Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 32 (2016), 141–148

www.emis.de/journals
ISSN 1786-0091

NON-DEGENERATE HYPERSURFACES OF A SEMI-RIEMANNIAN MANIFOLD WITH A QUARTER-SYMMETRIC NON-METRIC CONNECTION

AJIT BARMAN

Abstract. The object of the present paper is to study a non-degenerate hypersurface of a semi-Riemannian manifold with a quarter-symmetric nonmetric connection.

1. Introduction

Let M̃ be an (n + 1)-dimensional differentiable manifold of class C^∞ and M an n-dimensional differentiable manifold immersed in M̃ by a differentiable immersion i: M → M̃.

i(M) identical to M, is said to be a hypersurface of M̃. The differential di of the immersion i will be denoted by B so that a vector field X in M corresponds to a vector field BX in M̃. We suppose that the manifold M̃ is a semi-Riemannian manifold with the semi-Riemannian metric g̃ of index ν, 0 ≤ ν ≤ n + 1. Thus the index of M̃ is the ν, which will be denoted by indM̃ = ν. If the induced metric tensor g = g̃|M defined by

g(X, Y ) = g̃(BX, BY ), for all X, Y in χ(M) is non-degenerate, then the hypersurface M is called a non-degenerate hypersurface. Also M is a semi-Riemannian manifold with the induced semi- Riemannian metric g [6]. If the semi-Riemannian manifolds M̃ and M are both orientable and we can choose a unit vector field N defined along M such that

g̃(BX, N) = 0, g̃(N, N) = ϵ = { +1, for spacelike N, −1, for spacelike N,

2010 Mathematics Subject Classification. 53C15, 53C25.

Key words and phrases. quarter-symmetric non-metric connection, Levi-Civita connection, Gauss curvature, Codazzi-Mainardi equation. 141

for all X in χ(M), where N is called the unit normal vector field to M and ind M = ind M̃ if ϵ = 1, ind M = ind M̃ − 1 if ϵ = −1.

The hypersurface of a manifold have been studied by several authors such as Bucki [1], De and Kamilya [2], De and Mondal [3], O’Neill [6], Yücesan and Yasar [9], Yücesan and Ayyildiz [8], Yano and Kon [7] and many others.

In 1975, Golab [5] defined and studied quarter-symmetric connection in differentiable manifolds with affine connections. A linear connection ~∇ on an (n + 1)-dimensional Riemannian manifold M̃ is called a quarter-symmetric connection [5] if its torsion tensor T̃ satisfies

(1.1) T̃ (X̃, Ỹ ) = η̃(Ỹ )ϕ̃X̃ − η̃(X̃)ϕ̃Ỹ ,

where η̃ is a 1-form and ξ̃ is a vector field defined by

(1.2) η̃(X̃) = g̃(X̃, ξ̃),

for all vector fields X̃, Ỹ ∈ χ(M̃) , χ(M̃) is the set of all differentiable vector fields on M̃.

In particular, if ϕ̃X̃ = X̃, then the quarter-symmetric connection reduces to the semi-symmetric connection [4]. Thus the notion of the quarter-symmetric connection generalizes the notion of the semi-symmetric connection.

If moreover, a quarter-symmetric connection ~∇ satisfies the condition

(1.3) ~∇g̃ ≠ 0,

then ~∇ is said to be a quarter-symmetric non-metric connection.

2. Quarter-symmetric non-metric connection

Let M̃ denotes an (n+1)-dimensional semi-Riemannian manifold with semi- Riemannian metric g̃ of index ν, 0 ≤ ν ≤ n + 1. A linear connection ~∇ on M̃ is called a quarter-symmetric non-metric connection if

( ~∇~_Xg̃)(Ỹ , Z̃) = −η̃(Ỹ )g̃(ϕ̃X̃, Z̃) − η̃(Z̃)g̃(ϕ̃X̃, Ỹ ).

(2.1)

Throughout the paper, we will denote by M̃ the semi-Riemannian manifold admitting a quarter-symmetric non-metric connection given by ~∇_{X̃}Ỹ = ~∇^∗_{X̃}Ỹ + η̃(Ỹ )ϕ̃X̃, (2.2)

any vector fields X̃ and Ỹ of M̃. When M is a non-degenerate hypersurface, we have the following orthogonal direct sum :

χ(M̃) = χ(M) ⊕ χ(M)^⊥.

