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ON THE MATSUMOTO CHANGE OF A FINSLER SPACE
WITH MTH-ROOT METRIC

GAUREE SHANKER, RUCHI KAUSHIK SHARMA AND R.D.S. KUSHWAHA

ABSTRACT. In the present paper, we find a condition under which a Finsler
space with Matsumoto change of mth-root metric is projectively related to
a mth-root metric and also we find a condition under which this Matsumoto
transformed mth-root Finsler metric is locally dually flat and projectively
flat.

1. INTRODUCTION

The concept of mth-root metric was introduced by Shimada [10] in 1979,
applied to ecology by Antonelli [3] and studied by several authors ([8], [11],
[12], [13], [14], [15]). It is regarded as a generalisation of Riemannian metric
in the sense that the second root metric is a Riemannian metric. For m =
3, it is called a cubic Finsler metric and for m = 4, it is quatric metric. In
four dimension, the special fourth root metric in the form F = </yly?y3y*
is called the Berwald-Moor metric which is considered by physicists as an
important subject for a possible model of space-time. Recent studies show
that mth-root Finsler metrics play a very important role in physics, space-time
structure and gravitation as well as in unified gauge field theories. Li and Shen
[5] have studied the geometrical properties of locally projectively flat fourth
root metrics in the form F = {/a;ju(x)y'y/y*y! and generalised fourth root

metric in the form F = \/\/a,-jkl(x)yiyjykyl + bij(x)y'y’. In [12], Tayebi and
Najafi characterize locally dually flat and Antonelli mth-root metrics and in
[13] Tayebi, Peyghan and Shahbazi find a condition under which a generalized
mth-root metric is projectively related to mth-root metric. In [4], Brinzei
provides necessary and sufficient condition for a Finsler space with mth-root
metric to be projectively flat to Berwald space.
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In this paper, we find the condition under which the transformed Finsler
space is projectively related with given Finsler space. Also we find the con-
dition under which the transformed Finsler space is locally dually flat and
projectively flat.

2. PRELIMINARIES

Let M™ be an n-dimensional C*°-manifold, T, M denotes the tangent space
of M™ at x. The tangent bundle T'M is the union of tangent spaces, TM :=
U,ear TeM. We denote the elements of TM by (x,y), where = (2) is a point
of M™ and y € T, M called supporting element. We denote TMy = T'M \ {0}.

Definition. A Finsler metric on M" is a function F': TM — [0, 00) with the
following properties:
(i) F'is C* on T'M,,
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM and
. 2 . 1 9%2F?
(iii) the Hessian of F* with element g;; = 55755
The pair (M™, F') = F™ is called a Finsler space, F'is called the fundamental
function and g;; is called the fundamental tensor of the Finsler space F™.
The normalized supporting element /;, angular metric tensor h;; and metric
tensor g;; of F" are defined respectively as:
or P O*F J 1 0?F?
=g hij= - and gij = S
oyt / Oyt oyd 95 =5 Oyt oyd
Let F be a Finsler metric defined by F = %A, where A is given by A :=
Qiyiy...in, (T)y Y2y with a;, ;  symmetric in all its indices. Then F is called
an mth- root Finsler metric. Clearly, A is homogeneous of degree m in y.
Let

is positive definite on T M.

(2.1) I

i 1 0A
22 Az = Wgjy..4 12... m— A
(2.2) O
1 9*A

2.3 Az: i7ia...0 i3... tm — - -,
( ) J a J3---im (I’)y y m(m o 1) 6yzay3

1 DBA
m(m — 1)(m — 2) 0y’ 0y Oy*
The normalized supporting element of F is given by

OF ONA 1 gp A

mAm7;1 Fm—l'

(24) Ay = Qijpigin ()Y oy’ =

2. l; == F, = - = -
( 5) ? Yy ayl ayz

Let us consider the transformation

(2.6) F =

F_p
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where F' = {/A, is an mth-root metric and 8 = b;(z)y’ is a one form on the
manifold M". Clearly F is also a Finsler metric on M™, given by Matsumoto
change of mth- root metric. Throughout the paper, we call the Finsler metric
F as transformed mth-root metric and (M", F) = F" as transformed Finsler
space. We restrict ourselves for m > 2 throughout the paper and also the
quantities corresponding to the transformed Finsler space F' will be denoted
by putting bar on the top of that quantity.

