Acta Math. Univ. Comenianae Vol. LXX, 2(2001), pp. 215–228 215

A NONLINEAR EVOLUTION INCLUSION IN PERFECT PLASTICITY WITH FRICTION

A. AMASSAD, M. SHILLOR and M. SOFONEA

Abstract. We consider a nonlinear evolution inclusion associated with a time dependent convex set in a Hilbert space. We prove an existence and uniqueness result for the problem using classical results from the theory of evolution equations involving maximal monotone operators, a fixed point argument and a regularization method. We apply this result to a model for the quasistatic evolution process of a perfectly plastic body which is in frictional contact with a rigid foundation and obtain the existence of the unique stress field.

1. Introduction

In this paper we establish an existence and uniqueness theorem for an abstract Cauchy problem in a Hilbert space involving the indicator function of a timedependent convex set. The main difficulty in studying the problem arises from this time dependence of the convex set. We deal with it by imposing sufficient regularity and compatibility on the problem data.

Problems of this type arise in models of quasistatic contact with friction of perfectly plastic materials. There the main unknown is the stress tensor and the time dependence of the convex set is a consequence of the time dependence of the volume forces and tractions.

Initial and boundary value problems for perfectly-plastic materials have been studied in [7, 9, 14] with classical displacements and tractions boundary conditions. An existence result for a one-dimensional problem using the Prandtl-Reuss plastic flow rule and unilateral conditions imposed on the velocity has been obtained recently in [12]. Moreover, the existence and uniqueness of the stress tensor and the existence of the velocity field for a quasistatic perfectly-plastic contact problem with Tresca’s friction law was established in [3].

The aim of this paper is to extend some of the results in [3] to include various nonlinear boundary conditions with friction. To that end we establish an existence and uniqueness theorem for an abstract nonlinear evolution equation in a Hilbert space. Then we apply it to problems in quasistatic perfect plasticity with friction.

Received October 11, 2000.

2000 Mathematics Subject Classification. Primary 35R70; Secondary 74C05, 74M10, 74M15.

Key words and phrases. Nonlinear evolution inclusion, existence and uniqueness, quasistatic frictional contact problem, perfectly plastic material.

216 A. AMASSAD, M. SHILLOR and M. SOFONEA

The paper is structured as follows. In Section 2 we state the abstract problem, list the assumptions imposed on the data, state and then prove our main existence and uniqueness result, Theorem 2.1. The proof is based on arguments from the theory of variational inequalities, regularization and Banach’s fixed point theorem. In Section 3 we present a general model for a class of problems for perfectly plastic bodies with friction and we formulate it as a variational inequality for the stress field. We apply Theorem 2.1 to this formulation and deduce the existence and uniqueness of the solution of the mechanical problem. Finally, in Section 4 we present a number of examples of friction laws to which our results apply.

2. An Abstract Existence Theorem

In this section we prove an abstract existence theorem for an evolution problem in a Hilbert space. We will apply it in the following sections to problems involving frictional contact of a perfectly plastic body with a rigid obstacle.

Let H be a real Hilbert space endowed with the inner product ⟨·, ·⟩_H and the associated norm | · |_H . Let A: H → H be an operator described below, let K and Σ_0 be two closed convex sets in H and let χ: [0, T ] → H be a given function. For t ∈ [0, T ], (T > 0), Σ(t) denotes the following convex set in H

Σ(t) = Σ_0 + χ(t).

(2.1)

Let y_0 ∈ H and denote by ψ_{K∩Σ(t)} : H −→ (−∞, +∞] the indicator function of the set K ∩ Σ(t).

We study the following Cauchy problem on H:

Find y : [0, T ] → H such that Aẏ(t) + ∂ψ_{K∩Σ(t)}(y(t)) ∋ f(t) a.e. t ∈ (0, T ), (2.2) y(0) = y_0.

(2.3)

Here f : [0, T ] → H is given, a dot above a variable represents the time derivative and ∂ψ denotes the subdifferential of ψ.

To study problem (2.2) and (2.3) we make the following assumptions on the data: A: H −→ H is a positive definite symmetric operator, i.e., (a) ⟨Ax, x⟩_H ≥ m|x|^2_H ∀x ∈ H, m > 0, (2.4) (b) ⟨Ax, y⟩_H = ⟨Ay, x⟩_H ∀x, y ∈ H; f ∈ L^2(0, T ; H);

(2.5) χ ∈ W^{1,∞}(0, T ; H); (2.6) y_0 = χ(0) ∈ Σ(0).

(2.7)

Also, there exists a positive δ such that χ(t) + z ∈ K for all t ∈ [0, T ], for z ∈ H, |z|_H ≤ δ. (2.8)

The main result of our paper is the following.

