Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 32 (2016), 313–325

www.emis.de/journals
ISSN 1786-0091

VARIABLE LEBESGUE SPACES AND CONTINUOUS WAVELET TRANSFORMS

KRISTÓF SZARVAS

Dedicated to Professor Ferenc Schipp on the occasion of his 75th birthday, to Professor William Wade on the occasion of his 70th birthday and to Professor Péter Simon on the occasion of his 65th birthday.

Abstract. In this paper we summarize the previous results in the topic of variable Lebesgue space. We present the basic properties of the variable Lebesgue spaces and investigate norm and almost everywhere convergence of the inverse continuous wavelet transform in the variable Lebesgue space.

1. Introduction

The topic of variable Lebesgue spaces is a new chapter of mathematics and is studied intensively nowadays. In this paper we summarize the main results. For an exponent function p: R^d → [1, ∞), we consider the variable L_{p(·)}(R^d) spaces. The variable Lebesgue spaces have a lot of common properties with the classical Lebesgue spaces. For example, the variable L_{p(·)}(R^d) spaces are equipped with the norm ‖ · ‖_{p(·)} are Banach spaces. The analogue of Hölder’s inequality remains true. Similarly to the classical Lebesgue spaces, if the measure of X ⊂ R^d is finite, then the spaces L_{q(·)}(X) ⊂ L_{p(·)}(X) if and only if the exponent function p(·) ≤ q(·) almost everywhere. Or, if the exponent function q(·) is the conjugate function of p(·) and sup{p(x) : x ∈ R^d} < ∞, then the dual space L^∗_{p(·)}(R^d) and the space L_{q(·)}(R^d) are equivalent. Though, there are some properties of the classical Lebesgue spaces, which do not remain true in the variable Lebesgue spaces. For instance, the translation invariance, Young’s inequality, or the boundedness of the strong maximal operator (see Kováčik and Rákosník [11], Cruz-Uribe and Fiorenza [4], Diening, Hästö and

2010 Mathematics Subject Classification. Primary 42C40, Secondary 42C15, 42B08, 42A38, 46B15.

Key words and phrases. Variable Lebesgue spaces, continuous wavelet transform, Wiener amalgam spaces, θ-summability, inversion formula.

This research was supported by the Hungarian Scientific Research Funds (OTKA) No K115804. 313

Růžička [5], Cruz-Uribe, Firorenza and Neugebauer [3], Cruz-Uribe, Fiorenza, Martell and Pérez [2]).

The so-called θ-summation method is studied intensively in the literature (see e.g. Butzer and Nessel [1], Trigub and Belinsky [15], Gát [8], Goginava [9], Simon [13] and Weisz [16, 17]). For an integrable function θ on R^d, the θ-summation is defined by

σ^θ_T f(x) = � R^d

f(x − t)T^dθ(T t) dt.

By a suitable chosen of θ, we get back the well-known summability methods, like Fejér, Riesz, Weierstrass, Abel, etc. Feichtinger and Weisz [6, 7, 19] have proved that the θ-means σ^θ_T f converge to f almost everywhere and in norm as T → ∞, whenever f is in the L_p(R^d) space or in a Wiener amalgam space. The points of the set of the almost everywhere convergence are characterized as the Lebesgue points. In [14] we proved that in case of T → 0, the θ-means converge to 0 pointwise if f ∈ L_p (1 ≤ p ≤ ∞) and in norm, whenever f ∈ L_p (1 < p < ∞) and θ has a radial majorant.

Some similar results are known in the variable Lebesgue spaces (see e.g. Cruz-Uribe and Fiorenza [4], Szarvas and Weisz [14]). Under some conditions on the exponent function p(·) and θ, the θ-means of f converge to f almost everywhere and in norm for all f ∈ L_{p(·)} as T → ∞ and converge to 0 pointwise and in norm as T → 0.

Recently Li and Sun [12] have proved that under some conditions the inverse continuous wavelet transform converges to Cf at every Lebesgue points of f for any f ∈ L_p(R^d) (1 ≤ p < ∞), where C is a constant depending on g and γ. If 1 < p < ∞, then the convergence holds in the L_p(R^d)-norm for all f ∈ L_p(R^d). Under some other conditions Weisz [18] has proved similar results. These results were generalized for variable Lebesgue spaces in [14].