3. FUNDAMENTAL METRIC TENSOR OF MATSUMOTO TRANSFORMED
MTH-ROOT METRIC

2

o —
The Matsumoto metric F' = —ﬁ, where o = /a;;y'y’ is a Riemannian
a —

metric and 3 = b;(x)y’ is a one-form, is an interesting (c, 3)-metric introduced
by Matsumoto using gradient of slope, speed and gravity in [6]. This metric
formulates the model of a Finsler space. Many authors ([1], [3]) have studied
this metric by different prospec;cives.

The Finsler metric F = is called the Matsumoto change of Finsler

metric [7].

The differentiation of (2.6) with respect to y* yields the normalized support-
ing element [; given by
- A (F-2p) F?

I R

Again differentiation of (3.1) with respect to ¢/ yields

7 _p[m = (F = 25) (m = D(F —26) 2

hij = F[ Fn=2(F — B)2 Ay — < F2m=4(F — B)2 - F2m=2(F — 5)3>AZAJ'
2Fp 2F?

~ (g g A A + mbibj] .

(3.1)

(3.2)

From (3.1) and (3.2), the fundamental metric tensor g,; of Finsler space F'is
given by

After simplification, we get
(3.3) Gij = PAs; + pobibj + p1(Aibj + biA;) + p2AiA;,

where
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_ 2F°F F
PSRy F- A
_ F*(F—2p) 28F
PL= "pm—2 Fr=2(F — B)%
26°F (F —2p)° (m — 1)F(F —20)
P2 = F2m=1)(F — B)3 ' (F — B)4F2(m=2) o F2m=4)(F — §)2

The contravariant metric tensor g* of Finsler space F' is given by

AU o o o .
(3.4) g7 = — ogb't! — ooy'y! — o1 (Y'Y + Y0,
where )
_ 1 P1
P o = it
P p2”
1= 5
p2 — p12d?
0y — P1P2P4
2= 5 5
p2 — p12d?

= ddy = [ob + 22 [t ZA] = 0?4 0+ 22 (54 22,

=l (2]

Proposition 1. The covariant metric tensor g,; and contravariant metric ten-

sor G of Matsumoto transformed mth-root Finsler space F' are given by the
equations (3.3) and (3.4) respectively.

4. SPRAY COEFFICIENTS OF MATSUMOTO TRANSFORMED MTH-ROOT
METRIC

The geodesics of a Finsler space F™ are given by the following system of

equations
d*x’ ; dx
e g) =0

where .
GZ = Zngl{[FQ]Ikyzyk — [FQ]xl}

are called spray coefficients of F".
Two Finsler metrics F' and F' on a manifold M" are called projectively re-

lated if there is a scalar function P(x, y) defined on T'M, such that G' =

G' + Pyi, where G' and (¥ are the geodesics spray coefficients of F" and
F™ respectively. In other words two metrics F and F' are called projectively
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related if any geodesic of the first is also geodesic for the second and vice versa.

In the view of equation (3.3) the metric tensor g;; of F" can be rewritten
as:

Fm—2
where
e m=2
P3 = P2 (m —1)Fm2’
and
(4.2) gij = (m — 1)Fm—2 — (m — 2>F2(m—1)'

Further, in view of equation (3.4), contravariant metric tensor g” can be
rewritten as:

(43) g” = me_2ng — yl<0'1b] + O'3yj> — bZ(O'lyj + Uob]),
where
B n m— 2
03 = 02 Frmp
and
4.4 Y= AY 4~ 7 2
(4.4) g m—1 * (m—1)F?

