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Abstract

In this paper we study the existence, number and distribution of limit cycles
of a perturbed Hamiltonian system. Applying the Abelian integral method [13]
in the case n = 4 we can draw the distribution limit cycle diagrams.

1 Introduction
The system considered in this paper is a Hamiltonian system given by:

2’ =4y (abz® — by? + 1) + ex(ua™ + vy" — b%x”yﬁ —ux? —\) (1)
y =4z (ax? — aby? — 1) 4 ey(ua™ + vy" + batyP —vy? — \)
where p+5=n,0<a<b<1,0<e<1, u,v,\ are the real parameters and n = 2k,
k a positive integer. Some results on this system are reported in [8, 9] and on a related
system in [10].

It is known that one way to produce limit cycles is by perturbing a Hamiltonian
system which has one or more centers, in such a way that limit cycles bifurcate in the
perturbed system from some of the periodic orbits in the original system. There are
some methods in doing that. The first one is based on the Poincaré return map [4],
the second on the Poincaré-Melnikov integral method [12], the third on the Abelian
integral method [13] and the last is presented in [14]. In the plane, the first two are
equivalent.

The following result is registered in [2].

THEOREM 1. Consider the perturbed Hamiltonian system
/ 8H /

OH
€T __a_y—i—P(xvyva)ay _8_:E+Q(I’y,a> (2)

Assume that P and @ are polynomials and P(z,y,0) = Q(z,y,0) = 0. The curve I'*
defined by the Hamiltonian H(x,y) = h of system (2) is a periodic orbit that extends
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outside as h increases, and I'*(D) is the area inside I'*. If there exists hg such that
function

//P'm% + Q! (2, ,0)|dudy (3)

(D)

satisfies A(hg) =0, A’(hg) # 0, aA’(hg) < 0 (> 0), then system (2) has only one stable
(unstable) limit cycle nearby ' for o very small. If I'* constricts inside as h increases,
the stability of the limit cycle is opposite with above. If A(h) # 0, then system (2) has
no limit cycle.

The integral A(h) is called the Abelian integral and the problem is known as the
weakened 16-th Hilbert problem. If the form of the system (2) is:

z'(t) = +ex(p(z,y) — N),
{M@%—%4sm< W) =N 4

where p(0,0) = ¢(0,0) = 0, then, by using the above Theorem 1, from A(h) = 0, we
get:

[ fz,y)dzdy
ri(D)

2 [[ dzdy
ri(D)

A=A(h) =

where f(z,y) = xp), +yp, +p+q.

This function A(h) is called the detection function of system (4).

From Theorem 1 and by using the detection function A(h) we get the following
result.

PROPOSITION 1. Given Ag. a) If (ho, A(ho)) is an intersecting point of line A = A\g
and the detection curve A = A(h), and X (hg) > 0(< 0), then system (4) has only one
stable (unstable) limit cycle nearby I'" when A = MAg. b) If line A\ = )y and the
detection curve A = A(h) have no intersecting point, then the system (4) has no limit
cycle when A = )g. If the I'" constricts inside as h increases, the stability of the limit
cycle is opposite with above.

This paper is organized as follows. In Section 2, we describe the global portrait of
the unperturbed system. In Section 3, we obtain the analytical forms of the detection
functions. Then, using a Computer System Algebra, we get numerical results. Finally,
we obtain the distribution of the limit cycles.

2 The Phase Portrait of the Unperturbed System

The unperturbed system (6) corresponding to system (1) is

o' =4y (—by* + bax? + 1) (6)
y =4z (a2? — y?ba — 1)
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that is, system (1) in the case ¢ = 0. System (6) has nine finite singular points and
they are

a(l—ba)’ b—b%a b(l—ba)(1+b)>7
a(l—ba)7b—_b2a b(l—ba)(“rb)),

1+a 1
As (— a(1—ba) b—0%a b(l—ba)(1+b)>,

- a(l—ba)’b:[ﬂa b(l—ba)(l—kb)),

1 1
Cl (\/j7 0) 702 <_\/j7 0) .
a a
By computing the eigenvalues at each singular point we may see that O, Ay, As,

Az, A, are centers while the other singular points By, Bz, C1, Cs are hyperbolic saddle
points. Further the Hamiltonian of system (6) is

H (z,y) = —(az" + by") + 2abz®y* + 2 (2* + y*) = h (7)

and H (4;) = g2t for i = 1,2,3,4, H (By) = 3, H(Cy) = & for k = 1,2. Since

0<a<b<l1,wegetthat H(O) < H(B;) < H(Cy) < H(A;).
In polar coordinates, x = r cos,y = rsind, system (6) becomes:
= —r3p'(0), 0 =—1+7r2ph) (8)
and the Hamiltonian (7) reads
H(r,0) = —r*p(0) + 2r* = h, 9)
where

p(0) = acos @ + bsin® § — 2ab cos® #sin? . (10)