In this paper we will present the basic properties of the variable Lebesgue spaces and investigate the norm and almost everywhere convergence of the continuous wavelet transform in variable Lebesgue spaces. The solution was that we traced back the problem to the summability of Fourier transforms.

2. Variable Lebesgue spaces

First of all, we will investigate the classical L_p(R^d) spaces. Let us fix d ≥ 1, d ∈ N. For a set Y ≠ ∅ let Y^d be its Cartesian product Y × · · · × Y taken with itself d-times. The space L_p(R^d) equipped with the norm

‖f‖_p := � R^d

|f(x)|^p dx

�_{1/p} (1 ≤ p ≤ ∞),

is the classical Lebesgue space. We use the notation |I| for the Lebesgue measure of the set I. The set of locally integrable functions is denoted by L^{loc}_1 (R^d).

A function p(·) belongs to P(R^d) if p: R^d → [1, ∞] and p(·) is measurable. Then we say that p(·) is an exponent function. Let

p_− := inf{p(x) : x ∈ R^d} and p_+ := sup{p(x) : x ∈ R^d}. Set Ω^{p(·)}_∞ := Ω_∞ := {x ∈ R^d : p(x) = ∞}.

The modular generated by p(·) ∈ P(R^d) is defined by

ϱ_{p(·)}(f) := � R^d\Ω_∞

|f(x)|^{p(x)} dx + ‖f‖_{L∞(Ω∞)} ,

where f is a measurable function. A measurable function f belongs to the L_{p(·)}(R^d) space if there exists λ > 0 such that ϱ_{p(·)} (f/λ) < ∞. We can see that the modular ϱ_{p(·)} is not a norm. Define the L_{p(·)}(R^d)-norm by

‖f‖_{p(·)} := inf � λ > 0 : ϱ_{p(·)} � f λ � ≤ 1 � . Then ‖ · ‖_{p(·)} is a norm and the space (L_{p(·)}(R^d), ‖ · ‖_{p(·)}) is a normed space. In case p(·) = p is a constant, then we get back the usual L_p(R^d) spaces.

The variable Lebesgue spaces are special cases of much more general function spaces, the so-called Musielak-Orlicz spaces. Let Φ: R^d × [0, ∞) → [0, ∞] be given such that for all x ∈ R^d, Φ(x, ·) is non-decreasing, continuous and convex on the set where it is finite. Assume that Φ(x, 0) = 0, Φ(x, t) > 0 (t > 0), lim_{t→∞} Φ(x, t) = ∞ and for all t ≥ 0, Φ(·, t) is a measurable function. Let

‖f‖_{LΦ(·,·)} = inf � λ > 0 : � R^d Φ � x, |f(x)| λ � dx ≤ 1 � , which is the so-called Luxemburg-norm. Then a measurable function f belongs to the Musielak-Orlicz space if ‖f‖_{LΦ(·,·)} < ∞. If we take Φ(x, t) := t^p (1 ≤ p < ∞), Φ(x, t) := t^pw(x) (1 ≤ p < ∞), Φ(x, t) := t^{p(x)}, Φ(x, t) := t^{p(x)}w(x) or Φ(x, t) = Φ(t), then we get the classical Lebesgue spaces, the weighted Lebesgue spaces, the variable Lebesgue spaces, the weighted variable Lebesgue spaces or the Orlicz spaces back. Here the function w is a so-called weight function, i.e. w is positive and locally integrable.

3. Basic properties of the variable Lebesgue spaces

In this chapter we review some basic properties of the variable Lebesgue spaces (the proofs and other interesting facts about variable Lebesgue spaces can be found in [4] or in [5]). Let p(·) ∈ P(R^d), f, f_n ∈ L_{p(·)}(R^d) (n ∈ N). We say that (f_n) converges to f in modular if for some λ > 0, lim_{n→∞} ϱ (λ(f − f_n)) = 0.

We say that (f_n) converges to f in the L_{p(·)}(R^d)-norm, if lim_{n→∞} ‖f − f_n‖_{p(·)} = 0. The norm convergence is stronger than the modular convergence (see [4, p.44]).

Theorem 1. Let p(·) ∈ P(R^d), f, f_n ∈ L_{p(·)}(R^d) (n ∈ N). If (f_n) converges to f in the L_{p(·)}(R^d)-norm, then (f_n) converges to f in modular.