A NONLINEAR EVOLUTION INCLUSION IN PLASTICITY 217

Theorem 2.1. When assumptions (2.4)–(2.8) hold, there exists a unique solution y of problem (2.2) and (2.3), such that y ∈ W^{1,2}(0, T ; H). The proof of the Theorem 2.1 is based on classical results from the theory of evolution equation with maximal monotone operators, fixed point arguments and a regularization method. It is carried out below in several steps. We suppose that η ∈ L^2(0, T ; H) and consider the following auxiliary problem: Find y_η : [0, T ] → H such that Aẏ_η(t) + η(t) + ∂ψ_{Σ(t)}(y_η(t)) ∋ f(t) a.e. t ∈ (0, T ),

(2.9) y_η(0) = y_0.

(2.10)

Lemma 2.2. Problem (2.9) and (2.10) has a unique solution y_η ∈ W^{1,2}(0, T ; H).

Proof. We begin with a change of the dependent variable which leads to an evolution equation associated with the fixed convex set Σ_0. Let y_η = y_η − χ. (2.11)

It is straightforward to show that y_η ∈ W^{1,2}(0, T ; H) is a solution of (2.9) and (2.10) if and only if y_η ∈ W^{1,2}(0, T ; H) and

Aẏ_η(t) + ∂ψ_{Σ0} (y_η(t)) ∋ f(t) − Aχ̇(t) − η(t) a.e. t ∈ (0, T ),

(2.12) y_η (0) = 0.

(2.13)

We note that (2.1) and (2.7) imply that 0 ∈ Σ_0. Moreover, f − Aχ̇ − η ∈ L^2(0, T ; H) by (2.4), (2.5) and (2.6). Therefore, by (2.4) and a classical result for evolution equations (see e.g. [4, p. 189]) we obtain the existence of a unique function y_η ∈ W^{1,2}(0, T ; H) which solves problem (2.12) and (2.13). This concludes the proof. □

Let now μ > 0 be a viscosity coefficient, and denote by G_μ : H → H the operator

G_μ(z) = 1 μ (z − P_K z) ∀z ∈ H, (2.14)

where P_K represents the projection on K. Below we denote by C a positive constant which depends on A, f, χ and T , but does not depend on μ, and whose value may change from line to line. We define Λ_μ : L^2(0, T ; H) −→ L^2(0, T ; H) by Λ_μ(η) = G_μ(y_η )

(2.15) where, for a given η ∈ L^2(0, T ; H), the function y_η is the solution of the Cauchy problem (2.9) and (2.10) given by Lemma 2.2.

Lemma 2.3. For each μ > 0 the operator Λ_μ has a unique fixed point η_μ.

218 A. AMASSAD, M. SHILLOR and M. SOFONEA

Proof. We use similar arguments to those in [1, 2, 13]. Let η_1, η_2 ∈ L^2(0, T ; H) and t ∈ [0, T ]. Using (2.9), (2.10) and algebraic manipulations we find

|y_{η1} (t) − y_{η2} (t))|^2_H ≤ C ∫_t 0 |η_1(s) − η_2(s)|^2_H ds.

Moreover, from (2.14) and (2.15) we obtain |Λ_μ(η_1(t)) − Λ_μ(η_2(t))|_H ≤ 2 μ |y_{η1} (t) − y_{η2} (t)|_H .

Combining the last two inequalities yields

|Λ_μ(η_1(t)) − Λ_μ(η_2(t))|^2_H ≤ C μ^2 ∫_t 0 |η_1(s) − η_2(s)|^2_H ds.

This implies that for p sufficiently large, a power Λ^p_μ of Λ_μ is a contraction on L^2(0, T ; H), which concludes the proof of Lemma 2.3. □ Next, we consider the following regularized problem:

Find y_μ : [0, T ] −→ H such that

Aẏ_μ(t) + G_μ(y_μ(t)) + ∂ψ_{Σ(t)}(y_μ(t)) ∋ f(t) a.e. t ∈ (0, T ),

(2.16) y_μ(0) = y_0.

(2.17)

Lemma 2.4. For μ > 0 the Cauchy problem (2.16) and (2.17) has a unique solution y_μ ∈ W^{1,2}(0, T ; H).

Proof. Let η_μ be the unique fixed point of the operator Λ_μ and let y_μ ∈ W^{1,2}(0, T ; H) be the solution of (2.9) and (2.10) for η = η_μ. Then, y_μ is a solution of (2.16) and (2.17). The uniqueness of the solution is obtained from the uniqueness of the fixed point of Λ_μ. □ We now obtain a priori estimates on the solutions y_μ of (2.16) and (2.17). Then we study the behavior of the solutions when μ → 0, which is the main ingredient of the regularization. Here and below by μ → 0 we mean any sequence μ_n → 0 for n → ∞. To that end let G_μ : H → R_+ be given by G_μ(z) = 1 2μ |z − P_K z|^2_H ∀z ∈ H. (2.18)

Lemma 2.5. The sequence {y_μ} is bounded in L^∞(0, T ; H). Proof. Applying (2.16) to z − y_μ(t) we obtain ⟨Aẏ_μ(t), z − y_μ(t)⟩_H + ⟨G_μ(y_μ(t)), z − y_μ(t)⟩_H (2.19) ≥ ⟨f(t), z − y_μ(t)⟩_H ∀z ∈ Σ(t), a.e. on t ∈ (0, T ). Let y_μ = y_μ − χ. (2.20)

