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Abstract

We study the existence of weak solutions for a parametric Robin problem
driven by the p(x)-Laplacian. Our approach relies on the variable exponent the-
ory of generalized Lebesgue-Sobolev spaces, combined with adequate variational
methods and the Mountain Pass Theorem.

1 Introduction

The purpose of this article is to study the existence of solutions for the following
problem:

{ — Ayt = A(a(m)|u|q<z>*2u + b(:c)|u|’“(“’)*2u), in Q, Q)

(Va8 4 B up )~ = 0, in 09,

where Q ¢ RN (N > 2) is a bounded smooth domain, 2% is the outer unit normal

' v oY
derivative on 0, A is a positive number, p is Lipschitz continuous on , 8 € L>(0%2)
with 87 := infyepq 8(x) > 0, and ¢, are continuous functions on Q with ¢= :=

inf, gq(z) > 1,7 :=inf _gr(z) > 1, a(z),b(xz) > 0for z € Qsuch that a € L@ (),

a(z) = 559 and b € L(Q), 1(z) = 5759 Here

Np(z) ;
p*(x) _ N—p(z)’ if p(fl‘) < N,
+00, if p(x) > N.

We will use the notations such as A~ and AT where

h™ := inf h(z) < h(z) < h' :=sup h(z) < +oo.
e €0

Throughout this paper, assuming the condition

l<q <qt<p <pf<r <rft<(p ) andp™ < N. (2)
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108 Existence of Solutions for a Robin Problem

The main interest in studying such problems arises from the presence of the p(x)-
Laplace operator div(|Vu|P*)=2Vu), which is a natural extension of the classical p-
Laplace operator div(|Vu[P~2Vu) obtained in the case when p is a positive constant.
However, such generalizations are not trivial since the p(z)- Laplace operator possesses
a more complicated structure than p Laplace operator; for example, it is inhomoge-
neous.

Nonlinear boundary value problems with variable exponent have received consid-
erable attention in recent years. This is partly due to their frequent appearance in
applications such as the modeling of electro-rheological fluids [12, 13, 17] and image
processing [4], but these problems are very interesting from a purely mathematical
point of view as well. Many results have been obtained on this kind of problems; see
for example [1, 3, 5, 6, 8, 14, 15, 16]. In [5], the authors have studied the case a(x) = 1,
b(x) = 0 and g(x) = p(x) , they proved that the existence of infinitely many eigenvalue
sequences. Unlike the p-Laplacian case, for a variable exponent p(x) (# constant),
there does not exist a principal eigenvalue and the set of all eigenvalues is not closed
under some assumptions. Finally, they presented some sufficient conditions for the
infimum of all eigenvalues to be zero and positive, respectively.

The main result of this paper is as follows.

THEOREM 1. Assume p is Lipschitz continuous, ¢, € C () and condition (2) is
fulfilled. Then there exists A* > 0 such that for any A € (0, \*), problem (1) possesses
a nontrivial weak solution.

This article is organized as follows. First, we will introduce some basic preliminary
results and lemmas in Section 2. In Section 3, we will give the proof of our main result.

2 Preliminaries

For completeness, we first recall some facts on the variable exponent spaces Lp(x)(ﬂ)
and WP(@)(Q). For more details, see [9, 10]. Suppose that (2 is a bounded open
domain of RY with smooth boundary 99 and p € C. (Q) where

Cy(Q) = {p € C(Q) and inf p(z) > 1}.

zeQ

Denote by p~ := inf__gp(z) and pt := sup, g p(x). Define the variable exponent
Lebesgue space LP(*)(Q) by

LP@(Q) = {u : Q — R is measurable and /

Q
p(z)
|up(r):inf{7>0;/ ‘E dwgl}.
ol'T

Define the variable exponent Sobolev space Wl’p(”’)(Q) by

|u|p(m) dz < +oo} ,

with the norm

WP (@) = {u e L7(Q) : [Vul € L7D(Q)},
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p(z) w (@)
llul| = inf T>o:/ +H dr < 1%,
Q T

[ull = 1Vuly @y + lulp) -

with the norm

vu
T

We refer the reader to [8, 9] for the basic properties of the variable exponent
Lebesgue and Sobolev spaces.

LEMMA 1 (cf. [10]). Both (LP®)(Q), | p(z)) and (WL (Q), || - ||) are separable
and uniformly convex Banach spaces.