Although, if we take a condition on the exponent function, we get (see [4, p.44])

Theorem 2. In case of p_+ < ∞, the sequence (f_n) (n ∈ N) converges to f in modular if and only if (f_n) converges to f in the L_{p(·)}(R^d)-norm.

One of the most important properties of the variable Lebesgue spaces is that they are Banach spaces (see [4, p.55]).

Theorem 3. If p(·) ∈ P(R^d), then the space (L_{p(·)}(R^d), ‖ · ‖_{p(·)}) is a Banach space.

The dense subsets of the classical Lebesgue spaces are very important. For the variable Lebesgue spaces we have ([4, p.56])

Theorem 4. If p(·) ∈ P(R^d), p_+ < ∞, then the set of bounded functions with compact support is dense in L_{p(·)}(R^d).

The well-known Hölder’s inequality remains true in the variable Lebesgue spaces too (see e.g. [4, p.27]). Namely, if p(·) ∈ P(R^d) and q(·) ∈ P(R^d) exponent functions are such that 1/p(x) + 1/q(x) = 1 for all x ∈ R^d, then we say that q(·) is the conjugate function of p(·).

Theorem 5 (Hölder’s inequality). Let p(·) ∈ P(R^d), 1/p(x) + 1/q(x) = 1. Then for all f ∈ L_{p(·)}(R^d) and g ∈ L_{q(·)}(R^d), fg ∈ L_1(R^d) and � R^d

|f(x)g(x)| dx ≤ C_{p(·)} ‖f‖_{p(·)} ‖g‖_{q(·)}.

Let Ω ⊂ R^d, |Ω| < ∞. For the classical spaces the L_p(Ω) spaces decrease as p increase. In the variable Lebesgue spaces we have an analogous theorem ([4, p.41]).

Theorem 6. Suppose that p(·), q(·) ∈ P(Ω) and |Ω \ Ω^{p(·)}∞ | < ∞. Then L_{q(·)}(Ω) ⊂ L_{p(·)}(Ω) if and only if p(·) ≤ q(·) almost everywhere.

Another embedding theorem is (see [5, p.83])

Theorem 7. If p(·), q(·), r(·) ∈ P(R^d), p(·) ≤ q(·) ≤ r(·) almost everywhere, then

L_{p(·)}(R^d) ∩ L_{r(·)}(R^d) → L_{q(·)}(R^d) → L_{p(·)}(R^d) + L_{r(·)}(R^d). Moreover, if g ∈ L_{q(·)}(R^d), then ‖g‖_{q(·)} ≤ 2 max{‖g‖_{p(·)}, ‖g‖_{r(·)}}. and inf g=g_1+g_2, g_1∈L_{p(·)}(R^d),

g_2∈L_{r(·)}(R^d)

{‖g_1‖_{p(·)} + ‖g_2‖_{r(·)}} ≤ 2‖g‖_{q(·)}.

The duality results are similar to the case of the classical Lebesgue spaces. It is known that the dual space of L_{p(·)}(R^d) is L^∗_{p(·)}(R^d) equipped with the norm ‖Φ‖ := sup_{‖f‖p(·)≤1} |Φ(f)|, where L^∗_{p(·)}(R^d) contains all bounded linear functionals Φ: L_{p(·)}(R^d) → R.

Theorem 8. Let g be a measurable function and define the linear functional Φ_g : L_{p(·)}(R^d) → R by

Φ_g(f) := � R^d

f(x)g(x) dx.

If p(·) ∈ P(R^d) and q(·) ∈ P(R^d) is the conjugate function of p(·), then Φ_g ∈ L^∗_{p(·)}(R^d) if and only if g ∈ L_{q(·)}(R^d).

Moreover, if p_+ is finite, then essentially there are no other bounded linear functionals in the dual space just Φ_g (see e.g. [4, p.63]).

Theorem 9. Let p(·) ∈ P(R^d) and q(·) is the conjugate function of p(·). Then the followings are equivalent:

(1) p_+ < ∞, (2) For any Φ ∈ L^∗_{p(·)}(R^d) there exists a unique g ∈ L_{q(·)}(R^d) such that Φ = Φ_g.

We get the next results as immediate consequences:

Corollary 1. In case of p_+ < ∞, the space L^∗_{p(·)}(R^d) and the space L_{q(·)}(R^d) are equivalent.

Corollary 2. Suppose that p(·) ∈ P(R^d). Then L_{p(·)}(R^d) is reflexive if and only if 1 < p_− ≤ p_+ < ∞.

