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ABSTRACT. In this paper we prove and discuss some new (H,, L,)-type in-
equalities of weighted maximal operators of Vilenkin— Noérlund means with
non-increasing coefficients. These results are the best possible in a special
sense. As applications, both some well-known and new results are pointed
out in the theory of strong convergence of Vilenkin—Norlund means with
non-increasing coefficients.

1. INTRODUCTION

The definitions and notations used in this introduction can be found in our
next section. In the one-dimensional case the weak (1,1)-type inequality for
maximal operator of Fejér means o* f := sup,,cy |0, f| can be found in Schipp
[18] for Walsh series and in Pal, Simon [17] for bounded Vilenkin series. Fujji
[6] and Simon [19] verified that ¢* is bounded from H; to L;. Weisz [28] gen-
eralized this result and proved boundedness of ¢* from the martingale space
H, to the Lebesgue space L, for p > 1/2. Simon [20] gave a counterexample,
which shows that boundedness does not hold for 0 < p < 1/2. A counterexam-
ple for p = 1/2 was given by Goginava [9]. Weisz [31] proved that the maximal
operator of the Fejér means o* is bounded from the Hardy space H;/, to the
space weak — Ly s.

In [8] Goginava investigated the behaviour of Cesaro means in detail. In the
two-dimensional case approximation properties of Norlund and Cesaro means
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was considered by Nagy [13]. Weisz [30] proved that the maximal operator
of Cesaro means o®*f := sup,cy |05 f| is bounded from the martingale space
H, to the space L, for p > 1/ (1 + «). Goginava [10] gave a counterexample,
which shows that boundedness does not hold for 0 < p < 1/(1+ «). Simon
and Weisz [22] showed that the maximal operator c®* (0 < o < 1) of the (C, )
means is bounded from the Hardy space Hy/(14q) to the space weak — Ly /(1 4q)-
In [4] and [25] it was also proved that the maximal operator

o, =suplo, f|/ (n+ 1)/rot jggtallprali+all () 4 1)
neN

is bounded from the Hardy space H,, to the space L,, where 0 <p <1/(1 + «).
Moreover, the rate of the weights {(n + 1)/rretggttalptalital (4 1)}

n=1
in nth Cesaro mean is given exactly.

It is well-known that Vilenkin systems do not form bases in the space
L, (Gy,). Moreover, there is a function in the Hardy space H; (G,), such
that the partial sums of f are not bounded in L;-norm. Simon [21] (for p =1
see [1] and [7] and for 0 < p < 1 it was shown in [24]) proved that there exists
an absolute constant c,, depending only on p, such that

W 1 &Sk

log[p} ni— k2-p

<ollflly,, (O<p<1)

for all f € H, and n € N, where [p] denotes the integer part of p. In [23] it
was proved that sequence {1/k*7},°, (0 < p < 1)in (1) can not be improved.

In [5] it was proved that there exists an absolute constant ¢,, depending only
on p, such that

1 " Nlowfl?
(2) loglt/2+7] ||]g2kf2|z|1p =
0g =

S fllf,, (0<p<1/2,n=2.3,..).

Analogical result for (C,a) (0 < a < 1) means when p = 1/(1 4 «) was
generalized in [4] and the case 0 < p < 1/(1+ «) was proved in [25]. In
particular the following inequality

p
1 ~ [log /1

log[a/(1+a)+p] n<= k2—(1+a)p

<ellflf,, (0<p<1/(1+a),n=23,..)

holds.

Moéricz and Siddiqi [12] investigated the approximation properties of some
special Norlund means of L, function in norm. For more information on
Norlund logarithmic means, see paper of Blahota and Gat [2] and Nagy [14]
(see also [16] and [15]). In [3] there were proved strong convergence theorems
of Norlund means and boundedness of weighted maximal operators of Norlund
means

t* f .= sup tnf| /log"t (n 4 1)
neN
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from the Hardy space Hj,(14q) to the space Lj/(i4q), but in the case when
sequence {q, : n > 0} is non-increasing, such that

(3) n*/Q, =0 (1), as n — oo,
and
(4) (Qn - Qn+1> /na72 =0 (1) ; a8 N — 00,

n—1
where Q,, == >/ G-

In this paper we prove and discuss some new (H,, L,)-type inequalities of
weighted maximal operators of Vilenkin — Norlund means with non-increasing
coefficients. As applications, both some well-known and new results are pointed
out in the theory of strong convergence of Vilenkin — Norlund means.

This paper is organized as follows: in order not to disturb our discussions
later on some definitions and notations are presented in Section 2. The main
results and some of its consequences can be found in Section 3. For the proofs
of main results we need some auxiliary results. These results are presented in
Section 4. The detailed proofs are given in Section 5.

2. DEFINITIONS AND NOTATIONS

Denote by N, the set of the positive integers, N := N, U {0}. Let m :=
(mg, mq,...) be a sequence of the positive integers not less than 2. Denote by
Zm, =1{0,1,...,m,—1} the additive group of integers modulo m,,. Define the
group G,, as the complete direct product of the groups Z,,, with the product
of the discrete topologies of Z,, ‘s.

