 1+z
1−z + iµ

η .

Lemma 3. [3] Let h ∈ Pλ. Then, we have the sharp inequalities∣∣∣∣p2 − σ
p2

1

2

∣∣∣∣ ≤ 2 max {1, |1− σ|} .

Lemma 4. [6] Let f ∈ A, for any complex number ζ.
(i) If for z ∈ E, Dn+1f(z)ζ/Dnf(z)ζ is independent of n, then

Dn+1f(z)ζ

Dnf(z)ζ
= ζ

Dn+1f(z)

Dnf(z)

(ii) The equality also holds if Dn+1f(z)/Dnf(z) is independent of n, z ∈ E.
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Lemma 5. [2] Let h ∈ Pλ

Re
zh
′
(z)

h(z)
≥ −2r

1− r2

3. Main Results

Theorem 6. Bn+1
σ,γ (λ) ⊂ Bn

σ,γ(λ)

Proof. Let
Lnσ,γf(z)λ

ηλn−1zλ
= h(z) (13)

Lnσ,γf(z)λ = ηλn−1(zλh(z)) (14)

(Lnσ,γf(z)λ)
′

= ηλn−1(zλh
′
(z) + λzλ−1h(z)) (15)

z(Lnσ,γf(z)λ)
′

= ηλnzλ

(
zh
′
(z)

λ
+ h(z)

)
(16)

which becomes

Ln+1
σ,γ f(z)λ = ηλnzλ

(
zh
′
(z)

λ
+ h(z)

)
(17)

so that if f ∈ Bn+1
σ,γ (λ) then

Re
Ln+1
σ,γ f(z)λ

ηλnzλ
= Re

(
zh
′
(z)

λ
+ h(z)

)
> 0 (18)

Now define ψ(u, v) = u +
v

λ
, Reλ > 0. Noting that a = 1 + i

µ

η
, then ψ satisfies all

the conditions of Lemma 1, it follows that

Re
Ln+1
σ,γ f(z)λ

ηλn−1zλ
= Reh(z) > 0 (19)

meaning that f ∈ Bn
σ,γ(λ)
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Theorem 7. Bn
σ,γ(λ) ⊂ Bn

σ+1,γ(λ)

Proof. Let
Lnσ+1,γf(z)

ηzλλn−1
= h(z) then

Lnσ+1,γf(z) = ηλn−1(zλh(z))

Ln+1
σ+1,γf(z)λ = ηλnzλ

(
zh
′
(z)

λ
+ h(z)

)
since Bn+1

σ,γ (λ) ⊂ Bn
σ,γ(λ) from theorem 1 then

Re
Ln+1
σ+1,γf(z)λ

ηλnzλ
= Re

(
zh
′
(z)

λ
+ h(z)

)
> 0

by lemma 1, it follows that

Re
Ln+1
σ+1,γf(z)λ

ηλn−1zλ
= Reh(z) > 0 (20)

meaning that f ∈ Bn
σ+1,γ(λ)

Theorem 8. Let f ∈ Bn
σ,γ(λ), then f is a α−n spiral univalent in the disk |z| < r0(η)

where given by

r0(η) =
1

η

(√
1 + η2 − 1

)
Proof. By definition, let

Lnσ,γf(z)λ

ηλn−1zλ
= h(z)

by some simple calculation, we have

Ln+1
σ,γ f(z)λ = ηλn−1zλ

(
zh
′
(z) + λh(z)

)
and

Ln+1
σ,γ f(z)λ

Lnσ,γf(z)λ
=
zh
′
(z)

h(z)
+ λ

Since L0,γf(z)λ = f(z)λ, we have

Dn+1f(z)ζ

Dnf(z)ζ
⇒

Ln+1
1,γ f(z)λ

Ln1,γf(z)λ
⇒

Ln+1
2,γ f(z)λ

Ln2,γf(z)λ
⇒ · · ·
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and so on for all σ ∈ N . By lemma 4, we have

ζ
Dn+1f(z)

Dnf(z)
⇒ λ

Ln+1
1,γ f(z)