We have seen that there are some important properties of the classical Lebesgue spaces which remain true for the variable Lebesgue spaces. However, there are some important statements that are not true for the variable Lebesgue spaces. For example, the classical Lebesgue spaces are translation invariant spaces, i.e. for all f ∈ L_p(R^d) (1 ≤ p ≤ ∞) and for all h ∈ R^d, T_hf ∈ L_p(R^d) and ‖f‖_p = ‖T_hf‖_p, where T_hf(x) = f(x − h) (x ∈ R^d). This property is used to prove norm-convergence (for example the norm-convergence of θ-summation). But in the variable Lebesgue spaces, this never holds (see [4, p.203]).

Theorem 10. Suppose that p(·) ∈ P(R^d), h ∈ R^d. Then the translation operator T_h is bounded on L_{p(·)}(R^d) if and only if p(·) is constant. Moreover, if p(·) is non-constant, then for all h ∈ R^d there exists f ∈ L_{p(·)}(R^d) such that T_h /∈ L_{p(·)}(R^d).

A Banach space B is called homogeneous Banach space, if (1) for all f ∈ B and x ∈ R^d, T_xf ∈ B and ‖T_xf‖_B = ‖f‖_B, (2) the function x → T_xf from R^d to B is continuous for all f ∈ B,

(3) the functions in B are uniformly locally integrable, i.e. for every compact set K ⊂ R^d there exists a constant C_K such that � K |f| dλ ≤ C_K ‖f‖_B (f ∈ B).

Corollary 3. In case p(·) ∈ P(R^d) is not a constant, then L_{p(·)}(R^d) is not a homogeneous Banach space.

The convolution of the measurable functions f and g is defined by

(f ∗ g)(x) := � R^d

f(x − t)g(t) dt = � R^d

f(t)g(x − t) dt.

The so-called Young’s inequality is a well-known result in the classical Lebesgue spaces:

‖f ∗ g‖_r ≤ ‖f‖_p‖g‖_q for all f ∈ L_p(R^d) and g ∈ L_q(R^d), where 1 ≤ p, q, r ≤ ∞, and 1/r + 1 = 1/p + 1/q. In case of q = 1 we obtain the inequality ‖f ∗ g‖_p ≤ ‖f‖_p‖g‖_1. Unfortunately, since the spaces L_{p(·)}(R^d) are not translation invariant, unless p(·) is a constant, we get that the Young’s inequality does not hold in the variable Lebesgue spaces ([4, 204]):

Theorem 11. Let p(·) ∈ P(R^d), 1 < p_− ≤ p_+ < ∞. Then ‖f ∗ g‖_{p(·)} ≤ C‖f‖_{p(·)}‖g‖_1 for some C > 0 and for all f ∈ L_{p(·)}(R^d), g ∈ L_1(R^d) if and only if p(·) is a constant.

Another surprising result for the classical Hardy-Littlewood maximal operator is Theorem 15.

The interpolation is another central topic of the classical Lebesgue spaces. The Riesz-Thorin’s theorem remains true for the variable Lebesgue spaces ([4, p.128]).

Theorem 12. Let p_i(·), q_i(·) ∈ P(R^d) (i = 1, 2). If T is a sublinear operator such that for all f ∈ L_{pi(·)}(R^d) ‖T f‖_{qi(·)} ≤ M_i ‖f‖_{pi(·)} (i = 1, 2, ),

then for each 0 < θ < 1 and for all f ∈ L_{p(·)}(R^d), ‖T f‖_{q(·)} ≤ CM^θ_1 M^{1−θ}_2 ‖f‖_{p(·)} , where p(·), q(·) are defined by 1 p(x) = θ p_1(x) + 1 − θ p_2(x) , 1 q(x) = θ q_1(x) + 1 − θ q_2(x)

(x ∈ R^d).

In the classical Lebesgue spaces, the so-called Marcinkiewicz-theorem says that

Theorem 13 (Marcinkiewicz). Let 1 ≤ p_1 ≤ p_2 < ∞ If T is a sublinear operator for which sup_{t>0} � tχ_{{x∈R}d_{:T f(x)>t}} � p_i ≤ C‖f‖p^i

for all f ∈ L_{pi} (R^d) (i = 1, 2), then for any p_1 < q < p_2 ‖T f‖_q ≤ C‖f‖_q for all f ∈ L_q(R^d).