In this paper we discuss bounded Vilenkin groups, i.e. the case when sup,, m,, <
00.
The direct product p of the measures

pn (173) = 1ma,  (J € Zin,)

is the Haar measure on G,, with u (G,,) = 1.
The elements of G, are represented by sequences

= (20,21, ., Tpy...), (xn € Zy,).
It is easy to give a base for the neighbourhood of G, :
Iy(x) =G, Ln(x) ={y€Gn|v0 =20 Yn-1=Tpn_1}

for x € G,,, n € N.
Denote I,, := I, (0), for n € N} and

en:=1(0,...,2,=10,...) € Gy, (n€eN).
It is evident that

5) 7o (U U f) U (Uf) ,

k=01=k+1 k=1
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where
TR
N =
In(0,...,0,2, #0,0,...,0,2, # 0, 2151, ..., TN_1,-..), fork<Il<N,
In(0,...,0,2, #0,0,...,2y_1 = 0,2n,...), for [ = N.

If we define the so-called generalized number system based on m in the

following way :
My :=1, M,y :=m,M, (neN),

then every n € N can be uniquely expressed as n = Y ;- niMj, where ny €
Zpm, (k€ Ni) and only a finite number of ny's differ from zero.

Next, we introduce on GG, an orthonormal system which is called the Vilenkin
system. At first, we define the complex-valued function r;: G,, — C, the gen-
eralized Rademacher functions, by

ri, (z) == exp (2muzy/my), (P =—1,2 € Gp, k €N).
Now, define the Vilenkin system 1 := (¢, : n € N) on G,, as:

=[[r* @) (meN).

Specifically, we call this system the Walsh-Paley system, when m = 2.
The norms (or quasi-norm) of the spaces L,(G,,) and weak — L, (Gp,)
(0 < p < ) are respectively defined by

T / 1P, s, = SIONR(S > ) < ox.
Gm

The Vilenkin systems are orthonormal and complete in Ly (G),) (see [26]).

Now we introduce analogues of the usual definitions in Fourier-analysis. If
f € Ly (Gy,) we can define Fourier coefficients, partial sums of the Fourier
series, Dirichlet kernels with respect to the Vilenkin systems in the usual man-
ner:

= | P, .1 .:Zf e, Do Zwk, (neN,)

respectively.

The o-algebra generated by the intervals {I,, (x) : x € G,,,} will be denoted
by F,(n € N). Denote by f = (f(”),n € N) a martingale with respect to
Frn(n€N). (for details see e.g. [27]).

The maximal function of a martingale f is defined by

ff=sup ’f(")| :

neN

For 0 < p < oo the Hardy martingale spaces H, (G,,) consist of all martin-
gales, for which

1/ Ve, == 1771, < oo
p
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If f= ( ™ ne N) is a martingale, then the Vilenkin-Fourier coefficients
must be deﬁned in a slightly different manner:

hm/ PO,

k—o0

Let {g, : n > 0} be a sequence of non-negative numbers. The nth Nérlund
mean is defined by

1 n
tnf = Q_ZankSkfv
" =1

where ), := Zk 0 Q-
It is well known that

tf@) = | F@)E (x—t)dt, Fn;:Qianka.
=1

Gm

We always assume that ¢o > 0 and lim,,_,o, @, = 0o. In this case (see [11])
the summability method generated by {g, : n > 0} is regular if and only if

qn—1

n

lim

n—oo

=0.

If g, = 1, then we respectively get the usual nth Fejér mean and Fejér kernel

Unf = %; Skf, Kn = % kz_; Dk

The (C, a)-means (Cesaro means) of the Vilenkin-Fourier series are defined
by

where
(a+1)...(x+n)

Ay =0, A = p

We consider following maximal operators:
;* L ¢ 1 1/p—a—1 ~axp . o 1 1/p—a—1
pf =supltaf/(n+1) 2 0= swp oy fl/ (n 1) :
ne ne

A bounded measurable function a is called a p-atom, if there exists an in-
terval I, such that

Jadu=0. Jall <u@)™", suppa) 1
I



208 I. BLAHOTA AND G. TEPHNADZE

3. FORMULATION OF MAIN RESULTS

Theorem 1. Let f € Hy, where 0 <a <1, 0<p<1/(1+4+a) and {g, :n >
0}, be a sequence of non-increasing numbers, satisfying conditions (8) and (4).
Then there exists an absolute constant c,, depending only on « and p, such

that N
[21]], < conllflla,

Corollary 1 (Blahota, Tephnadze [4]). Let f € H,, where 0 < o < 1 and
0<p < 1/(1+4«). Then there exists an absolute constant c,,, depending
only on « and p, such that

(A

fll, < Cap lIf Il

Theorem 2. Let f € H,, where 0 < a <1, 0<p<1/(14+«) and {q, : n >
0}, be a sequence of non-increasing numbers, satisfying condition (3) and (4).
Then there exists an absolute constant c,,, depending only on o and p, such

- It 1,
k
W < Cap I fII,

Corollary 2 (Blahota, Tephnadze [4]). Let f € H,, where 0 < a < 1 and
0 <p<1/(1+a). Then there exists an absolute constant c,,, depending
only on « and p, such that

= o flm,
k2 1+ozp — OC,PHfH
k=1

4. AUXILIARY RESULTS

Lemma 1 (Weisz[27]). A martingale f = (f,, n € N) is in H, (0 <p <1)
if and only if there exists a sequence (ay, k € N) of p-atoms and a sequence
(ug, k € N) of real numbers, such that for every n € N

(6) > " pSar,ar = fu.
k=0

Z |l” < o0

k=0
Moreover, |||y -« inf (322, ||V, where the infimum is taken over all
decompositions of f of the form (6).

