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A common fixed point theorem for four maps
using a Lipschitz type condition

Mohamed Akkouchi

Abstract

In this paper, we prove a general common fixed point theorem for
two pairs of weakly compatible self-mappings of a (possibly non com-
plete) metric space such that one of them satisfies the property (E.A)
under a contractive condition of Lipschitz type. Our result provides a
generalization and some improvements to a result obtained by K. Jha,
R.P. Pant and S.L. Singh in 2003 and a recent result obtained by H.
Bouhadjera and A. Djoudi in 2008.

1 Introduction

In metric fixed point theory, many papers were devoted to the study of common
fixed points of four self-mappings of a metric space.

Let (X, d) be a metric space and let A,B, S and T be four self-mappings
of (X, d).

To simplify notations, for all x, y ∈ X, we set

N(x, y) := max{d(Sx, Ty), d(Ax, Sx), d(By, Ty), d(Sx,By), d(Ax, Ty)},

m(x, y) := max{d(Sx, Ty), d(Ax, Sx), d(By, Ty),
d(Sx,By) + d(Ax, Ty)

2
}

and

σ(x, y) := d(Sx, Ty) + d(Ax, Sx) + d(By, Ty) + d(Sx,By) + d(Ax, Ty).
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A Meir-Keeler type (ϵ, δ)-contractive condition for the mappings A,B, S and
T may be given in the form:

given ϵ > 0 there exists a δ > 0 such that

ϵ ≤ m(x, y) < ϵ+ δ =⇒ d(Ax,By) < ϵ. (1.1)

In connection to the Meir-Keeler type (ϵ, δ)-contractive condition, we consider
the following two conditions:

given ϵ > 0 there exists δ > 0 such that for all x, y in X

ϵ < m(x, y) < ϵ+ δ =⇒ d(Ax,By) ≤ ϵ, (1.2)

and
d(Ax,By) < m(x, y), whenever m(x, y) > 0 (1.3)

Jachymski [3] has shown that contractive condition (1.1) implies (1.2) but
contractive condition (1.2) does not imply the contractive condition (1.1).
Also, it is easy to see that the contractive condition (1.1) implies (1.3).

Condition (1.1) is not sufficient to ensure the existence of common fixed
points of the maps A,B, S and T . Some kinds of commutativity or compatibil-
ity between the maps are always required. Also, other topological conditions
on the maps or on their ranges are invoked.

Two self-mappings A and S of a metric space (X, d) are called compatible
(see Jungck [6]) if,

lim
n→∞

d(ASxn, SAxn) = 0,

whenever {xn} is a sequence in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = t,

for some t in X.

This concept was frequently used to prove existence theorems in common
fixed point theory.

In [4], K. Jha, R.P. Pant and S.L. Singh have established the following
theorem.

Theorem 1.1. ([4]) Let (A,S) and (B, T ) be two compatible pairs of self-
mappings of a complete metric space (X, d) such that

(i) AX ⊂ TX, BX ⊂ SX,
(ii) given ϵ > 0 there exists a δ > 0 such that

ϵ ≤ m(x, y) < ϵ+ δ =⇒ d(Ax,By) < ϵ, and

(iii) d(Ax,By) < kσ(x, y) for all x, y ∈ X, for 0 ≤ k ≤ 1
3 .

If one of the mappings A,B, S and T is continuous then A,B, S and T
have a unique common fixed point.
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Definition 1.1. ([7]). Two self mappings S and T of a metric space (X, d) are
said to be weakly compatible if Tu = Su, for some u ∈ X, then STu = TSu.

It is obvious that compatibility implies weak compatibility. Examples exist
to show that the converse is not true.

In [2], Theorem 1.1 was generalized to the case of two pairs of weakly
compatible maps by the following result.

Theorem 1.2. ([2]) Let (A,S) and (B, T ) be two weakly compatible pairs of
self-mappings of a complete metric space (X, d) such that

(a) AX ⊆ TX and BX ⊆ SX,
(b) one of AX,BX,SX or TX is closed,
(c) given ϵ > 0 there exists a δ > 0 such that

ϵ < m(x, y) < ϵ+ δ =⇒ d(Ax,By) ≤ ϵ, and

(c’) x, y ∈ X, m(x, y) > 0 =⇒ d(Ax,By) < m(x, y),
(d) d(Ax,By) ≤ k[d(Sx, Ty)+d(Ax, Sx)+d(By, Ty)+d(Sx,By)+d(Ax, Ty)],

for 0 ≤ k < 1
3 .

Then A,B, S and T have a unique common fixed point.