A NONLINEAR EVOLUTION INCLUSION IN PLASTICITY 219

Since 0 ∈ Σ_0, by (2.1) we find χ(t) ∈ Σ(t) for all t ∈ [0, T ]. Therefore, choosing z = χ(t) in (2.19) and using (2.20) and (2.1) we get ⟨Aẏ_μ(t), y_μ(t)⟩_H + ⟨G_μ(y_μ(t)), y_μ(t)⟩_H (2.21) ≤ ⟨f(t) − Aχ̇(t), y_μ(t)⟩_H a.e. t ∈ (0, T ). Now, the operator G_μ, given by (2.14), is the Gâteaux-derivative of the convex function G_μ given by (2.18); therefore, G_μ(z) − G_μ(y) ≥ ⟨G_μ(y), z − y⟩_H ∀y, z ∈ H. (2.22) Using (2.8) and (2.18) we obtain G_μ(χ(t)) = 0 for all t ∈ [0, T ]. It follows from (2.22) that ⟨G_μ(y_μ(t)), y_μ(t)⟩_H ≥ G_μ(y_μ(t)) ∀t ∈ [0, T ]. (2.23) Then, (2.21) and (2.23) imply that ⟨Aẏ_μ(t), y_μ(t)⟩_H + G_μ(y_μ(t)) ≤ ⟨f(t) − Aχ̇(t), y_μ(t)⟩_H a.e. t ∈ (0, T ). (2.24) From (2.20), (2.17) and (2.7) we have y_μ(0) = 0, and since G_μ(y_μ(t)) ≥ 0 for all t ∈ [0, T ], the previous inequality and (2.4) lead to |y_μ(s)|^2_H ≤ C ∫_s 0 |f(t) − Aχ̇(t)|_H |y_μ(t)|_H dt ∀s ∈ [0, T ]. (2.25) Lemma 2.5 follows now from (2.20) and (2.25). □ Lemma 2.6. The sequence {G_μ(y_μ)} is bounded in L^1(0, T ; H). Proof. Using (2.21) and Lemma 2.5 we find ∫_T 0 ⟨G_μ(y_μ(t)), y_μ(t)⟩_H dt ≤ C. (2.26) Let z ∈ H such that |z|_H ≤ δ. Using (2.8) we have χ(t) + z ∈ K which implies that G_μ(χ(t) + z) = 0 for all t ∈ [0, T ]. Therefore, we obtain from (2.20) and (2.22) ⟨G_μ(y_μ(t)), z⟩_H ≤ ⟨G_μ(y_μ(t)), y_μ(t)⟩_H ∀t ∈ [0, T ]. (2.27) Thus, from (2.27) we find |G_μ(y_μ(t))|_H = 1 δ sup |z|_H ≤δ ⟨G_μ(y_μ(t)), z⟩_H (2.28) ≤ 1 δ ⟨G_μ(y_μ(t)), y_μ(t)⟩_H , for all t ∈ [0, T ]. Lemma 2.6 follows now from (2.26) and (2.28). □ Lemma 2.7. The sequence {ẏ_μ} is bounded in L^2(0, T ; H). Proof. Using (2.19) we find ⟨Aẏ_μ(t) + G_μ(y_μ(t)) − f(t), z − y_μ(t)⟩_H ≥ 0 ∀z ∈ Σ(t), a.e. t ∈ (0, T ), and by (2.1) and (2.20) we deduce ⟨Aẏ_μ(t) + Aχ̇(t) + G_μ(y_μ(t)) − f(t), z − y_μ(t)⟩_H ≥ 0 ∀z ∈ Σ_0, a.e. t ∈ (0, T ).

220 A. AMASSAD, M. SHILLOR and M. SOFONEA

This implies

⟨Aẏ_μ(t) + Aχ̇(t) + G_μ(y_μ(t)) − f(t), ẏ_μ(t)⟩_H = 0 a.e. t ∈ (0, T ).

(2.29) Integration of (2.29) over [0, T ], Lemma 2.6 and simple manipulations result in

|ẏ_μ|^2_L2_{(0,T ;H)} + ∫_T 0 ⟨G_μ(y_μ(t)), ẏ_μ(t)⟩_H dt ≤ C + C|ẏ_μ|_L2_{(0,T ;H)}. (2.30) Then by using (2.7), (2.8) and (2.17) we obtain ∫_T 0 ⟨G_μ(y_μ(t)), ẏ_μ(t)⟩_H dt = G_μ(y_μ(T )) − G_μ(y_μ(0)) ≥ −G_μ(y_0) = 0.

(2.31)

Lemma 2.7 follows now from (2.30) and (2.31), since ẏ_μ = ẏ_μ + χ̇. □ We have all the ingredients needed to prove Theorem 2.1. Proof of Theorem 2.1.

Existence. Using Lemmas 2.5 and 2.7 we deduce that there exists an element y ∈ W^{1,2}(0, T ; H) such that, for a subsequence which is still denoted by {y_μ}, when μ → 0 we have y_μ −→ y weak^⋆ in L^∞(0, T ; H),

(2.32) ẏ_μ −→ ẏ weakly in L^2(0, T ; H).