(2.3)

According to (2.3), every vector field X̃ on M̃ is decomposed as ξ̃ = Bξ + μN, (2.4)

where μ is scalar function, a contravariant vector field ξ and a semi-Riemannian metric g on hypersurface M^n respectively.

We denote ∇^∗ the connection on the non-degenerate hypersurface M induced from the Levi-Civita connection ~∇^∗ on M̃ with respect to the unit spacelike or timelike normal vector field N. We have the equality ~∇^∗_{BX} BY = B(∇^∗_X Y ) + h^∗(X, Y )N, (2.5) for arbitrary vector fields X and Y of M, where h^∗ is the second fundamental form of the non-degenerate hypersurface M. Let us define the connection ∇ on M which is induced by the quarter-symmetric non-metric connection ~∇ on M̃ with respect to the unit spacelike or timelike normal vector field N. We obtain the equation ~∇_{BX} BY = B(∇_X Y ) + h(X, Y )N, (2.6) where h is the second fundamental form of the non-degenerate hypersurface M. We call (2.6) the equation of Gauss with respect to the induced connection ∇. According to (2.2), we have ~∇_{BX} BY = ~∇^∗_{BX} BY + η̃(BY )ϕ̃(BX).

(2.7)

Using (2.5) and (2.6) in (2.7), we get

B(∇_X Y ) + h(X, Y )N = B(∇^∗_X Y ) + h^∗(X, Y )N + η̃(BY )ϕ̃(BX).

(2.8) which implies ∇_X Y = ∇^∗_X Y + η(Y )ϕX

(2.9) and h(X, Y ) = h^∗(X, Y ), where η̃(BY ) = Bη(Y ) and ϕ̃(BX) = BϕX.

From (2.9), we conclude that

(∇_X g)(Y, Z) = −η(Y )g(ϕX, Z) − η(Z)g(ϕX, Y ),

(2.10) and T (X, Y ) = η(Y )ϕX − η(X)ϕY,

(2.11) for any X, Y, Z in χ(M).

From (2.10) and (2.11), we can state the following theorem: Theorem 2.1. The connection induced on a non-degenerate hypersurface of a semi-Riemannian manifold with a quarter-symmetric non-metric connection with respect to the unit spacelike or timelike normal vector field is also a quarter-symmetric non-metric connection.

The equation of Weingarten with respect to the Levi-Civita connection ~∇^∗ is ~∇^∗_{BX} N = −B(A^∗_N X), (2.12) for any vector field X in M and where A^∗_N is a tensor field of type (1, 1) of M which is defined by h^∗(X, Y ) = ϵg(A^∗_N X, Y ),

(2.13) [6].

Using (2.7), we have ~∇_{BX} N = ~∇^∗_{BX} N + ϵμϕ̃(BX), (2.14) because from (2.4), we obtain η̃(N) = g̃(ξ̃, N) = g̃(Bξ + μN, N) = μg̃(N, N) = ϵμ.

Combining (2.12) and (2.14), we get ~∇_{BX} N = −B((A^∗_N − ϵμϕ)X), ϵ ∓ 1.

(2.15) Applying the tensor field A_N of type (1, 1) of M defined A_N = A^∗_N − ϵμϕ,

(2.16)

From (2.15), we have ~∇_{BX} N = −B(A_N X), (2.17)

Combining (2.13) and (2.16), we have h(X, Y ) = ϵg(A_N X, Y ) + μg(ϕX, Y ).

(2.18) From (2.16), we can state the following corollary:

Corollary 2.1. Let M be a non-degenerate hypersurface of a semi-Riemannian manifold M̃. Then

(i) if M has a spacelike normal vector field, the shape operator A_N with respect to the quarter-symmetric non-metric connection ~∇ is A_N = A^∗_N − μϕ, and (ii) if M has a timelike normal vector field, the shape operator A_N with respect to the quarter-symmetric non-metric connection ~∇ is A_N = A^∗_N + μϕ.

We suppose that e_1, e_2, . . . , e_ν , e_{ν+1}, . . . , e_n are principal vector fields corresponding to unit spacelike or timelike normal vector field N with respect to ~∇∗.