LEMMA 2 (cf. [10]). Holder inequality holds, namely
/ |uv| da < 2 [ul,p [0]pr(a) for all u € LP®)(Q) and v € LP'()(Q),
Q

1 1 _
where m + m =1.
LEMMA 3 (cf. [2]). Assume that h € LY () and p € C4(Q). If [u"®) € LP()(Q),
then we have

. . ht h(z)
min {|“|h(a:)p(ac) ’ |u|h(:v)P($)} = ‘|u|

< b n
p() = X {|u|h(:c)p(x) ; |u|h(w)p(w)} '

LEMMA 4 (cf. [9]). Assume that €2 is bounded and smooth.

(i) If p is Lipschitz continuous and p™ < N, then for h € L (Q2) with p(z) < h(z) <
p*(z) there is a continuous embedding W' P*)(Q) — LM=)(Q).

(i) If p € C(Q) and 1 < g(z) < p*(z) for x € Q where

Np(z) :
p*(z) =4 N-p@@)’ if p(z) <N,
+oo,  ifp(z) = N,

then there is a compact embedding W'P(®)(Q) < L1®)(Q).

Now, we introduce a norm, which will be used later. Let § € L>®(9Q) with 7 :=
inf,ep0 B(z) > 0 and for u € WHPE)(Q), define
p(z)
do <13.

||uB:inf{T>O:/Q< dm+/896(a:)‘$

Then, by Theorem 2.1 in [7], ||.||5 is also a norm on WP(#)(Q) which is equivalent to
1.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is
played by the mapping defined by the following.

Yu p(z)

T

LEMMA 5 (cf. [7)). Let Ig(u) = [, |Vu["™ dz + [, B(z) [ul"™ do with 5~ > 0.
For u € WHP(®)(Q) we have that
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110 Existence of Solutions for a Robin Problem

() flulls; <U=1,>1) & Izu) <1(=1,>1),
.. + -
(i) flullg <1 = lully < Is(u) < |ullz , and
- +
(iif) flullp =1 = [lully <Isw) < [ulf -

Here, problem (1) is stated in the framework of the generalized Sobolev space
X = whrl)(Q).
The Euler-Lagrange functional associated with (1) is defined as @) : X — R,

_ [l gy B) | o) gy [ 2@
Dy(u) = /Qp(x) |Vul dx + o (@) |ul d )\/Qq(x) |u|™ dx

[ Y=) @ g
)\/Qr(z)|| da.

We say that u € X is a weak solution of (1) if

/ (V"™ 2 Vo do + / B(x) |u["™ % wwdo
Q o9

= )\/ a(z) [u]!™ % wodz + )\/ b(x) u|"" 2 wodz
) Q

for all v € X.
Standard arguments imply that ®, € C*(X,R) and

(@ (u),v) = / (VP2 VuV de + / B(z) [ulP™ " wwde
Q o0

- )\/ a(x) |u|q(z)_2 uvdz — )\/ b(x) \u|r(1)_2 uvdzx,
Q Q

for all u,v € X. Thus the weak solutions of (1) coincide with the critical points of
®,. If such a weak solution exists and is nontrivial, then the corresponding \ is an
eigenvalue of problem (1).
Next, we write ®) as
" =A—)\B,
where A, B : X — X' are defined by

(A(u),v) = / VulP 2 vuVode + [ Bz) [ulP™ " wwdo
Q o9
and
(B(u),v) = / a(x) |u|q<£)_2 uv dz + / b(x) \u|r(m)_2 uv dz.
Q Q

Denote by M,C,C;,i = 1,2... the general positive constants which are the exact
values may change from line to line.

LEMMA 6 (cf. [11]). A satisfies condition (S*), namely, u, — u, in X and
lim sup(A(un), uy, — u) <0, imply u, — v in X.

REMARK 1. Noting that ®) is still of type (ST). Hence, any bounded (PS)
sequence of @, in the reflexive Banach space X has a convergent subsequence.
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3 Proof of Main Result

For the proof of our theorem, we will use the Mountain Pass Lemma. We need to
establish some lemmas.

LEMMA 7. The functional ®, satisfies the Palais-Smale condition (PS).

PROOF. Suppose that (u,) C X is a (PS) sequence; that is,

sup |¢y (un)| < M (for any n or as n — oo ?) and ¢ (u,) — 0 as n — oo.

