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ABSTRACT. In this paper we characterize the set of convergence of the
general logarithmic means of trigonometric Fourier series.

Let T := [—m, 7] denotes an interval in the 1-dimensional Euclidean space
R. The notation a < b in the paper stands for a < ¢b, where ¢ is an absolute
constant.

We denote by L, (T) the class of all measurable functions f that are 27-
periodic with respect to all variables and satisfy

1l = /|f|p <00 1<p< oo,
T

In case p = oo, by L, (T) we mean C (T), endowed with the supremum norm.
Let f € Li(T). The Fourier series of f with respect to the trigonometric
system is the series

+o0o
Sifl= Y fn)em,

n=—oo

where

A 1 )
fn):==—1[ f(z)e "™ dx
27TT/
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are the Fourier coefficients of the function f. The partial sums are defined as

follows:
N

=Y Fwen,

In the literature, there is known the notion of the Riesz’s logarithmic means
of a Fourier series. The nth Riesz logarithmic mean of the Fourier series of an
integrable function f is defined by

n Sk
l k;+1 _Zk+1

where S (f) is the partlal sum of its Fourier series. This Riesz’s logarithmic
means with respect to the trigonometric system has been studied by a lot of
authors. We mention for instance the papers of Szdsz and Yabuta [6],[8]. This
mean with respect to the Walsh, Vilenkin system is discussed by Simon, and
Gat [5],[1].

Let {qx : £ > 0} be a sequence of nonnegative numbers. The Norlund means
for the Fourier series of f are defined by

n—t (f)

Z Qk k=0

Ifqp =+ +1’ then we get the Norlund logarithmic means:
1 - Sn—k (f)
L,(f;x):=— —_—.
(f;x) 2= k1

Although, it is a kind of "reverse” Riesz’s logarithmic means. In [2, 3] it is
proved some convergence and divergence properties of the logarithmic means
of Walsh-Fourier series of functions in the class of continuous functions, and
in the Lebesgue space L.

In one of his last papers [7] Tkebuchava constructed a set of logarithmic
summation methods which contains both of the above mentioned logarithmic
summation methods as limit cases. Namely, for any integers n,ng such that
0 < ny < n let Tkebuchava’s means 7, ,,, be defined by

SRS S & e O ~ Se(fie)
tn,no(f7x)_l(m—no)<;m+ Z k‘—n0‘|‘1

k=nop+1
where
ol 1 1
l = _ 11 _—
(n’nO) kzono—k+1+ +knz k—no—l-l

It is clear, that [ (n,ng) =< logn. This summation method includes the Riesz
(for ng = 0) and Nérlund (for ng = n) logarithmic methods, too.
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Define the kernels F,, ,,, of Tkebuchava’s means by

1 !l Dy " Dy
Fop = — —+ D, e
"o [ (n,ng) (;no—kj+1+ °+k:%):+1k—n0+1

Tkebuchava [7] gave estimates of kernels. Namely, the following theorem
holds.

Theorem T. Let 0 < ng <n. Then
log® (ng + 2) log? (ng + 2)
log (n + 2) log (n+2)

Analogical result for Walsh-Fourier series is proved by G&t and Nagy [4].
Moreover, the general logarithmic means of quadratical partial sums also
treated for double Walsh-Fourier series and trigonometric Fourier series. The
last trigonometric Fourier case was partially solved, only.

Set tynef = Fon, * f the logarithmic means of Fourier series of f € L; (T).
The following theorem is proved by Tkebuchava [7]

S Fnollpym S 1+

Theorem T2. The following conditions are equivalent :

a) logng (n) = O (vlogn) ;
b) tnnof = fllgr — 0 asn— oo Vf € C(T);

¢) tnmnof = fllpymy = 0 as n— 0o Vf € Ly (T).
Definition 1. Let f € L; (T), then z is a Lebesgue point of f if

13

li]m1 /|f(x+t)—f(x)|dt:O.

e—0 &
0

Theorem L (see [9]). Let f € Ly (T), then

e—0

lim%/\f(x%—t)—f(m)\dt:() a.e. x inT.
0

In this paper we prove that the following is true.
Theorem 1. Let f € Ly (T) and logng (n) = O (/logn), then
1) it () = ] (@)
at each Lebesque point x of f. Thus (1) holds a.e. in T.

In order to prove Theorem 1 we need the following lemma.