From (2.16), we have A_N (e_i) = A^∗_N (e_i) − ϵμϕ(e_i) = k^∗_i e_i − ϵμp_ie_i = (k^∗_i − ϵμp_i)e_i, 1 ≤ i ≤ n, where k^∗_i , 1 ≤ i ≤ n, are the principal curvatures corresponding to the unit spacelike or timelike normal vector field N with respect to the Levi-Civita connection ~∇^∗. If we take k_i = k^∗_i − ϵμp_i and ϕ(e_i) = p_ie_i, 1 ≤ i ≤ n,

(2.19) then we obtain A^∗_N (e_i) = k^∗_i e_i and A_N (e_i) = k_ie_i, 1 ≤ i ≤ n,

(2.20) where k_i, 1 ≤ i ≤ n, are the principal curvatures corresponding to the unit spacelike or timelike normal vector field N with respect to the quarter-symmet-ric non-metric connection ~∇.

Therefore, we can give the following corollary:

Corollary 2.2. Let M be a non-degenerate hypersurface of a semi-Riemannian manifold M̃. Then

(i) if M has a spacelike normal vector field, the principal curvatures corresponding to the unit spacelike normal vector field N with respect to the quartersymmetric non-metric connection ~∇ are k_i = k^∗_i − μp_i, 1 ≤ i ≤ n, and (ii) if M has a timelike normal vector field, the principal curvatures corresponding to the unit timelike normal vector field N with respect to the quartersymmetric non-metric connection ~∇ are k_i = k^∗_i + μp_i, 1 ≤ i ≤ n.

3. Equations of Gauss curvature and Codazzi-Mainardi We denote the curvature tensor of M̃ with respect to the Levi-Civita connection ~∇^∗ by R̃^∗(X̃, Ỹ )Z̃ = ~∇^∗_{X̃} ~∇^∗_Ỹ Z̃ − ~∇^∗_Ỹ ~∇^∗_{X̃}Z̃ − ~∇^∗_{[X̃,Ỹ ]}Z̃

and that of M with respect to the Levi-Civita connection ∇^∗ by R^∗(X, Y )Z = ∇^∗_X ∇^∗_Y Z − ∇^∗_Y ∇^∗_X Z − ∇^∗_{[X,Y ]}Z.

Then the equation of Gauss curvature is given by

R^∗(X, Y, Z, U) = R̃^∗(BX, BY, BZ, BU) +ϵ{h^∗(X, U)h^∗(Y, Z) − h^∗(Y, U)h^∗(X, Z)}, where R̃^∗(BX, BY, BZ, BU) = g̃(R̃^∗(BX, BY )BZ, BU), R^∗(X, Y, Z, U) = g(R^∗(X, Y )Z, U) and the equation of Codazzi-Mainardi [6] is given by

R̃^∗(BX, BY, BZ, N) = ϵ{(∇^∗_X h^∗)(Y, Z) − (∇^∗_Y h^∗)(X, Z)}. We find the equation of Gauss curvature and Codazzi-Mainardi with respect to the quarter-symmetric non-metric connection. The curvature tensor of the quarter-symmetric non-metric connection ~∇ of M̃ is R̃(X̃, Ỹ )Z̃ = ~∇_{X̃} ~∇_Ỹ Z̃ − ~∇_Ỹ ~∇_{X̃}Z̃ − ~∇_{[X̃,Ỹ ]}Z̃.

(3.1)

Putting X̃ = BX, Ỹ = BY, Z̃ = BZ in (3.1) and using (2.6) and (2.17), we get R̃(BX, BY )BZ = B[R(X, Y )Z + h(X, Z)A_N Y − h(Y, Z)A_N X]

+[(∇_X h)(Y, Z) − (∇_Y h)(X, Z) + h{η(Y )ϕX − η(X)ϕY, Z}]N,

(3.2) where R(X, Y )Z = ∇_X ∇_Y Z − ∇_Y ∇_X Z − ∇_{[X,Y ]}Z is the curvature tensor of the quarter-symmetric non-metric connection ∇.

Combining (2.18) and (3.2), we obtain R̃(BX, BY, BZ, BU) = R(X, Y, Z, U) + ϵ[h(X, Z)h(Y, U) − h(Y, Z)h(X, U) +μh(Y, Z)g(ϕX, U) − μh(X, Z)g(ϕY, U)]

(3.3) and R̃(BX, BY, BZ, N) = ϵ[(∇_X h)(Y, Z) − (∇_Y h)(X, Z) +h{η(Y )ϕX − η(X)ϕY, Z}],

(3.4) where R̃(X̃, Ỹ , Z̃, Ũ) = g̃(R̃(X̃, Ỹ )Z̃, Ũ) and R(X, Y, Z, U) = g(R(X, Y )Z, U).