Ln1,γf(z)
⇒ λ

Ln+1
2,γ f(z)

Ln2,γf(z)
⇒ · · ·

and so on for all σ ∈ N , therefore

λ
Ln+1
σ,γ f(z)

Lnσ,γf(z)
=
zh
′
(z)

h(z)
+ λ

Taking α = tan−1µ

η
and by Lemma 5, we have

Re eiα
Ln+1
σ,γ f(z)

Lnσ,γf(z)
>

η

|λ|
− 2r2

1− r2

η − ηr2 − 2r

(1− r2)|λ|
> 0

where |z| < r0(η)

Theorem 9. The class Bn
σ,γ(λ) is closed under the integral

F (z)λ =
λ+ c

zc

∫ z

0
tc−1f(t)λdt, λ = η + iµ (21)

Proof. From

F (z)λ =
λ+ c

zc

∫ z

0
tc−1f(t)λdt (22)

we have that

zcF (z)λ = (λ+ c)

∫ z

0
tc−1f(t)λdt (23)

by differentiation , we have

czc−1F (z)λ + zc(F (z)λ)
′

= (λ+ c)zc−1f(z)λ (24)

multiplying through z and by simple computation

z(F (z)λ)
′
+ c(F (z)λ = (λ+ c)f(z)λ (25)

so that
Ln+1
σ,γ F (z)λ

ηλn−1zλ
+ c

Lnσ,γF (z)λ

ηλn−1zλ
= (λ+ c)

Lnσ,γf(z)λ

ηλn−1zλ
(26)
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define h(z) ∈ Pλ by
Lnσ,γF (z)λ

ηλn−1zλ
= h(z) (27)

we have that
Ln+1
σ,γ F (z)λ

ηλn−1zλ
= λh(z) + zh

′
(z) (28)

so that
LσnF (z)λ

ηλn−1zλ
= h(z) +

zh
′
(z)

λ+ c
(29)

which implies that

Re(ψ(h(z), zh(z)) = Re

(
h(z) +

zh
′
(z)

λ+ c

)
(30)

by lemma 1, we have Reh(z) > 0 and the proof completes

Theorem 10. Let f ∈ Bn
σ,γ(λ), then

|a2| ≤
2η|λ|n−2

|λ+ 1|n

∣∣∣∣ λ+ γ

λ+ γ + 1

∣∣∣∣σ

|a3| ≤
2η|λ|n−2|λ+ γ|σ

|λ+ 2|n|λ+ γ + 2|σ
max {1, |M1|} (31)

where M1 =
(λ+ 1)2n(λ+ γ + 1)2σ + (1− λ)ηλn−2(λ+ γ)σ(λ+ 2)n(λ+ γ + 2)σ

(λ+ 1)2n(λ+ γ + 1)2σ
The

bounds are best possible. Equalities are obtained also by

f(z)λ =

{
ηλn−1

[
Jnσ,γz

λ

(
1 + z

1− z
+ i

u

η

)]} 1

λ

= z +
ηλn−2

(λ+ 1)n

(
λ+ γ

λ+ γ + 1

)σ
z2 +

η(λ)n−2(λ+ γ)σ

(λ+ 2)n(λ+ γ + 2)σ

{
(λ+ 1)2n(λ+ γ + 1)2σ + (1− λ)ηλn−2(λ+ γ)σ(λ+ 2)n(λ+ γ + 2)σ

(λ+ 1)2n(λ+ γ + 1)2σ

}
z3+

· · ·

Proof. Let f ∈ Bn
σ,λ(λ)), then there exists h ∈ Pλ such that

Lnσ,λf(z)λ

ηλn−1zλ
= h(z) = 1 +

iµ

η
+ c1z + c2z

2 + c3c
3 + · · · (32)
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Lnσ,γf(z)λ = λnzλ + ηλn−1c1z
λ+1 + ηλn−1c2z