(2.33) We show that y is the solution of problem (2.2) and (2.3). First, we note that (2.32) and (2.33) imply y_μ(t) −→ y(t) weakly in H ∀t ∈ [0, T ].

(2.34) It follows from (2.16) and (2.34) that y(t) ∈ Σ(t) for all t ∈ [0, T ]. Moreover, we have from (2.22) G_μ(y(t)) ≤ G_μ(y_μ(t)) − ⟨G_μ(y(t)), y_μ(t) − y(t)⟩_H for all t ∈ [0, T ] and, using (2.14), we obtain

μ ∫_T 0 G_μ(y(t)) dt ≤ μ ∫_T 0 G_μ(y_μ(t)) dt − ∫_T 0 ⟨y(t) − P_K y(t), y_μ(t) − y(t)⟩_H dt. (2.35)

Using (2.24) and Lemma 2.5 yields ∫_T 0 G_μ(y_μ(t)) dt ≤ C. (2.36) It now follows from (2.18), (2.32), (2.35) and (2.36) that ∫_T 0 |y(t) − P_K y(t)|^2_H dt = 0, which implies that y(t) ∈ K ∀t ∈ [0, T ]. (2.37)

A NONLINEAR EVOLUTION INCLUSION IN PLASTICITY 221

Now, using (2.19) and (2.22) we have ⟨Aẏ_μ(t),z − y_μ(t)⟩_H + G_μ(z) − G_μ(y_μ(t)) ≥ ⟨f(t), z − y_μ(t)⟩_H ∀z ∈ Σ(t), a.e. t ∈ (0, T ). Therefore, since G_μ(y_μ(t)) ≥ 0, we find ⟨Aẏ_μ(t), z − y_μ(t)⟩_H ≥ ⟨f(t), z − y_μ(t)⟩_H ∀z ∈ K ∩ Σ(t), a.e. t ∈ (0, T ). Choosing z ∈ L^2(0, T ; H), such that z ∈ K ∩ Σ(t) a.e. t ∈ (0, T ) in the previous inequality and integrating over [0, s] we get ∫_s 0 ⟨Aẏ_μ, z⟩_H dt ≥ ∫_s 0 ⟨Aẏ_μ, y_μ⟩_H dt + ∫_s 0 ⟨f, z − y_μ⟩_H dt ∀s ∈ [0, T ]. Using this inequality, (2.32), (2.33) and the lower-semicontinuity of the norm we deduce ∫_s 0 ⟨Aẏ, z⟩_H dt ≥ ∫_s 0 ⟨Aẏ, y⟩_H dt + ∫_s 0 ⟨f, z − y⟩_H dt ∀s ∈ [0, T ]. (2.38) We now apply in (2.38) the Lebesgue point argument for an L^1 function, and obtain ⟨Aẏ(t), z(t)⟩_H ≥ ⟨Aẏ(t), y(t)⟩_H + ⟨f(t), z(t) − y(t)⟩_H (2.39) ∀z ∈ K ∩ Σ(t), a.e. t ∈ (0, T ). Inequality (2.2) follows now from y(t) ∈ Σ(t) for all t ∈ [0, T ], (2.37) and (2.39). Finally, (2.3) is a consequence of (2.17) and (2.34). We conclude that y ∈ W^{1,2}(0, T ; H) is a solution of the Cauchy problem (2.2) and (2.3). Uniqueness. To prove uniqueness, let {y_i} for i = 1, 2, be two solutions of (2.2) and (2.3), then ⟨Aẏ_1(t), z − y_1(t)⟩_H ≥ ⟨f(t), z − y_1(t)⟩_H , ⟨Aẏ_2(t), z − y_2(t)⟩_H ≥ ⟨f(t), z − y_2(t)⟩_H , for all z ∈ K ∩ Σ(t), a.e. t ∈ (0, T ). It is straightforward to show that ⟨Aẏ_1(t) − Aẏ_2(t), y_1(t) − y_2(t)⟩_H ≤ 0 a.e. t ∈ (0, T ).

(2.40) Integration of (2.40) over [0, s] and (2.3) yield |y_1(s) − y_2(s)|^2_H ≤ 0 ∀s ∈ [0, T ].

(2.41) The uniqueness of the solution is now a consequence of (2.41). □

222 A. AMASSAD, M. SHILLOR and M. SOFONEA

3. Stress Formulation in Perfect Plasticity

In this section we consider a quasistatic problem which describes the frictional contact between an elastic perfectly plastic body and a rigid foundation. We obtain a variational formulation for the model and, by applying Theorem 2.1, we establish the existence and uniqueness of the solution.