Lemma 2 (Weisz [29]). Suppose that an operator T' is o-linear and for some
0<p<l

/|Ta|pdu§cp<oo,



A NOTE ON MAXIMAL OPERATORS OF VILENKIN-NORLUND MEANS 209

for every p-atom a, where I denotes the support of the atom. If T is bounded
from Lo, to Lo, then

ITAN, < eollfll, -

Lemma 3 ([3]). Let 0 < a < 1 and {g, : n > 0} be a sequence of non-
increasing numbers, satisfying conditions (3) and (4). Then

nl

Ca o
[Bal <251 22 M5 [ Ko |

=0

Moreover, if r > My, then

CMaMk
F.(z—t)|du(t) < 2—L—%
1N| ( ) dp(t) My

where k=0,... N—=21l=k+2,...,.N —1 and

Kl
x € ly,

oM
F, (z — 1) dp (t) < CM Eoopelly,
N

In

where k =10,..., N — 1.

5. PROOFS OF MAIN RESULTS

Proof of Theorem 1. Since t,, is bounded from L, to L. (the boundedness
follows from Lemma 3) according to Lemma 2 the proof of Theorem 1 will be
complete if we show that

I,

p
dp < oo,

~*

tpa

for every p-atoms a. We may assume that a is an arbitrary p-atom, with
support I, u(I) = My' and I = Iy. It is easy to see that ¢, (a) = 0, when
n < My. Therefore, we can suppose that n > My.

Let o € Iy. Since ||al| . < My we obtain that

tna ()] < [ a ()] [Fn (z = )] dp (t)

Iy

< Jal., / Fy (z — )| du (t) < MY / oz — )| du ().

Let z € I, 0 < k <1< N. Then from Lemma 3 we get that

1/p—1
CapMNP™ MEM,
no '

(7) [tna ()] <

Let z € []’f;N, 0 <k < N. Then from Lemma 3 we have that

(8) ta (2)] < cap My~ My
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Since n > My, if we apply (5), (7) and (8) we obtain that

/ sup
Iy neN

N—-2 N-1 m;—1

RIS /MM

k=01=k+12;=0,j€{l+1,...,.N—1}

p

n
a Ay

nl/p—1l-ca

p

tn
a Ay

l/pla

—(1+a)p Z Z Z /Ik‘l sup |t”&|pd“

k=01=k+1 z;=0,j€{i+1,..,N—1} * Iy ">MN
+ 1 Eﬁ / sup |tnal” dp
— n
Ml (14+a)p %N n>My
N—-2 N—-1 1—p A sop g0
Ca,p ZZ 1 My "M M, + Ca,p § Ml PMP
i (tap MP My “*“’M
My et N
N-1 c
» a,p k
<Ca,p 5 M E : 1 ap —(1+a)p ZM = Cap < 0O -
M

Proof of Theorem 2. By Lemma 1 the proof of Theorem 2 will be complete, if
we show that

[£xall,
W S Cap < 00,

for every p-atom a. Analogously to the proof of Theorem 1 we may assume
that a be an arbitrary p-atom with support I, u(I) = My' and I = Iy and
n> My.

Let z € Iy. Since t,, is bounded from L., to L, (the boundedness follows

from Lemma 3) and ||af| < Mji,/p, we obtain

/ tua (@) dp < Jla (@), My < cap < 00!

Iy
Hence

f[ |tka )‘1/(1-"-04) dlU/

o o 1
N
Z L2—(1+a)p S ZkQ—(l—i—a)p < Cap < 00
k=1

k=My
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By combining (5) and (7)-(8) we can conclude that

L frg i (@) dp (@)
2

k2—(1+a)p

2Nl e (@) da ()

N-2
:Z Z Z = k2—(1+a)p

k=0l=k+1 2;=0,je{l+1,...,N—1}
n N [ [tga (o) dp (2)

+ Z = k2 (1+a)p

k=Mpy+1

k=Mpy-+1k=0
o0 _pN 2 N—1 MP M aior ML
N k
SCap Z 2 —p Z Z M, k2 (1+apZMN
k=Mpn+1 k=01=k+1 k=0
SN | - 1

1-p

<capMy” ) 2—p 1 Cap > T2 (e = Cap < 0O
k=Mny+1 k=Mpy+1
which complete the proof of Theorem 2. O
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