Other related results to these theorems are published in [11], [12] and [5].

The study on common fixed point theory for noncompatible mappings is
also interesting. Work along these lines has been recently initiated by Pant
[8], [9], [10].

In 2002, Aamri and Moutawakil [1] introduced a generalization of the con-
cept of noncompatible mappings.

Definition 1.2. Let S and T be two self mappings of a metric space (X, d).
We say that S and T satisfy property (E.A) if there exists a sequence {xn} in
X such that

lim
n→∞

Txn = lim
n→∞

Sxn = t

for some t ∈ X.

Remark 1. It is clear that two self-mappings of a metric space (X, d) will be
noncompatible if there exists at least one sequence {xn} in X such that

lim
n→∞

Txn = lim
n→∞

Sxn = t

for some t ∈ X but
lim
n→∞

d(STxn, TSxn)

is either non-zero or not exists.
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Therefore two noncompatible self-mappings of a metric space (X, d) satisfy
property (E.A).

In this paper, we establish a common fixed point theorem for two weakly
compatible pairs (A,S) and (B, T ) of self-mappings of a (possibly non com-
plete) metric space (X, d) such that one of them satisfies the property (E.A)
under conditions which are weaker than the conditions (a), (b), (c), (c’) and
(d) used in Theorem 1.2.

Indeed, in the main result of this paper (see Theorem 2.1), we (can) drop
the completeness of the whole metric space (X, d), we drop the condition (c),
we replace the condition (c’) by the condition

x, y ∈ X, N(x, y) > 0 =⇒ d(Ax,By) < N(x, y),

which is weaker than (c’) and keep (d) but with a Lipschitz constant k taking
values in the interval [0, 1

2 ) instead of the interval [0, 1
3 ).

So, our main result provides a generalization and some improvements to
the main results of [4] and [2].

2 Main result

Let (X, d) be a metric space. Let A,B, S and T be self-mappings of X. We
recall the notations:

N(x, y) := max{d(Sx, Ty), d(Ax, Sx), d(By, Ty), d(Sx,By), d(Ax, Ty)}

and

σ(x, y) := d(Sx, Ty) + d(Ax, Sx) + d(By, Ty) + d(Sx,By) + d(Ax, Ty).

The main result of this paper reads as follows.

Theorem 2.1. Let (A,S) and (B, T ) be two weakly compatible pairs of self-
mappings of a metric space (X, d) such that

(H1) : AX ⊆ TX and BX ⊆ SX,

(H2) : one of AX, BX, SX or TX is a closed subspace of (X, d),

(H3) : x, y ∈ X, N(x, y) > 0 =⇒ d(Ax,By) < N(x, y), and

(H4) : d(Ax,By) ≤ k σ(x, y), for all x, y ∈ X, where k is such that 0 ≤ k < 1
2 .

If one of the pairs {A,S} or {B, T} satisfies the property (E.A), then
A,B, S and T have a unique common fixed point.
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Proof. (I) Suppose that the pair {A,S} satisfies the property (E.A). Then
there exists a sequence {xn} in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = z, (2.1)

for some z ∈ X. Since AX ⊆ TX, then for each integer n, there exists yn in
X such that Axn = Tyn. By using (H4), we have

d(Axn, Byn) ≤ k[d(Sxn, T yn) + d(Axn, Sxn) + d(Byn, T yn) + d(Sxn, Byn) +

d(Axn, T yn)],

which implies

d(Axn, Byn) ≤
3k

1− 2k
d(Axn, Sxn). (2.2)

By letting n to infinity in (2.2), we obtain

lim
n→∞

d(Axn, Byn) = 0. (2.3)

By (2.1) and (2.3), we get

z = lim
n→∞

Axn = lim
n→∞

Sxn = lim
n→∞

Tyn = lim
n→∞

Byn. (2.4)

(1) Suppose that A(X) is a closed subspace of (X, d). Then z ∈ A(X).
Since AX ⊆ TX, then there exists u ∈ X such that z = Tu. By (H 4), we get

d(Axn, Bu) ≤ k[d(Sxn, Tu)+d(Axn, Sxn)+d(Bu, Tu)+d(Sxn, Bu)+d(Axn, Tu)],

which, by letting n → ∞, implies that

d(z,Bu) ≤ 2kd(z,Bu). (2.5)

Since ≤ k < 1
2 , then it follows from (2.5) that z = Bu. Thus, we have

z = Tu = Bu.