The spray coefficients of Matsumoto transformed Finsler space F are given
by-

—i 1 =2 —2
(45) G = 7 (s ~ [Fla}
It can also be written as:
— 1 ,7.0G, 07\ .
4. = _—”<2_3_ J ) Ik
(4.6) G =19 25,% ~ 50 )VY
From (4.1) and (4.6), we have
—i 1 0 2
a Fm—2 ]
] (in—_lgjk + pobjbr + p1(A;br, + Axbj) + pSAjAk)] vy,
which implies that
(4.8)
—i 1_,r/.0gi1  Ogi\ pF™?2 0X;  0Xj1 .
G:—”[(Q]—j) V0T — O 9 _J]jk
19 oxk oxt) m—1 + 29Tk — 9ikTL oxk + oz 1Y
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where
(o)
T —_ —_——
P ork\m —1)
and
X1 = pobiby + p1(A;b + Aib;) + psA; Ag.
Now,
—i 1r(m—=1)g" ) 4
(49) G = 1 [(pFT)Qg — oy o3yt + o1b) — b (o1 + aobl)} X
8gjl 8gjk me_2 8Xﬂ 8X]k g
[(28xk ~ Oa! ) m—1 2907k = gk + 2 oxk o7l ]yjy ’

On simplifying, we get

a_ lgil<% B 8g]~k> ik l(m —1)g
47 \ozk  Oxf 4 pFm—2

(29jl7—k — gjkT1 + 2 Ok — W) J

i 9gjt  Ogjk \pF"? 0Xy  0X1 .
—y (Ugyl+01bl) [(23;1.3 _ 8;l )m_l +29jl7-k_gjk7—l+26x£ — 8le ]yjyk
; dgy  Ogji, pF™? 0X5  0Xj7
Vo' + ool (255 = GA) g 20ame — g+ 275 = S
Or
— . m—l Fm72 . m_2 . :
410) G =G Ry (S A"+ Dy ) iy
(4.10) +me_2 g\ AT+ Y)Yy

- ?/i(Us?/l + 01bl)5jkzyj?/k - bi(ffl?/l + Uobl)Sjklyjyk7

where ax 8
_ Jt Jjk
Rjw = 2957, — g + QW ~
and
agﬂ (9gjk me_2 8Xﬂ 8X]k
Skt = (28xk ~ Oa! ) m—1 29Tk = gjeTi 2 dxk ol
The above equation may be written as
(4.11) G =G+Y'P+Q,
where
p_m__2}g LduF — ! WSk
= oFm iy Y’y — (o3y + o1b')Siy’y",
. R A% . .
Q' =yt — b (o + ool Sjuy’y".
Now, F and F are projectively related if Q" = 0, which implies
(4.12) Rju A" = pb'(o1y' + ob') Sy

Thus, we have the following
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Theorem 1. The Matsumoto transformed mth-root metric F and mth-root
metric F, on an open subset U of M", are projectively related if eq. (4.12) is
satisfied.

5. LocALLy DuaLLy FLATNESS OF MATSUMOTO TRANSFORMED
MTH-ROOT METRIC

The notion of dually flat Riemannian metrics was introduced by Amari
and Nagaoka [2], when they studied the information geometry on Riemannian
manifolds. In Finsler geometry, Shen [9] extended the notion of locally dually
flatness for Finsler metrics. Dually flat Finsler metrics form a special and
valuable class of Finsler metrics in Finsler information geometry, which plays a
very important role in studying flat Finsler information structure. Information
geometry has emerged from investigating the geometrical structure of a family
of probability distributions.

A Matsumoto transformed Finsler metric F = F(z,y) on a manifold M™ is
said to be locally dually flat, if at any point there is a standard co-ordinate
system (z°,y’) in TM such that [F2]mkyzyk = 2[72]361. In this case the co-
ordinate (z%) is called an adapted local co-ordinate system. Every locally

Minkowskian metric is locally dually flat.
2

Consider the Matsumoto transformation F = , where F is an mth-root

F—p
metric.
We have,
- LA Ay 2FY (LA Ay — By)
2 m T m T k
oy =" Fgr —— Fopp
From (5.1), we get
2(2—m) 5—2m 5—2m
—9 . 4(4—m)A m 8 A m 2(5_m) A
[F ]wkyl - [ m2 (F _ 6)2 @(F — ﬁ)g m2 (F — 5)3 AylAmk +
[i AT 2 AW |4 +[£ A8 AN
m(F =82 m(F—-ppl™ " lm2(F =51 " m(F -5y
6_A%" s 1 4 g A"
m (F — 5)4}Bkz4yz + Amby, — Am Bby, + 3A™ BiLb, + EmAmkbl'
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and

(5.2) .
2 4 —m) AT 2(5—m) A"
Flaw' = [P 7 B wt(F-pr_ we (F- by
[i A5 2 A } [i A5 8 A" -
m(F—B)2  m(F—pB) SF- B m(F-pp
6 A s o
o TF— g7 Ayl + AR B ARG+ AR By 4

Let the Finsler metric F is locally dually flat. Then, we have

|40+

m (F
LA ~ Aoby.