The mechanical state of a perfectly plastic body which occupies the domain Ω ⊂ R^M (M = 2, 3) evolves over the time interval [0, T ], for T > 0, due to body forces and surface tractions which act on it. The surface Γ = ∂Ω, which is assumed to be Lipschitz continuous, is decomposed into three disjoint (measurable) parts Γ_D, Γ_N and Γ_C , such that meas Γ_D > 0. The body is clamped on Γ_D × (0, T ), surface tractions f_N act on Γ_N × (0, T ) and volume forces of density f_A act in Ω×(0, T ). We assume slow variation of the external forces and so the accelerations may be neglected, leading to a quasistatic approximation of the process. The body is in frictional contact with a rigid obstacle on Γ_C × (0, T ), which we model by a subdifferential type of inequality. The mechanical problem of frictional contact may be formulated classically as follows:

Find a displacement field u: Ω × [0, T ] −→ R^M and a stress field σ : Ω × [0, T ] −→ S_M such that

Aσ̇ + ∂ψ_K (σ) ∋ ε(u̇) in Ω × (0, T ),

(3.1) Div σ + f_A = 0 in Ω × (0, T ),

(3.2) u = 0 on Γ_D × (0, T ),

(3.3) σν = f_N on Γ_N × (0, T ),

(3.4) u ∈ U, σν · (v − u̇) ≥ φ(u̇) − φ(v) ∀v ∈ U on Γ_C × (0, T ), (3.5) u(0) = u_0, σ(0) = σ_0 in Ω.

(3.6)

Here, S_M represents the space of second order symmetric tensors on R^M , (3.1) is the elastic-perfectly plastic constitutive law in which K is the set of elastic stresses, A is the tensor of elastic compliance, ∂ψ_K denotes the subdifferential of the indicator function ψ_K : S_M −→ (−∞, +∞] and ν denotes the outward unit normal to Ω on Γ. The inequality (3.5) models the frictional contact conditions, U represents the set of admissible test functions, σν denotes the Cauchy stress vector and φ is a given function. In the next section we shall present a number of concrete examples of friction laws which may be cast in the form (3.5) by appropriate choice of φ and U.

To obtain a weak formulation of (3.1)-(3.6) we introduce the following notation and present preliminary material. For further details, we refer to [5, 6, 11]. We denote by “ · ” and | · | the inner product and the Euclidean norm on S_M and R^M , respectively. We also use the spaces H = { u = (u_i) | u_i ∈ L^2(Ω) } , H = { σ = (σ_{ij} ) | σ_{ij} = σ_{ji} ∈ L^2(Ω) } , H_1 = { u = (u_i) | u_i ∈ H^1(Ω) } , H_1 = { σ ∈ H | σ_{ij,j} ∈ H } .

A NONLINEAR EVOLUTION INCLUSION IN PLASTICITY 223

Here and below i, j = 1, . . . , M, summation over repeated indices is implied and an index that follows a comma indicates a partial derivative. H, H, H_1 and H_1 are real Hilbert spaces endowed with their canonical inner products given by ⟨u, v⟩_H = ∫ Ω u_iv_i dx, ⟨σ, τ⟩_H = ∫ Ω σ_{ij} τ_{ij} dx, ⟨u, v⟩_{H1} = ⟨u, v⟩_H + ⟨ε(u), ε(v)⟩_H, ⟨σ, τ⟩_{H1} = ⟨σ, τ⟩_H + ⟨Div σ, Div τ⟩_H , respectively, where ε: H_1 → H and Div : H_1 → H are the deformation and the divergence operators, respectively, defined by

ε(v) = (ε_{ij} (v)), ε_{ij} (v) = 1 2 (v_{i,j} + v_{j,i}), Div σ = (σ_{ij,j} ). The associated norms on the spaces H, H, H_1 and H_1 are denoted by | · |_H , | · |_H, | · |_{H1} and | · |_{H1} , respectively.

For every element v ∈ H_1 we also use the notation v to denote the trace of v on Γ and we denote by v_ν and v_τ the normal and the tangential components of v on Γ given by v_ν = v · ν, v_τ = v − v_ν ν. (3.7) We also denote by σ_ν and σ_τ the normal and the tangential traces of σ ∈ H_1 on Γ_C (see, e.g., [11]), and note that when σ is a regular function, σ_ν = σν · ν, σ_τ = σν − σ_ν ν, (3.8) and the Green formula holds: ⟨σ, ε(v)⟩_H + ⟨Div σ, v⟩_H = ∫ Γ σν · v da ∀v ∈ H_1. (3.9)

Let V be a closed subspace of H_1 given by V = { v ∈ H_1 | v = 0 on Γ_1 } . By assumption meas Γ_D > 0, and thus the Korn inequality holds, i.e., there exists C > 0 depending only on Ω and Γ_D such that |ε(u)|_H ≥ C|u|_{H1} ∀u ∈ V (3.10) (see, e.g., [10, p. 79]). Next, the inner product ⟨· , ·⟩_V on V is given by ⟨u, v⟩_V = ⟨ε(u), ε(v)⟩_H, (3.11) then | · |_{H1} and | · |_V are equivalent norms on V . Therefore, (V, | · |_V ) is a real Hilbert space.