Let us show that (u,) is bounded in X. Assume |lu,||sg > 1 for convenience. Since
@ (up) is bounded, we have for n large enough:

M+1 >

Y

Y

Y

w%w}wwm%wﬁwwmw>

/ |vun|p(ac) da _|_/ 5 |un|p(r) do )\/ JC ‘un|q z)dx
Qb ( ) -’f

b(x) i) p(a) @)
A [ B s = ([ [0l dok [ sl a0)
T / (@ + / b(a) a6 () 0
1 T T
s = = [ oo = 2 [ bl e~ = Ts(w)

1

2 / )i+ 2 / )tV 4 (6 (), )

.
(]ﬁ_r> L) — A(q )cl|a|w ot

1
L ) Bl

1 1 - 1 1 + CQ
(5 = 2 ) Hunlly” =2 (5 = ) Gl Tl = L]

pt q

1 1 - 1 1 C
(55 = =) Gallunll” =3 (5 = &) Calebag lunll™ = Pl

hence (u,,) is bounded in X since ¢~ < ¢* < p~ < pT < r~. The proof is completed.

LEMMA 8. There exists A* > 0 such that for any A € (0, \") there exist p,7 > 0
such that ®5(u) > 7 > 0 for any u € X with |jullg = p.

PROOF. Using Lemma 4, there exists a positive constant C4 such that

| < Cyllulls and [ulp~(z) < Cu|lullz for all u € X. (3)

p(z)
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112 Existence of Solutions for a Robin Problem

Fix p €]0, 1] such that p < C . Then relation (3) implies
all u € X with |ju|g = p. Usmg Lemmas 2 and 3, we obtain

/Q a(@) [ul"® dz < 2|alag) ||ul"®

a
pE'c; S 2 |a"a(y) |u|p(z) )
q(x

and

/Qb(ac)|u|7'(”)dw <2 |b|’y($) | ‘u|7-(1)

2‘b|’y(z ‘ul

p*(a) — p(m’
O

for all u € X with |julg = p. Combining (3), (4) and (5), we obtain
[ a@lul@ds < 2lalun €I el
Q

and

/Q bl @ dz < 2b} o) Ol

<1 for

(4)

(7)

for all v € X with |lul|g = p. Hence, from (6), (7) we deduce that for any v € X with

lullg = p, we have

1 A
Pa(u) = — </ |VU|P(1’) dx+/ ﬁ(x)u|p(””)da> _ 7_/ a(z) |u|q(m) d
p oQ a Jao
——/ ) |u|"®) da
> Ll = 22l C Iy — 22l llully
= ot B = a(z)byg B — y(z) 4 8 -
Putting

. T et T
A® = min — e
8C1 ptlalagm) 8Ci P {bly@)
for any u € X with |Ju||g = p, there exists 7 = pP" /(2p*) such that
Dy (u) >71>0.

This completes the proof.

LEMMA 9. There exists £ € X such that £ > 0, £ # 0 and ®,(t§) < 0, for t > 0

small enough.
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PROOF. Let £ € C5°(R2), £ >0, £ #0 and ¢t € (0,1). We have

2O @ gy [ EBE) @ g0y [ (e i@ g
/me'vf' o [ e d A/Q”q(a»'f' a

=\ / bz %( )|£|’“<” dz

t " z Atd P
p(/ Ve dot [ (@) do ) =2 [ atw) g ao

)\t ()
[l as

( [rver i [ s ao)

/\tq+ z r(z
—q+<1fuma“%m+lf@na<%m)

1
Then, for any t < §»=—a7 | with

D\ (t8)

IN

IN
%
i

p (Joale) |6 do + f b)) )
+ (Jo IVEP da 4 [y ) ) do)

0 <0 < min 1,

we conclude that
®5(t) <0

The proof is complete.

We now turn to the proof of Theorem 1. To apply the Mountain Pass Theorem, we
need to prove that
o(tu) — —oo0 as t — +oo,

for a certain u € X. Let w € C§°(2), w > 0, w # 0 and ¢ > 1. We have

() tp(ﬂﬂ)ﬁ(x) ta(x)
o, (tw) = / V[P dx—i—/ 7wp(m)da—)\/ax—w'J(m)dx
) = e v o P o Dy
A/M)H@|V@d
— x w x
Q r(z)
<

i At
</ \Vw|p(z dz +/ Bz |w|p(m) do) - — [ a(®) |w|q(m) dx
b~ q Q

AT
-7 /Qb(x) w|"® da.

Since ¢~,pt < r~ we have ¢(tw) — —oo as t — +oo. It follows that there exists e € X
such that |le]|g > p and ¢,(e) < 0. According to the Mountain Pass Theorem, ¢,
admits a critical value 8 > 7 which is characterized by

0= inf sup 6,(g(t)),
9€T te0,1]
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where

I'={g€C(]0,1], X) : g(0) = 0 and g(1) = e}.

This completes the proof.

Acknowledgment. The author thanks the referees for their careful reading of the

manuscript and insightful comments.
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