2

(5.3) [F eyt — 2[F ] = 0.
Therefore from equations (5.1), (5.2) and (5.3), we obtain

(5.4)
. o 44 —m) A 2(5—m) A"
[F Lavyy"—2(F ]fl—[ m2  (F-B) m2(F-B)P} m2 (F-p)p®
4 A" 2 A% ) 6 A" L8 A"
[E(F—/@P_E(F—ﬁ)} °l+[ SF=p  m(F - By B
6 A 5 8 A"
= AR ﬁ)‘*} B Ayt + Am By — Am B + 3Am Bibiy® + — oy T
- Qﬁ) [4(F BYAT Ay~ ZFA A 4 2F4] =0

From eq. (5.4), we get

4 4 —m
—(F = 28)F* A, = —{(m — 45) - SFYA™ AgA, +

2 2F3{3F(1 — m) + dm}
T L ey )

8 _
ZF3Agh, + F5B, — F'8B, + 3FBibyy* — 4AF* A" B,
m

Ayz +

Aoby

BkAylyk +

Therefore, F is locally dually flat metric if and only if

 {(m— 4B) - 5F) Au | {3F(1—m) +4m} .
(5:5) A== —opy Mt S oo aF —ap) Y T
2A0b; mE?p, mE B 3mFb Sy mF™p,

(F—25) "A(F—25) 4(F-28)  4(F —25) (F—28)

Thus, we have the following,
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Theorem 2. Let F be a Matsumoto transformed mth-root Finsler metric on
a manifold M™. Then, F is locally dually flat if and only if equation (5.5) is
satisfied.

6. PROJECTIVELY FLATNESS OF MATSUMOTO TRANSFORMED MTH-ROOT
METRIC

2

F—-p
open subset U of manifold M", is projectively flat [5] if and only if it satisfies
the following equations :

=2 ko [e2
(6.1) 7 kaly -7
Therefore, from eq. (5.1), (5.2) and (5.3), we obtain

2(2—m) 5—2m 5—2m

2, [44-m) A7 w 8 Am  2(6—m) A=
O T T e
6 A% 8 A"

A Matsumoto transformed Finsler Space with metric F = on an

_2 J—
[F ]:ckylyk_[F :| A()Ayl+

4—m

A AT 2 AT, L[S + 8 -
m(F—3)2 mEF-3RI"" " lm2(F=p8)* " m(F-p)>
6 A" k 5 4 4 8 A
Em}ﬁkflyly + Am B — Am BB + 3A= Brby” + EMAOI)Z
1 4 4-m 2 4 1=m 4 _
57 [m(F BIAT A — ZFIAT Ay 4 2F @] — 0.
Above equation can be written as,
4 8 3-m
E(F —28)F? A, = ﬁ{(m —4p3) —BF}A™ AgAy +
4 3 4F3{3F(1 —m) + 4m} i
E<F QB)F AOl + m2(F — ﬁ) ﬁkAyly +

16

m

m—1

F3 Ao, + F°B, — 2F*BB, + 6 F* Bpbiy* — 8F*A™ 3,

Therefore, F is projectively flat metric if and only if
(m —4p) — 5F'} {3F(1 —m)+4m} &
A
mA(F — 29) m(F = A)(F —25) Y
4Aobl szﬁl _ mFﬂBl 3mFblBkyk _ 2mFmﬂl
(F—28) ' 2(F—28) 2(F-28)  2(F-28) (F—28)
Thus, we have the following:

62) A=A

ApAy + Ao +

Theorem 3. A Finsler space F™ = (M™, F ) with metric F' on an open subset
U of manifold M™ is projectively flat if and only if it satisfies the equation

(6.2).
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