We make the following assumptions on the data of problem (3.1)–(3.6). The operator A: Ω × S_M −→ S_M is a symmetric positive definite tensor, i.e., (a)A_{ijkh} ∈ L^∞(Ω) i, j, k, h = 1, . . . , M; (b)Aσ · τ = σ · Aτ σ, τ ∈ S_M , a.e. in Ω; (c) there exists α > 0 such that Aσ · σ ≥ α|σ|^2, σ ∈ S_M , a.e. in Ω.

(3.12)

K ⊂ S_M is a closed convex set such that 0 ∈ K.

(3.13)

224 A. AMASSAD, M. SHILLOR and M. SOFONEA The forces and the tractions satisfy f_A ∈ W^{1,∞}(0, T ; H), f_N ∈ W^{1,∞}(0, T ; L^2(Γ_N )^M ).

(3.14) Let K denote the set K = { τ ∈ H | τ(x) ∈ K a.e. x ∈ Ω } (3.15) and, for all t ∈ [0, T ], let F(t) be the element of V given by ⟨F(t), v⟩_V = ∫ Ω f_A(t) · v dx + ∫ Γ_N f_N (t) · v da ∀v ∈ V. (3.16)

We suppose that U ⊂ H_1, φ: Γ_C × R^M −→ R, and define the functional j : H_1 → (−∞, +∞] by j(v) = ∫ Γ_C

φ(v) da if φ(v) ∈ L^1(Γ_C ), +∞ otherwise.

(3.17)

We also denote by D(j) the effective domain of j in V ∩ U, i.e., D(j) = { v ∈ V ∩ U | j(v) < +∞ }, and, for all t ∈ [0, T ], let Σ(t) be given by Σ(t) = { τ ∈ H | ⟨τ, ε(v)⟩_H + j(v) ≥ ⟨F(t), v⟩_V ∀v ∈ D(j) }. (3.18) In the sequel we denote by χ(t) = ε(F(t)) and assume that there exists δ > 0 such that χ(t) + τ ∈ K for all t ∈ [0, T ], for τ ∈ H, |τ|_H ≤ δ, (3.19) D(j) = V ∩ U and V ∩ U is a subspace of H_1,

(3.20) j(v) ≥ 0 and j(αv) = αj(v) ∀v ∈ D(j), α ≥ 0, (3.21) σ_0 = χ(0).

(3.22) We note that assumptions (3.19) and (3.22) represent a compatibility condition on the problem data similar to the one used in [7, 9, 14]. Moreover, j is a positively homogeneous functional on V ∩ U.

Next, we obtain a variational formulation of the mechanical problem (3.1)–(3.6). To this end, we assume that {u, σ} are regular functions satisfying (3.1)–(3.6) and let v ∈ D(j), t ∈ [0, T ]. Using (3.9) and (3.2) we have ⟨σ(t), ε(v) − ε(u̇(t))⟩_H = ⟨f_A(t), v − u̇(t)⟩_H + ∫ Γ σ(t)ν · (v − u̇(t)) da, and, using (3.3), (3.4) and (3.16), we find ⟨σ(t), ε(v) − ε(u̇(t))⟩_H = ⟨F(t), v − u̇(t)⟩_V + ∫ Γ_C σ(t)ν · (v − u̇(t)) da. (3.23)

A NONLINEAR EVOLUTION INCLUSION IN PLASTICITY 225

Moreover, it follows from (3.5) and (3.17) that ∫ Γ_C σ(t)ν · (v − u̇(t)) da ≥ j(u̇(t)) − j(v). (3.24)

Using now (3.23) and (3.24) we obtain ⟨σ(t), ε(v) − ε(u̇(t))⟩_H + j(v) − j(u̇(t)) ≥ ⟨F(t), v − u̇(t)⟩_V . (3.25) Choosing now v = 2u̇(t) and v = 0 in (3.25) and using (3.21), we deduce ⟨σ(t), ε(u̇(t))⟩_H + j(u̇(t)) = ⟨F(t), u̇(t)⟩_V . (3.26) Thus, from (3.25) and (3.26) it follows that σ(t) ∈ Σ(t) and since by (3.1) and (3.15) σ(t) ∈ K, we obtain σ(t) ∈ K ∩ Σ(t). (3.27) Using now (3.18) and (3.26) we find ⟨τ − σ(t), ε(u̇(t))⟩_H ≥ 0 ∀τ ∈ Σ(t), (3.28) and from (3.1) it follows that ⟨Aσ̇(t), τ − σ(t)⟩_H ≥ ⟨τ − σ(t), ε(u̇(t))⟩_H ∀τ ∈ K. (3.29) We conclude from (3.28) and (3.29) that ⟨Aσ̇(t), τ − σ(t)⟩_H ≥ 0 ∀τ ∈ K ∩ Σ(t). (3.30) Therefore, by (3.6), (3.27) and (3.30) we obtain the following variational formulation in terms of the stress field of the problem (3.1)–(3.6): Find σ : [0, T ] −→ H_1 such that Aσ̇(t) + ∂ψ_{K∩Σ(t)}(σ(t)) ∋ 0 a.e. t ∈ (0, T ),

(3.31) σ(0) = σ_0.