REMARK 1. The equilibrium points Aj, As, A3, Ay lie on the lines d+ : 0 =

b+ba
a+b+2ab

THEOREM 2. As h varies on the real line, the level curves defined by the Hamil-
tonian (9) can be divided as follows [8]:

+ arccos
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1. T?: —o0o < h < 0, this corresponds to an orbit that surrounds all critical points,
fig.1 a).

2. ThuTh:0<h < %, this corresponds to an orbit (1"3) that surrounds only the
origin and a curve of type (1"?) , fig.1 b)-a).

3. F?} : % <h< %, this corresponds to two symmetric orbits that do not intersect
the Oy axis but encircle the rest of critical points. If h = % we get four heteroclinic
orbits connecting the critical points By and B, fig.2 b)-a).

4. Th: % <h< Z?Z‘(ll*_bl;‘;, this corresponds to four orbits that surround respectively
the A;, i = 1,2,3,4, equilibrium points. If A = % we have four homoclinic orbits
connecting the critical points C7 and Cs, fig.3 b)-a) . Note that as h increases, the
curves IT'?, T% and T'% shrink inside, while T'; extends outside.

\:g

Figure 1: Orbit of type a) I'; (left) b) I'y and I'y (right)

=
N
w

Figure 2: a) Four heteroclinic orbits connecting two critical points By and B (left) b)
Two orbits of type I's (right)

3 Numerical Explorations

In this section we numerically compute the detection curves and the distribution of
limit cycles. The four detection functions can be computed numerically, and for a
given h, they depend on u and v, (see tables 1-4). On the other hand, for two given
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Figure 3: a) Four homoclinic orbits connecting the critical points Cy and Cy (left) b)
Four orbits of type T'y (right)

values of u and v, the detection curves can be drawn on the (h, A)-plane, as illustrated
in fig.4. By the Proposition 1 and the detection function graphs, the existence, number
and distribution of limit cycles can then be obtained. We consider here the case n = 4
that means perturbation of five order.

From (9), we get

1+ /T— hp(0)
=r2(0,h) = —¥Y— 7 11
1,2 rj:( ) ) p(a) ( )
and from 0’ = —1 + r?p(6) = 0 we have:
1
01(h) = 5 arccos [(b— a+2v/a2b? —ab+ (a + b+ 2ab) h*l) / (a+b—|—2ab)} ,
1
O2(h) = 5 arceos [(b —a—2+/a2? —ab+ (a+ b+ 2ab) h_l) /(a+b+ 2ab)} .
From the form of the perturbation terms
_ n no_ ﬁ—i_lpﬂ_ 2 _ n n wo B 2
p@y) = (ua” +uy" —bi—maty’ —ua® ) q(ey) =y (w” +oy” + ety — oy’

we have

O?p(x,y) | 0%q(z,y)

= 2 n ny 2 2 72 .
0x0e OyOe (2+n) (ua™ +vy") — 3(ux” +vy~) — 2\

Therefore, the four detection functions corresponding to the four closed curves Fj—”,
7 =1,2,3,4, for the above perturbations are

[ [(n+2) (ua™ + vy") — 3(ux? + vy?)| dedy
(D)

Aj(h) =

1 =1,2,3,4. 12
9 ff dzdy ] 3 £y Dy ( )
I’ (D)
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In polar coordinates and for a = =,b = %, n =4 (12) leads to:

[ (020.0096) ~ 308 (0.0 91 (0)) a9

M(h) = o , —oo<h<3, (13)
f 1 (9, h) d9
0
T (r3(6,h) g (0) — 313 (0,h) g1 (0)) db
Aa(h) = L , 0<h<3, (14)

[(T:l)) (9a h) - Tg (97 h)) g (9) - % (T% (97 h) - T% (9, h)) g1 (9)] do

As(h) = el NG (15)
[ (r1(0,h) —rs(0,h))do
—02(h)
3 < h<6,
02 (h)
L0 0.0) =13 (0,1)) g (0) = 3 (13 (0,h) — 13 (6,1)) 01 (6)] a0
Ai(h) = 01(h) — »

[ (r (0,h) — 5 (0, 1)) d6
91(h

6 < h<11.647,

where g (f) = ucos® 0 +vsin* 0, g; () = ucos® 0 +vsin? @ and ry 2 (6, h) = 3 (0, h).
From (13)-(16) we obtain values of detection functions A;(h),7 = 1,2, 3, 4, registered
in the following tables (1-4).