Since B(X) ⊂ S(X), then there exists v ∈ X such that Bu = Sv. Then
z = Tu = Bu = Sv. By applying the inequality (H 4), we get

d(Av, Sv) = d(Av,Bu)

≤ k[d(Sv, Tu) + d(Av, Sv) + d(Bu, Tu) + d(Sv,Bu) + d(Av, Tu)]

= 2kd(Av, Sv),
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which implies that Av = Sv. Hence, we obtain

z = Tu = Bu = Sv = Av. (2.6)

The conclusions in (2.6) will be obtained by similar arguments, if we suppose
that T (X), B(X) or S(X) is a closed subspace of X.

(2) Since {A,S} and {B, T} are weakly compatible, it follows

Bz = Tz and Az = Sz (2.7)

Now, we show that z = Az. To get a contradiction, let us suppose the contrary.
Then we have

N(z, u) = max{d(Sz, Tu), d(Az, Sz), d(Bu, Tu), d(Sz,Bu), d(Az, Tu)} =

= d(Az, z) > 0.

So, by virtue of the assumption (H 3), we get

d(Az, z) = d(Az,Bu) < N(z, u) = d(Az, z),

which is a contradiction. Thus we get z = Az. Hence, we obtain z = Az = Sz.
Now, we show that z = Bz. To get a contradiction, let us suppose the

contrary. Then we have

N(z, z) = max{d(Sz, Tz), d(Az, Sz), d(Bz, Tz), d(Sz,Bz), d(Az, Tz)} =

= d(Bz, z) > 0.

By virtue of the assumption (H 3), we get

d(z,Bz) = d(Av,Bz) < N(z, z) = d(Bz, z),

which is a contradiction. Thus we get z = Bz = Tz. Hence, we have

z = Bz = Tz = Az = Sz.

We conclude that z is a common fixed point for A,B, S and T .

(II) If we suppose that the pair {B, T} satisfies the property (E.A), then
by similar arguments we obtain the same conclusions as in the part (I). So, in
all cases, the mappings A,B, S and T have at least a common fixed point z in
X.

(III) It remains to show the uniqueness of the fixed common fixed point
z. Suppose that w is another common fixed point for the mappings A,B, S
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and T , such that w ̸= z. Obviously we have N(w, z) = d(w, z) > 0. Then, by
applying the condition (H 3), we obtain

d(w, z) = d(Aw,Bz) < N(w, z) = d(w, z),

which is a contradiction. So the mappings A,B, S and T have a unique com-
mon fixed point. This completes the proof.

As a consequence, we have the following corollary.

Corollary 2.1. Let (A,S) and (B, T ) be two weakly compatible pairs of self-
mappings of a metric space (X, d) such that
(H1) : AX ⊆ TX and BX ⊆ SX,
(H2) : one of AX, BX, SX or TX is a closed subspace of (X, d),
(H3) : x, y ∈ X, N(x, y) > 0 =⇒ d(Ax,By) < N(x, y), and
(H4) : d(Ax,By) ≤ k σ(x, y), for all x, y ∈ X, where k is such that 0 ≤ k < 1

2 .

If one of the following two conditions is satisfied.
(i) A and S are noncompatible, or
(ii) B and T are noncompatible.

Then the mappings A,B, S and T have a unique common fixed point.

We observe that in Theorem 2.1, we do not need the completeness of the
whole space (X, d).

When the space (X, d) is complete then we have the following corollaries.

Corollary 2.2. Let (A,S) and (B, T ) be two compatible pairs of self-mappings
of a complete metric space (X, d) such that

(i) AX ⊂ TX, BX ⊂ SX,
(ii) one of AX,BX,SX or TX is closed,
(iii) given ϵ > 0 there exists a δ > 0 such that

ϵ ≤ m(x, y) < ϵ+ δ =⇒ d(Ax,By) < ϵ, and

(iv) d(Ax,By) ≤ kσ(x, y) for all x, y ∈ X, for 0 ≤ k < 1
2 .

Then the mappings A,B, S and T have a unique common fixed point.

Corollary 2.3. Let (A,S) and (B, T ) be two weakly compatible pairs of self-
mappings of a complete metric space (X, d) such that

(a) AX ⊆ TX and BX ⊆ SX,
(b) one of AX,BX,SX or TX is closed,
(c) given ϵ > 0 there exists a δ > 0 such that

ϵ < m(x, y) < ϵ+ δ =⇒ d(Ax,By) ≤ ϵ,
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(c’) x, y ∈ X, m(x, y) > 0 =⇒ d(Ax,By) < m(x, y), and
(d) d(Ax,By) ≤ k[d(Sx, Ty)+d(Ax, Sx)+d(By, Ty)+d(Sx,By)+d(Ax, Ty)],

for 0 ≤ k < 1
2 .