(3.32) Here, ∂ψ_{K∩Σ(t)} denotes the subdifferential of the indicator function ψ_{K∩Σ(t)} : H −→ (−∞, +∞], for all t ∈ [0, T ].

The main result in this section is the following.

Theorem 3.1. Under the assumptions (3.12)–(3.14), (3.19)–(3.22), there exists a unique solution σ of the Cauchy problem (3.31) and (3.32) such that σ ∈ W^{1,2}(0, T ; H). Moreover, if D(Ω)^M ⊂ U, then Div σ ∈ W^{1,∞}(0, T ; H).

We conclude from Theorem 3.1 the existence of a unique weak solution, in terms of stress, to the mechanical problem (3.1)–(3.6).

Proof. Let Σ_0 = { τ ∈ H | ⟨τ, ε(v)⟩_H +j(v) ≥ 0 ∀v ∈ D(j) }. Then Σ_0 is a closed convex set in H and, using (3.11), (3.18) and keeping in mind that χ = ε(F), we find Σ(t) = Σ_0 + χ(t) ∀t ∈ [0, T ].

(3.33)

226 A. AMASSAD, M. SHILLOR and M. SOFONEA

Moreover, it follows from (3.15) that K is a closed convex set in H and from (3.14) and (3.16) we deduce F ∈ W^{1,∞}(0, T ; V ) which implies χ ∈ W^{1,∞}(0, T ; H). (3.34)

Since j(v) ≥ 0 ∀v ∈ D(j) (see (3.21)), it follows that 0 ∈ Σ_0 and from (3.33) and (3.22) we find

σ_0 = χ(0) ∈ Σ(0).

(3.35)

Using now (3.33), (3.34), (3.12) (3.19) and (3.35), we may apply Theorem 2.1 with the space H and f = 0. Thus, we obtain the existence and uniqueness of σ ∈ W^{1,2}(0, T ; H) which satisfies (3.31) and (3.32). Since σ(t) ∈ K ∩ Σ(t) for all t ∈ [0, T ], it follows from (3.18) that ⟨σ(t), ε(v)⟩_H + j(v) ≥ ⟨F(t), v⟩_V ∀v ∈ D(j), t ∈ [0, T ]. Next, we remark that if D(Ω)^M ⊂ U then D(Ω)^M ⊂ V ∩ U = D(j) (see (3.20)). Therefore, taking v = ±φ ∈ D(Ω)^M in the previous inequality and using (3.16) and (3.17) we deduce

Div σ(t) + f_A(t) = 0 in Ω, ∀t ∈ [0, T ].

(3.36)

The fact that Div σ ∈ W^{1,∞}(0, T ; H) is now a consequence of (3.36) and (3.14). □

4. Examples of Friction Laws

In this section we present a number of friction laws which lead to inequalities of the form (3.5) and for which conditions (3.20) and (3.21) hold. We conclude from Theorem 3.1 the existence of a unique solution for each one of the quasistatic contact problems with these frictional boundary conditions.

Example 4.1. Bilateral contact with Tresca’s friction law. We consider, following, e.g., [1, 3, 5, 8], the boundary condition when contact is maintained and the friction bound is prescribed on Γ_C × (0, T ). Thus, u_ν = 0, |σ_τ | ≤ g, |σ_τ | < g ⇒ u̇_τ = 0, |σ_τ | = g ⇒ u̇_τ = −λσ_τ , for some λ ≥ 0.

(4.1)

Here g represents the friction bound, i.e., the magnitude of the limiting friction traction at which slip begins. We assume g ∈ L^∞(Γ_C ) and g ≥ 0 a.e. on Γ_C . The contact described with (4.1) is bilateral, i.e., there is no loss of contact during the process. The set of admissible test functions U is given by

U = { v ∈ H_1 | v_ν = 0 on Γ_C },

and, using (3.7) and (3.8), it is straightforward to show that if {u, σ} is a pair of regular functions satisfying (4.1) then σν · (v − u̇) ≥ g|u̇_τ | − g|v_τ | ∀v ∈ U,

A NONLINEAR EVOLUTION INCLUSION IN PLASTICITY 227

a.e. on Γ_C × (0, T ). Thus, (3.5) holds with the choice φ(v) = g|v_τ | and we obtain from (3.17) that j(v) = ∫ Γ_C g|v_τ |da ∀v ∈ H_1. The assumptions (3.20) and (3.21) hold in this case. Therefore, Theorem 3.1 yields the existence and uniqueness of a function σ which represents a weak solution in terms of the stress for the mechanical problem (3.1)–(3.4), (3.6), (4.1). The existence of a weak solution in terms of the velocity for the same problem has been proved in [3], using the properties of the spaces BD(Ω).

Example 4.2. Frictionless contact problem with damped normal response. We consider now a contact problem similar to that proposed in [5, p. 147]. It consists of the following boundary conditions on Γ_C × (0, T ): g_1 ≤ σ_ν ≤ g_2, g_1 < σ_ν < g_2 ⇒ u̇_ν = 0, σ_ν = g_1 ⇒ u̇_ν ≥ 0, σ_ν = g_2 ⇒ u̇_ν ≤ 0, σ_τ = 0.