Table 1. Values of detection function A (h) when a = 1/6 b=1/3,n=

h A1 (h) h A1 (h) )\1(h)

2| 138.880 u + 40.363 v | -1.85 | 137.080 u + 48.939 v -1 7 [ 137.069 u 1 45514
155 | 136.156 u + 48.087 v | -1.4 | 135242 u + 47.660 v | -1.25 | 134.327 u + 47231 v
11 | 133.410 u t 46.802 v | -0.95 | 132.492 u | 46.37Lv | 0.8 | 131572 u 1 45.930 v
-0.65 | 130.651 u 1 45.505 v | -0.5_| 129.728 u + 45.070 v_| -0.35 | 128.805 u | 44.634 v
0.2 | 127.880 u + 44.197 v | -0.05 | 126.955 u + 43.758 v | 0.1 | 126.028 u | 43.318 v
0.25 | 125101 u + 42.877 v | 04 | 124.173 u | 42.43d v | 0.55 | 123.245 u  41.990 v
0.7 | 122317 u + 41.544 v | 0.85 | 121.390 u + 41.097 v | 1 | 120.463 u + 40.648 v
T.05 | 119.537 u + 40.198 v | 1.3 | 118613 u + 39.746 v | 1.45 | 117.692 u ¥ 39.203 v
1.6 | 116.773 u + 38838 v | 1.75 | 115860 u + 38382 v | 1.0 | 114.952 u § 37925 v
2.05 | 114.051 u + 37466 v | 2.2 | 113.162 u + 37.006 v | 2.35 | 112.286 u + 36.545 v
2.5 | 111431 u 1 36.083 v | 2.65 | 110.605 u f 35.622 v | 2.8 | 109.827 u | 35.163 v
2.95 | 109.154 u § 34711 v

Table 2. Values of detection function A2(h) when a =1/6,b=1/3,n = 4.
h A2 (h) h A2 (h) h A2 (h)

0.01 | -0.001 u-0.001v | 0.21 | -0.035 u- 0.035 v | 0.41 | -0.061 u - 0.062 v

0.61 | 0.079 u-0.081v | 0.81 | -0.000 u- 0.001 v | 1.0l | -0.092 u - 0.091 v

121 | -0.086 u-0.081v | 1.41 | 0.07 u-0.0568 v | 1.61 | -0.046 u-0.021 v

T.81 | -0.012u F 0.032v | 2.01 | 0.03L u ¥ 0.107 v_| 2.21 | 0.085 u + 0.208 v

241 | 0.140u 1 0343 v | 2.61 | 0.224 u + 0520 v | 2.81 | 0.308 u + 0.800 v
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Table 3. Values of detection function Ag(h) when a =1/6,b=1/3,n = 4.

R X (h) 7 Xs (1) R X5 (h)

3 | 128849 u 1 40.643 v | 3.08 | 120.732 u + 40.683 v_| 3.16 | 130.340 u + 40.685 v
3.24 | 130.850 u + 40.673 v_| 3.32 | 131.208 u | 40.653 v_| 3.4 | 131.703 u t 40.627 v
3.48 | 132.073 u 1 40.598 v_| 3.56 | 132.416 u t 40.565 v | 3.64 | 132.737 u + 40.531 v
3.72 | 133.038 u 1 40.495 v | 3.8 | 133.322 u | 40.458 v | 3.88 | 133.593 u + 40.421 v
3.96 | 133.851 u + 40.383 v_| 4.04 | 134.098 u + 40347 v | 4.12 | 134.335 u + 40311 v
12 | 134565 u + 40.276 v | 4.28 | 134.787 u + 40.242 v | 4.36 | 135.003 u T 40.211 v
444 | 135214 u + 40.181 v | 4.52 | 135.421 u + 40.155 v | 4.6 | 135.624 u + 40.132 v
1.68 | 135825 u 1 40.112 v_| 4.76 | 136.025 u + 40.097 v_| 4.84 | 136.223 u + 40.086 v
192 | 136422 u ¥ 40.081 v | 5. | 136.623 u I 40.082 v | 5.08 | 136.825 u t 40.090 v
5.16 | 137.032 u + 40.107 v_| 5.24 | 137.243 u t 40.132 v | 5.32 | 137.462 u  40.169 v
5.4 | 137.680 u  40.218 v_| 5.48 | 137.927 u 1 40.281 v | 5.56 | 138.179 u t 40.362 v
5.64 | 138.45u 1 40.465 v | 5.72 | 138.74d u | 40594 v | 5.8 | 139.071 u + 40.76 v
5.88 | 139.446 u + 40.976 v | 5.96 | 139.008 u + 41.281v | 6 | 140.235 u + 41.532 v