Then A,B, S and T have a unique common fixed point.

To see that Corollary 2.2 and Corollary 2.3 are consequences of Theorem
2.1, we need to recall the following lemma which is proved by Jachymski in
[3].

Lemma 2.1. (2.2 of [3]): Let A,B, S and T be self mappings of a metric
space (X, d) such that AX ⊂ TX, BX ⊂ SX. Assume further that given
ϵ > 0 there exists δ > 0 such that for all x, y in X

ϵ < m(x, y) < ϵ+ δ =⇒ d(Ax,By) ≤ ϵ, (c)

and
d(Ax,By) < m(x, y), whenever m(x, y) > 0 (c′)

Then for each x0 in X, the sequence {yn} in X defined by the rule

y2n = Ax2n = Tx2n+1, y2n+1 = Bx2n+1 = Sx2n+2 ∀n ∈ N

is a Cauchy sequence.

Proofs. To prove Corollary 2.2 and Corollary 2.3, let x0 be an arbitrary
point in X. Since AX ⊆ TX and BX ⊆ SX, we can define inductively two
sequences {xn} and {yn} in X by the rule:

y2n = Ax2n = Tx2n+1 and y2n+1 = Bx2n+1 = Sx2n+2, (2.8)

for each nonnegative integer n. By Lemma 2.1, it follows that the sequence
{yn} is a Cauchy sequence. Since (X, d) is complete, then there exists a point
(say) z in X such that

z = lim
n→∞

y2n = lim
n→∞

Ax2n = lim
n→∞

Tx2n+1 (2.9)

Since limn→∞ d(yn, yn+1) = 0, then by (2.8) and (2.9) it follows that we have

z = lim
n→∞

Ax2n = lim
n→∞

Tx2n+1 = lim
n→∞

Sx2n = lim
n→∞

Bx2n+1. (2.10)

So the pairs {A,S} and {B, T} enjoy the property (E.A). Since for all x, y ∈ X,
we have

m(x, y) > 0 ⇐⇒ N(x, y) > 0 and m(x, y) ≤ N(x, y),

then the conditions of Corollary 2.2 (resp. Corollary 2.3) imply the conditions
(H1), (H2), (H3) and (H4) of Theorem 2.1. It follows that the conclusions
of Corollaries 2.2 and 2.3 are obtained by application of Theorem 2.1.



A common fixed point theorem for four maps using a Lipschitz type condition 25

References

[1] M. Aamri and D. El Moutawakil, Some new common fixed point theorems
under strict contractive conditions, Math. Anal. Appl. 270 (2002), 181-
188.

[2] H. Bouhadjera and A. Djoudi, On common fixed point theorems of Meir
and Keeler type, An. Şt. Univ. Ovidius Constanţa, 16(2) (2008), 39-46.

[3] J. Jachymski, Common fixed point theorems for some families of maps,
Indian J. Pure Appl. Math., 25 (1994), 925-937.

[4] K. Jha, R. P. Pant, S.L. Singh, Common fixed points for compatible map-
pings in metric spaces, Rad. Mat., 12 (2003), no. 1, 107-114.

[5] K. Jha, Common fixed point for weakly compatible maps in metric space,
Kathmandu University Journal of Science, Engineering and Technology,
Vol. I, No. IV August (2007), 1-6.

[6] G. Jungck, Compatible mappings and common fixed points, Internat. J.
Math. Math. Sci., 9 (1986), 771-779.

[7] G. Jungck, Common fixed points for noncontinuous nonself maps on non-
metric spaces, Far East J. Math. Sci., 4 (1996), no. 2, 199-215.

[8] R.P. Pant, Common fixed point of contractive maps, J. Math. Anal. Appl.,
226 (1998), 251-258.

[9] R.P. Pant, R-weak commutativity and common fixed points of noncom-
patible maps, Ganita, 99 (1998), 19-27.

[10] R.P. Pant, R-weak commutativity and common fixed points, Soochow J.
Math., 25 (1999), 37-42.

[11] R. P. Pant and K. Jha, A generalization of Meir-Keeler type common
fixed point theorem for four mappings, J. Natural and Physical Sciences,
16(1-2) (2002), 77-84.

[12] R. P. Pant and K. Jha, A generalization of Meir-Keeler type fixed point
theorem for four mappings, Ultra-Science, 15(1) (2003), 97-102.



26 Mohamed Akkouchi
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