λ+2 + ηλn−1c3z
λ+3 + ηλn−1c4z

λ+4 + · · ·

Using the anti-derivative of the operator Lnσ,γ denoted as Jnσ,γ , we have that

f(z)λ = zλ +
ηλn−1

(λ+ 1)n

(
λ+ γ

λ+ γ + 1

)σ
c1z

λ+1 + ηλn−1

(λ+2)n

(
λ+ γ

λ+ γ + 2

)σ
c2z

λ+2

+ ηλn−1

(λ+3)n

(
λ+ γ

λ+ γ + 3

)σ
c3z

λ+3 + ηλn−1

(λ+4)n

(
λ+ γ

λ+ γ + 4

)σ
c4z

λ+4 · · ·

Given that

f(z)λ = zλ + λa2z
λ+1 +

(
λa3 +

λ(λ− 1)

2
a22

)
zλ+2 +

(
λa4 + λ(λ− 1)a2a3 + λ(λ−1)(λ−2)

6 a32

)
zλ+3

+
(
λa5 + λ(λ− 1)a2a4 + λ(λ−1)

2 a23 + λ(λ−1)(λ−2)
2 a22a3 + λ(λ−1)(λ−2)(λ−3)

12 a42

)
zλ+4 + · · ·

a3 =
ηλn−2(λ+ γ)σc2

(λ+ 2)n(λ+ γ + 2)σ
− (λ− 1)η2λ2(n−2)(λ+ γ)2σ

(λ+ 1)2n(λ+ γ + 1)2σ
c21
2

By comparing the coefficient, we have

a2 =
ηλn−2

(λ+ 1)n

(
λ+ γ

λ+ γ + 1

)σ
c1

By Lemma 2, we obtained the bound of a2

a3 =
ηλn−2(λ+ γ)σ

(λ+ 2)n(λ+ γ + 2)σ

[
c2 −

ηλn−2(λ− 1)(λ+ γ)σ(λ+ 2)n(λ+ γ + 2)σ

(λ+ 1)2n(λ+ γ + 1)2σ

c2
1

2

]

By Lemma 3 and with ρ =
ηλn−2(λ− 1)(λ+ γ)σ(λ+ 2)n(λ+ γ + 2)σ

(λ+ 1)2n(λ+ γ + 1)2σ
, we obtained

the bound on the third coefficient of these function. By letting

h(z) =
1 + z

1− z
+ i

u

η

from the integral representation we have the equality attained by the extremal func-
tion given.

Theorem 11. Let f ∈ Bn
σ,γ(λ). Then

|a3 − ρa2
2| ≤

2ηλn−2(λ+ γ)σ

(λ+ 2)n(λ+ γ + 2)σ
max {1, |M2|} (33)

where M2 =
(λ+ 1)2n(λ+ γ + 1)2σ + η(1 + 2ρ− λ)λn−2(λ+ γ)σ(λ+ 2)n(λ+ γ + 2)σ

(λ+ 1)2n(λ+ γ + 1)2σ
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Proof. From the computation that

f(z)λ = zλ +
ηλn−1

(λ+ 1)n

(
λ+ γ

λ+ γ + 1

)σ
c1z

λ+1 +
ηλn−1

(λ+ 2)n

(
λ+ γ

λ+ γ + 2

)σ
c2z

λ+2

+
ηλn−1

(λ+ 3)n

(
λ+ γ

λ+ γ + 3

)σ
c3z

λ+3 + · · ·

and by comparing coefficient, then

a2 =
ηλn−2

(λ+ 1)n

(
λ+ γ

λ+ γ + 1

)σ
c1 (34)

and

a3 =
ηλn−2(λ+ γ)σc2

(λ+ 2)n(λ+ γ + 2)σ
+

(1− λ)η2λ2(n−2)(λ+ γ)2σ

(λ+ 1)2n(λ+ γ + 1)2σ

c2
1

2
(35)

Hence

|a3−ρa2
2| =

ηλn−2(λ+ γ)σ

(λ+ 2)n(λ+ γ + 2)σ
c2−

(λ− 1 + 2ρ)(λ+ 2)nηλn−2(λ+ γ)σ(λ+ γ + 2)σ

(λ+ 1)2n(λ+ γ + 1)2σ

c2
1

2
(36)

by lemma 3 we have the required inequality
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