Table 4. Values of detection function A\4(h) when a = 1/6,b=1/3,n = 4.

h A4 (h) h A4 (h) h A4 (h)

6 | 140235 u + 41.532v | 6.15 | 141234 u + 42.24dv | 6.3 | 141.977 u + 42.705 v
6.45 | 142.631 u + 43.082 v | 6.6 | 143.227 u + 43408 v | 6.756 | 143.781 u + 43.697 v
6.9 | 144.301 u + 43.950 v | 7.05 | 144.793 u + 44.199 v | 7.2 | 145.260 u + 44.419 v
735 | 145706 u + 44.624 v | 7.5 | 146.133 u + 44.816 v | 7.65 | 146.543 u + 44.995 v
78 | 146.936 u 1 45.163 v | 7.05 | 147316 u + 45321 v | 8.1 | 147.680 u + 45470 v
825 | 148.033 u + 45.612v | 84 | 148.373u | 45.746 v | 855 | 148.703 u | 45872 v
87 | 149.02Lu 1 45.993 v | 8.85 | 149.330 u § 46.107 v | 0. | 149.629 u + 46.216 v
9.15 | 149918 u + 46.319 v | 9.3 | 150.200 u | 46.418 v | 9.45 | 150.472 u t 46.511 v
9.6 | 150.737 u + 46.600 v_| 9.75 | 150.994 u + 46.685 v | 9.0 | 151.244 u + 46.766 v
10.05 | 151.486 u + 46.843 v | 10.2 | 151.722 u + 46.916 v_| 10.35 | 151.951 u + 46.986 v
105 | 152.174 u + 47.052 v | 10.65 | 152.300 u + 47.115 v | 10.8 | 152.600 u + 47.175 v
1005 | 152.806 u + 47232 v | 11.1_| 153.004 u + 47.286 v | 11.25 | 153.198 u + 47.337 v
T1.4 | 153.386 u t 47.385 v | 11.55 | 153.568 u + 47.431 v | 11.64 | 153.667 u I 47.455 v

-42 -36
-42.2
-42.4 -38
-42.6
~42.8 -40
_a3. o 7 8 9 10 Ti\ -42
-43 .4

3.5 4 4.55 5.5 6

Figure 4: Detection curves A4 (left), A3 (right) of system (1) for a = $,b=4%n=

4,u=—0.9 and v = 2.

)

W=

From tables (1-4) we have the four detection functions, two of which are shown in
fig.4. The values of \; and Ay are not plotted because they are outside the interval of
the values of A3 and A4 . By using Proposition 1 and from fig.4 we have the following
result.

THEOREM 3. For a = %,b = %,n =4,u=-09,v=2and 0 < e <1, we have
that local maximum of A4 is —41.8864, first point of A4 is —43.1473, last point of \4
is —43.390, local minimum of A3 is —43.679, first point of A3 is —34.6781, last point of
A3 is —43.1473. Based on these values we have:
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a) —43.679 < A < —43.39, system (1) has at least four limit cycles, two of which in
the neighborhood of each orbit of type I'%, fig.5 a)

b) If —43.39 < A\ < —43.1473, system (1) has at least eight limit cycles, two of
which in the neighborhood of each orbit of type I'4 and one in the neighborhood of the
orbits of type '}, fig.5 b)

c) If —43.1473 < XA < —41.8864, system (1) has at least ten limit cycles, two of
which in the neighborhood of each orbit of type I'# and one in the neighborhood of the
orbits of type T'%, fig.6 a)

d) If —41.8864 < A\ < —34.6781, system (1) has at least two limit cycles, one of
which in the neighborhood of each orbit of type I'%, fig.6 b).

From fig.4 we could obtain more results but we listed only these important cases.

0

Figure 5: Distribution diagram corresponding to: a) four (left) b) eight (right) limit
cycles of system (1).

(2

Figure 6: Distribution diagram corresponding to: a) ten (left) b) two (right) limit
cycles of system (1).
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4 Conclusions

System (1) with a = %,b = %,n =4u=-09v=20<e<k1land —43.1473 < A <
—41.8864, has at least ten limit cycles. The Abelian integral method was employed.
By numerically explorations we have drawn the shape of the graphs of the detection
functions from which we concluded about the number and distribution of limit cycles.
A natural question is: one can obtain more limit cycles for higher perturbations?
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