In the topic of variable Lebesgue spaces it is an open question that if the sublinear operator T satisfies sup_{t>0} � tχ_{{x∈R}d_{:T f(x)>t}} � p_i(·) ≤ C ‖f‖pi(·) (i = 1, 2)

for all f ∈ L_{pi(·)}(R^d), then the inequality ‖T f‖_{p(·)} ≤ C ‖f‖_{p(·)} does hold for any f ∈ L_{p(·)}(R^d), where 1/p(x) = θ/p_1(x) + (1 − θ) /p_2(x) (0 < θ < 1, x ∈ R^d)?

4. Maximal operators Maximal operators are playing central role in Fourier analysis and in approximation theory. The classical Hardy-Littlewood maximal operator is defined by

Mf(x) := sup_{x∈Q} 1 |Q| � Q |f| dλ (x ∈ R^d),

where f ∈ L^{loc}_1 (R^d) and the supremum is taken over all cubes Q ⊂ R^d with sides parallel to the axes. The following result is known for the classical Lebesgue spaces:

‖Mf‖_p ≤ C ‖f‖_p for all f ∈ L_p(R^d) (1 < p ≤ ∞) and sup_{t>0} tλ � x ∈ R^d : Mf(x) > t � ≤ C ‖f‖_1

for all f ∈ L_1(R^d). To generalize this result for variable Lebesgue spaces we will introduce the log-Hölder continuous functions. We say that r(·) is locally log-Hölder continuous if there exists a constant C_0 such that for all x, y ∈ R^d, ‖x − y‖_2 < 1/2, |r(x) − r(y)| ≤

C_0 − log(‖x − y‖_2) . We denote this set by LH_0(R^d).

We say that r(·) is log-Hölder continuous at infinity if there exist constants C_∞ and r_∞ such that for all x ∈ R^d

|r(x) − r_∞| ≤

C_∞ log(e + ‖x‖_2) .

We write briefly r(·) ∈ LH_∞(R^d). Let LH(R^d) := LH_0(R^d) ∩ LH_∞(R^d).

For example, if r(·) is in LH_0(R^d), then r(·) is uniformly continuous and bounded on every bounded set E ⊂ R^d. Moreover, if r(·) is in LH_∞(R^d), then r(·) is bounded (the proofs can be found in [4, p.15]). With the help of this property, we get sufficient condition for the boundedness of the Hardy- Littlewood maximal operator (see [4, p.89]). Theorem 14. Let p(·) ∈ P(R^d) and 1/p(·) ∈ LH(R^d).

(1) Then for all f ∈ L_{p(·)}(R^d) sup_{t>0} � tχ_{{x∈R}d_{:Mf(x)>t}} � p(·) ≤ C ‖f‖p(·) .

(2) If in addition p_− > 1, then for all f ∈ L_{p(·)}(R^d) ‖Mf‖_{p(·)} ≤ C ‖f‖_{p(·)} .

However, the integral inequality never holds in the variable Lebesgue spaces (see [4, p.108]).

Theorem 15. Let p(·) ∈ P(R^d) and p_+ < ∞. Then the inequalities � {x∈R^d:Mf(x)>t}

t^{p(x)} dx ≤ C � R^d

|f(x)|^{p(x)} dx, � R^d

Mf(x)^{p(x)} dx ≤ C � R^d

|f(x)|^{p(x)} dx

are true if and only if p(·) is a constant almost everywhere.

It is known that in case of p = 1, the Hardy-Littlewood maximal operator is not bounded on L_1(R^d). Analogously, if p_− = 1, then the maximal operator M is not bounded on the space L_{p(·)}(R^d) (see [4, p.90]).

We can define other maximal operators too. For example, the strong maximal operator is given by

M_sf(x) := sup_{x∈I} 1 |I| � I |f| dλ (x ∈ R^d),

where f ∈ L^{loc}_1 (R^d) and the supremum is taken over all rectangles I ⊂ R^d with sides parallel to the axes. It is known that ‖M_sf‖_p ≤ C ‖f‖_p for all f ∈ L_p(R^d) (1 < p ≤ ∞) and

sup_{t>0} tλ � x ∈ R^d : M_sf(x) > t, |x| ≤ C_0 � ≤ C + C � R^d

|f|(log^+ |f|)^{d−1} dλ

for all f ∈ L_1(L log L)^{d−1}(R^d). In contrast to the previous theorem, the strong maximal operator is never bounded on the variable L_{p(·)}(R^d) spaces unless p(·) is a constant (see Kokilashvili and Meskhi [10]):

Theorem 16. Let 1 < p_− ≤ p_+ < ∞. Then the strong maximal operator M_s is bounded on L_{p(·)}(R^d) if and only if p(·) is constant.