(4.2)

Here g_1 and g_2 are prescribed functions in L^∞(Γ_C ) which satisfy g_1 ≤ 0 ≤ g_2, a.e. on Γ_C . It is straightforward to show that if {u, σ} is a pair of regular functions satisfying (4.2), then (3.5) holds with U = H_1, φ(v) = g_2v^−_ν − g_1v^+_ν .

Here, r^+ and r^− represent the positive and the negative part of r, respectively, given by r^+ = max{r, 0}, r^− = max{−r, 0}. Then it follows from (3.17) that j(v) = ∫ Γ_C

(g_2v^−_ν − g_1v^+_ν )da ∀v ∈ H_1.

The assumptions (3.20) and (3.21) are satisfied; hence, we may apply Theorem 3.1 to the mechanical problem (3.1)–(3.4), (3.6), (4.2) and conclude that it has a unique weak solution, in terms of the stress.

Example 4.3. Damped normal response and Tresca’s friction law. This is a combination of (4.1) and (4.2) above. The boundary conditions on Γ_C × (0, T ) are the following: g_1 ≤ σ_ν ≤ g_2, g_1 < σ_ν < g_2 ⇒ u̇_ν = 0, σ_ν = g_1 ⇒ u̇_ν ≥ 0, σ_ν = g_2 ⇒ u̇_ν ≤ 0, |σ_τ | ≤ g, |σ_τ | < g ⇒ u̇_τ = 0, |σ_τ | = g ⇒ u̇_τ = −λσ_τ for some λ ≥ 0.

(4.3)

Here g_1, g_2 and g are prescribed functions lying in L^∞(Γ_C ) which satisfy g ≥ 0, g_1 ≤ 0 ≤ g_2, a.e. on Γ_C . The boundary conditions (4.3) imply (3.5) with U = H_1, φ(v) = g_2v^−_ν − g_1v^+_ν + g|v_τ |,

228 A. AMASSAD, M. SHILLOR and M. SOFONEA

where r^+ and r^− are defined as in example 4.2. Using (3.17) we obtain j(v) = ∫ Γ_C

(g_2v^−_ν − g_1v^+_ν + g|v_τ |) da ∀v ∈ H_1.

We conclude that the mechanical problem (3.1)–(3.4), (3.6) and (4.3) has a unique weak solution, in terms of the stress, by Theorem 3.1, since the assumptions (3.20) and (3.21) are satisfied.

References

1. Amassad A. and Sofonea M., Analysis of a quasistatic viscoplastic problem involving Tresca’s friction law, Discrete and Continuous Dynamical Systems 4(1) (1998), 55–72.

2. , Analysis of some nonlinear evolution systems arising in rate-type viscoplasticity, Discrete and Continuous Dynamical Systems, Special issue, Vol. I (1998), 58–71.

3. Amassad A., Shillor M. and Sofonea M., A quasistatic contact problem for an elastic perfectly plastic body with Tresca’s friction, Nonlin. Anal. 35 (1999), 95–109.

4. Barbu V., Nonlinear semigroups and differential equations in Banach spaces, Editura Academiei, Bucharest-Noordhoff, Leyden, 1976.

5. Duvaut G. and Lions J. L., Inequalities in Mechanics and Physics, Springer, Berlin, 1976. 6. Ionescu I. R. and Sofonea M., Functional and Numerical Methods in Viscoplasticity, Oxford University Press, Oxford, 1993.

7. Johnson C., Existence theorems in plasticity, J. Math. Pures et Appl. 55 (1976), 431–444. 8. Licht C., Un problème d’élasticité avec frottement visqueux non linéaire, J. Méc. Th. Appl.

4(1) (1985), 15–26.

9. Moreau J. J., Application of convex analysis to the treatment of elasto-plastic systems, In Springer Lecture Notes in Math. No. 503 (P. Germain and B. Nayroles, Eds.), 1975.

10. Nečas J. and Hlaváček I., Mathematical theory of elastic and elastoplastic bodies: an introduction, Elsevier, Amsterdam, 1981.

11. Panagiotopoulos P. D., Inequality problems in mechanics and applications, Birkhäuser Verlag Basel, 1985.

12. Shillor M. and Sofonea M., A quasistatic contact problem for an elastoplastic rod, J. Math.

Anal. Appl. 217 (1998), 579–596.

13. Sofonea M., On a contact problem for elastic-viscoplastic bodies, Nonlin. Anal. 29(9) (1997), 1037–1050.

14. Suquet P., Evolution problems for a class of dissipative materials, Quart. J. Appl. Math.

(1981), 391–414.

A. Amassad, Laboratoire J.-A. Dieudonné, U.M.R. No. 6621 CNRS, Université de Nice–Sophia Antipolis, Parc Valrose, 06108 Nice Cedex 02, France

M. Shillor, Department of Mathematics and Statistics, Oakland University, Rochester, MI 48309, USA M. Sofonea, Laboratoire Théorie des Systèmes, Université de Perpignan, 52 Avenue de Villeneuve, 66860 Perpignan, France