Lemma 1. The following estimation holds

1
2 F < nlj, 1
@) Vo @] Sl ) (@) + o
Un 1 1
H[; ¢> (z) log 7 +

n’ng

H[; L) (2)

n’ng

Ir, ] (x) log%

logn xlogn [TTOJ’
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Proof. First, we note that

(3) Fuy (@) = ——— (Z Duis @ 4 p iy Dot (@) <“'>> |

L(n,mo) \ 4= J = J

Further from (3) we get

1 sin (ng + 14 1) 2 X cos jr
(4) Fn’nO(I):l(nn) { ( 2sin Z 2 Z ;
» 100 2 j=2 J
cos(no—i-l—i-%):cnozﬂsinjx
2sin 3 s J
sin(ng—1+ 1) = ot oS jT
+Dp, (7) + —= —
0 2sin § ]z:; j
+cos (n; — 1:— %) x "_iﬂ sin.jx}
sin § P
1
=— {A + Ay + A3+ Ay + As}.
l(n,no){ 1+ Ay + Az + Ay + As}
It is well-known the following estimations (see [9, Ch.5])
al sin jx
5 —| <1, z€T,N>1,
(5) Z_; ;
]_
al cos jT 1
6 SIn—, Vre(0
) S S, Vae (0]
7j=1
al COs jx 1
7 <1 2 €| —— VN > 1.
I =X
We will use the estimation for case 0 <z < 1/n
(8) | Fryno ()] < 1.
Set « > 1/n. From (5)-(8) we get
) 1A S —— {nolognolr, Ly (@) +T1, 1 (x)=log~
—— ¢nglogn x x) —log —
U Togn 1R ) T e e e
1
As| < I,
[42] S xlogn [ 7] (@),

1 1
[As| S Togn {noﬂ[iw}o) (z) + ;H—[L 7] (x)} ;
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1 1 1 1
’A4’<E{noﬂ[}l,1)< ) log — —|—]I[n0 ](x);logg},

nQ
1
A5 <
xlogn

H[%JF] (:B) .
Combining (4) and (9) we complete the proof of Lemma 1. O

Proof of Theorem 1. First, we note that
(10) |tn,n0 (f7 l’) - f ($)|

<| [+ [+ ]| P ) i
0 1 1
:Il+12+]3
From (2) we can write
(1) /\“’” LE=D  pay|at = o)

at every Lebesgue point x of f by virtue of theorem. Again by Lemma 1 we
have

Pt t)+ -t dt
R e T / | ! )| &
flx+t)+ f(x—1) 1
logn/' — f(x) loggdt
= 121+[22-
Set

R A

Since F' is absolutely continuous we can write

1

1
IQl 5 / A 7
logn t

n
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Integrating by parts we see that

0
1 = 1
(13) In S . ﬂ |1 —l——/F(t)dt.

Since, @ = 0(1) at each Lebesgue point = of f, the integrated term in (13)

is 0 (1) as n — oo. The same is true for the integral in (13), since given € > 0

we may first choose n large enough so that @ < e in [%, nio} Therefore the

integral does not exceed

(14) < € /@55_

2~ logn

Analogously, we can prove that

(15) Iy =0(1) as n — oo.
Combining (12), (14) and (15) we have

(16) I, =0(1) asn — oc.

We split I3 into two integrals,

n T
(17) I3 = /+/ = I31 + I3,
1 n
no
Now, by (2) we have
1 1 1
I3y S ———1log —Cf,
lognn ~n

where ¢y depends, of course, on f. So this term can be made small, but there
must be a balance between n and n. Choosing n = log#no, for instance, we see at
once that I3, can be made arbitrarily small for sufficiently large n. Therefore,

(18) I3y =0(1) as n — oo.

Now, by (2) it readily follows that

log ng

%bg;‘f(wmf(w—t)

(19) ;

I S ——
logn

1

no
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We may rewrite (19) as

whence integrating by parts we see that
1 F(t) 1 52

20 Iy < ———Zlog = |50
(20) 31Nlogn t Ogt%
loglno ( )
1 F(t 1
log —dt.
+logn / 2 8%
)

Since @ = 0 (1) at each Lebesgue point x of f, the integrated term in (20)
is 0 (1) as n — oo. The same in true for the integral in (20), since given € > 0
we may first choose n large enough so that @ < ein [n%)’ 10g1n0:|' Therefore
for I3; we have

1

ST log?

og’n
(21) S [ loegdes T s
logn t t logn

o
From (17), (18) and (21) we obtain that
(22) I3 =0(1) as n — oc.
Combining (10), (11), (16) and (22) we conclude Theorem 1 O
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