5. θ-summation In this chapter we will introduce a general method for approximation, the so-called θ-summation. Let θ ∈ L_1(R^d) be a radial function. The θ-means of f ∈ L_p(R^d) (1 ≤ p ≤ ∞) are defined by

σ^θ_T f(x) := (f ∗ θ_T )(x) = � R^d

f(x − t)θ_T (t) dt,

where θ_T (x) := T^dθ(T x) (x ∈ R^d, T > 0).

A point x ∈ R^d is called a Lebesgue point of f ∈ L^{loc}_1 (R^d) if

lim_{h→0} 1 |B(0, h)| � B(0,h)

|f(x + u) − f(x)| du = 0,

where B(a, δ) := {x ∈ R^d : ‖x − a‖_2 < δ}.

It is known that if f ∈ L_p(R^d) (1 ≤ p ≤ ∞) or f ∈ L_{p(·)}(R^d) (p(·) ∈ P(R^d)), then almost every x ∈ R^d is a Lebesgue point of f (see e.g. Feichtinger and Weisz [7] and Szarvas and Weisz [14]).

We say that η is a radial majorant of f, if η is radial, non-increasing as a function on (0, ∞), non-negative, bounded, |f| ≤ η and η ∈ L_1(R^d). If in addition, η(·) ln (| · | + 2) ∈ L_1(R^d), then we say that η is a radial log-majorant of f. The next theorem can be found in Feichtinger and Weisz [6] and Szarvas and Weisz [14].

Theorem 17. Suppose that θ ∈ L_1(R^d).

(1) Then for all f ∈ L_p(R^d) (1 ≤ p < ∞)

lim_{T →∞} σ^θ_T f = � R^d

θ(x) dx · f in the L_p(R^d)-norm.

If θ has a radial majorant, then the convergence holds for all Lebesgue points.

(2) If θ has a radial majorant, then for all f ∈ L_p(R^d)

(1 < p < ∞) lim_{T →0} σ^θ_T f = 0 in the L_p(R^d)-norm.

This convergence holds for all x ∈ R^d pointwise and for all 1 ≤ p ≤ ∞. We have generalized this result for variable Lebesgue spaces in [14]:

Theorem 18. Suppose that p(·) ∈ P(R^d) and θ has a radial majorant.

(1) Then for all Lebesgue points of f ∈ L_{p(·)}(R^d), lim_{T →∞} σ^θ_T f(x) = � R^d

θ(y) dy · f(x).

(2) If in addition p_+ < ∞, then lim_{T →0} σ^θ_T f(x) = 0 for all f ∈ L_{p(·)}(R^d) and for all x ∈ R^d.

To prove norm-convergence, we have to take other conditions. The first statement of the next theorem can be found in Cruz-Uribe and Fiorenza [4, p.199]. We have proved the second one in [14].

Theorem 19. Let p(·) ∈ P(R^d), p_+ < ∞, 1/p(x) + 1/q(x) = 1. Suppose that θ has a radial majorant and the maximal operator is bounded on L_{q(·)}(R^d).

(1) Then for all f ∈ L_{p(·)}(R^d)

lim_{T →∞} σ^θ_T f = � R^d

θ(x) dx · f in the L_{p(·)}(R^d)-norm. (2) If in addition p_− > 1, then lim_{T →0} σ^θ_T f = 0 in the L_{p(·)}(R^d)-norm for all f ∈ L_{p(·)}(R^d).

Note that if 1/p(·) ∈ LH(R^d) and p_+ < ∞, then 1/q(·) ∈ LH(R^d) and q_− > 1, hence the maximal operator is bounded on L_{q(·)}(R^d). Therefore if 1/p(·) ∈ LH(R^d), p_+ < ∞ and θ has a radial majorant, then the statements of the previous theorem remain true. 6. Continuous wavelet transform In this chapter we will present an application of the previous results. Namely, we will rewrite the continuous wavelet transform as a θ-summation and we will get convergence theorems for the continuous wavelet transform. The continuous wavelet transform of f with respect to a wavelet g is defined by W_gf(x, s) := |s|^{−d/2} � R^d

f(t)g(s^{−1}(t − x)) dt = ⟨f, T_xD_sg⟩,

(x ∈ R^d, s ∈ R, s ≠ 0), when the integral does exist. Here T_x the translation operator and D_s is the dilatation operator, i.e.,

T_xf(t) = f(t − x) and D_sf(t) = |s|^{−d/2}f � t s � (x, t ∈ R^d, 0 ≠ s ∈ R).

We suppose that g, γ ∈ L_2(R^d) and �_∞ 0 |^g(sω)||^γ(sω)| ds s < ∞ for almost every ω ∈ R^d with ‖ω‖_2 = 1. If

C_{g,γ} :=

�_∞ 0 ^g(sω)^γ(sω) ds s is independent of ω, then the inversion formula holds for all f ∈ L_2(R^d): �_∞ 0 � R^d

W_gf(x, s)T_xD_sγ dxds s^{d+1}

= C_{g,γ} · f,

where the equality is understood in a vector-valued weak sense. Consider the operators ρ_S f :=

�_∞ S � R^d

W_gf(x, s)T_xD_sγ dxds s^{d+1} and ρ_{S,T} f :=

�_T S � R^d

W_gf(x, s)T_xD_sγ dxds s^{d+1} , where 0 < S < T < ∞. Let

C^′_{g,γ} := − � R^d

(g^∗ ∗ γ)(x) ln (|x|) dx,

where g^∗(x) = g(−x) is the involution operator. In case of g and γ both have radial log-majorants, then C^′_{g,γ} is finite (see Li and Sun [12]).

If g and γ are radial, � R^d (g

∗ ∗ γ)(x) dx = 0, and both have a radial logmajorant, then for any f ∈ L_p(R^d) (1 ≤ p < ∞) lim S→0_+,T →∞

ρ_{S,T} f(x) = lim_{S→0+} ρ_S f(x) = C^′_{g,γ}f(x)

at every Lebesgue point of f (see Li and Sun [12]). Moreover, if 1 < p < ∞, then the convergence holds in the L_p(R^d)-norm for all f ∈ L_p(R^d). In case of p = 1, then lim_{S→0+} ρ_S f = C^′_{g,γ} f in the L_1(R^d)-norm

for all f ∈ L_1(R^d). Under some similar conditions Weisz [18] proved similar results. We investigated the same questions on variable Lebesgue spaces and we proved similar theorems (see [14]). Under some conditions C_{g,γ} = C^′_{g,γ} (see Li and Sun [12]). Our main result in [14] is, that under some conditions we trace back ϱ_S f to a θ-summation:

Theorem 20. Suppose that g, γ have radial log-majorants and � R^d

(g^∗ ∗ γ)(x) dx = 0.

If p(·) ∈ P(R^d) and p_+ < ∞, then for all f ∈ L_{p(·)}(R^d) ϱ_S f = σ^θ_{1/S} f (S > 0), where θ is a suitable function, which has radial majorant.

Using this result we proved the convergence of ϱ_S f and ϱ_{S,T} f at Lebesgue points, almost everywhere and in the L_{p(·)}(R^d)-norm.

Theorem 21. Suppose that g, γ have radial log-majorants and � R^d

(g^∗ ∗ γ)(x) dx = 0.

If p(·) ∈ P(R^d) and p_+ < ∞, then for all Lebesgue points of f ∈ L_{p(·)}(R^d), (1) lim_{S→0+} ϱ_S f(x) = C^′_{g,γ} · f(x). (2) lim S→0_+,T →∞

ϱ_{S,T} f(x) = C^′_{g,γ} · f(x).

Since almost every x ∈ R^d is a Lebesgue point of f ∈ L_{p(·)}(R^d) (p(·) ∈ P(R^d)), we get the almost everywhere convergence of ϱ_S f and ϱ_{S,T} f as a corollary.

Theorem 22. Suppose that g, γ have radial log-majorants and � R^d

(g^∗ ∗ γ)(x) dx = 0.

Let p(·) ∈ P(R^d), p_+ < ∞, 1/p(x) + 1/q(x) = 1. If the maximal operator is bounded on L_{q(·)}(R^d), then for all f ∈ L_{p(·)}(R^d), (1) lim_{S→0+} ϱ_S f = C^′_{g,γ} · f in the L_{p(·)}(R^d)-norm.

(2) If in addition p_− > 1, then for all f ∈ L_{p·}(R^d) lim S→0_+,T →∞

ϱ_{S,T} f = C^′_{g,γ} · f in the L_{p(·)}(R^d)-norm.

References

[1] P. L. Butzer and R. J. Nessel. Fourier analysis and approximation. Academic Press, New York-London, 1971. Volume 1: One-dimensional theory, Pure and Applied Mathematics, Vol. 40.

[2] D. Cruz-Uribe, A. Fiorenza, J. M. Martell, and C. Pérez. The boundedness of classical operators on variable L^p spaces. Ann. Acad. Sci. Fenn. Math., 31(1):239–264, 2006.

[3] D. Cruz-Uribe, A. Fiorenza, and C. J. Neugebauer. The maximal function on variable L^p spaces. Ann. Acad. Sci. Fenn. Math., 28(1):223–238, 2003.

[4] D. V. Cruz-Uribe and A. Fiorenza. Variable Lebesgue spaces. Applied and Numerical Harmonic Analysis. Birkhäuser/Springer, Heidelberg, 2013. Foundations and harmonic analysis.

[5] L. Diening, P. Harjulehto, P. Hästö, and M. Růžička. Lebesgue and Sobolev spaces with variable exponents, volume 2017 of Lecture Notes in Mathematics. Springer, Heidelberg, 2011.

[6] H. G. Feichtinger and F. Weisz. The Segal algebra S_0(R^d) and norm summability of Fourier series and Fourier transforms. Monatsh. Math., 148(4):333–349, 2006.

[7] H. G. Feichtinger and F. Weisz. Wiener amalgams and pointwise summability of Fourier transforms and Fourier series. Math. Proc. Cambridge Philos. Soc., 140(3):509–536, 2006.

[8] G. Gát. Pointwise convergence of cone-like restricted two-dimensional (C, 1) means of trigonometric Fourier series. J. Approx. Theory, 149(1):74–102, 2007.

[9] U. Goginava. The maximal operator of Marcinkiewicz-Fejér means of the d-dimensional Walsh-Fourier series. East J. Approx., 12(3):295–302, 2006.

[10] V. Kokilashvili and A. Meskhi. Two-weighted norm inequalities for the double Hardy transforms and strong fractional maximal functions in variable exponent Lebesgue space. In Spectral theory, function spaces and inequalities, volume 219 of Oper. Theory Adv. Appl., pages 105–124. Birkhäuser/Springer Basel AG, Basel, 2012.

[11] O. Kováčik and J. Rákosník. On spaces L^{p(x)} and W^{k,p(x)}. Czechoslovak Math. J., 41(116)(4):592–618, 1991.

[12] K. Li and W. Sun. Pointwise convergence of the Calderón reproducing formula. J.

Fourier Anal. Appl., 18(3):439–455, 2012.

[13] P. Simon. (C, α) summability of Walsh-Kaczmarz-Fourier series. J. Approx. Theory, 127(1):39–60, 2004.

[14] K. Szarvas and F. Weisz. Continuous wavelet transform in variable Lebesgue spaces.

Stud. Univ. Babeş-Bolyai Math., 59(4):497–512, 2014.

[15] R. M. Trigub and E. S. Bellinsky. Fourier analysis and approximation of functions.

Kluwer Academic Publishers, Dordrecht, 2004. [Belinsky on front and back cover]. [16] F. Weisz. Summability of multi-dimensional Fourier series and Hardy spaces, volume 541 of Mathematics and its Applications. Kluwer Academic Publishers, Dordrecht, 2002.

[17] F. Weisz. Summability of multi-dimensional trigonometric Fourier series. Surv. Approx.

Theory, 7:1–179, 2012.

[18] F. Weisz. Inversion formulas for the continuous wavelet transform. Acta Math. Hungar., 138(3):237–258, 2013.

[19] F. Weisz. Pointwise convergence in Pringsheim’s sense of the summability of Fourier transforms on Wiener amalgam spaces. Monatsh. Math., 175(1):143–160, 2014.

Received December 26, 2014.

Eötvös Loránd University, Department of Numerical Analysis, 1/C, Pázmány P. sétány, 1117 Budapest, Hungary E-mail address: szarvaskristof@gmail.com