The above equations (3.3) and (3.4) are Gauss curvature and Codazzi- Mainardi with respect to the quarter-symmetric non-metric connection respectively.

4. The Ricci and scalar curvatures Suppose that {Be_1, . . . , Be_ν , Be_{ν+1}, . . . , Be_n, N} is an orthonormal basis of χ(M̃). Then the Ricci tensor of M̃ with respect to the quarter-symmetric non-metric connection is R̃ic(BY, BZ) =^n ∑ i=1 ϵ_ig̃(R̃(Be_i, BY )BZ, Be_i)

+ϵg̃(R̃(N, BY )BZ, N),

(4.1) for all X, Y in χ(M).

Using (2.18) in (3.3), we get R̃(BX, BY, BZ, BU) = R(X, Y, Z, U) + ϵg(A_N X, Z)g(A_N Y, U) +μg(ϕX, Z)g(A_N Y, U) −ϵg(A_N Y, Z)g(A_N X, U) − μg(A_N X, U)g(ϕY, U).

(4.2)

Putting X = e_i and U = e_i in (4.2) and using (2.19) and (2.20), we have n∑ i=1 ϵ_iR̃(Be_i, BY, BZ, Be_i) = n∑ i=1 ϵ_ig̃(R̃(Be_i, BX)BY, Be_i) = Ric(Y, Z)

+ n∑ i=1 [ϵk_i + μp_i − ϵf]g(A_N Y, Z) − μfg(ϕY, Z),

(4.3)

where f = n∑ i=1 ϵ_ig(A_N e_i, e_i).

Using (4.3) in (4.1), we obtain

R̃ic(BY, BZ) = Ric(Y, Z) +^n ∑ i=1 [ϵk_i + μp_i − ϵf]g(A_N Y, Z) − μfg(ϕY, Z)

+ϵg̃(R̃(N, BY )BZ, N),

(4.4)

where R̃ic and Ric are the Ricci tensor with respect to ~∇ and ∇ respectively.

The scalar curvature of M̃ with respect to the quarter-symmetric non-metric connection is

r̃ = n∑ i=1 ϵ_iR̃ic(e_i, e_i) + ϵR̃ic(N, N).

(4.5)

Putting Y = e_i and Z = e_i in (4.4), we get

r̃ = r + n∑ i=1 [ϵk_i + μp_i − ϵf]f − μfα + 2ϵR̃ic(N, N),

(4.6)

where α = g(ϕe_i, e_i) and r̃ and r are the scalar curvature with respect to ~∇ and ∇ respectively.

From the above discussion, we can state the following theorem:

Theorem 4.1. Let M be non-degenerate hypersurface of a semi-Riemannian manifold M̃ with respect to the quarter-symmetric non-metric connection, then (i) the Ricci tensor is given by (4.4) and (ii) the scalar curvature is given by (4.6).

References

[1] A. Bucki. Hypersurfaces of almost r-paracontact Riemannian manifolds. Tensor (N.S.), 48(3):245–251, 1989.

[2] U. C. De and D. Kamilya. Hypersurfaces of a Riemannian manifold with semi-symmetric non-metric connection. J. Indian Inst. Sci., 75(6):707–710, 1995.

[3] U. C. De and A. K. Mondal. Hypersurfaces of Kenmotsu manifolds endowed with a quarter-symmetric non-metric connection. Kuwait J. Sci. Engrg., 39(1A):43–56, 2012.

[4] A. Friedmann and J. A. Schouten. Über die Geometrie der halbsymmetrischen Übertragungen. Math. Z., 21(1):211–223, 1924.

[5] S. Goł ‘ ab. On semi-symmetric and quarter-symmetric linear connections. Tensor (N.S.), 29(3):249–254, 1975.

[6] B. O’Neill. Semi-Riemannian geometry, volume 103 of Pure and Applied Mathematics.

Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, 1983. With applications to relativity.

[7] K. Yano and M. Kon. Structures on manifolds, volume 3 of Series in Pure Mathematics.

World Scientific Publishing Co., Singapore, 1984.

[8] A. Yücesan and N. Ayyildiz. Non-degenerate hypersurfaces of a semi-Riemannian manifold with a semi-symmetric metric connection. Arch. Math. (Brno), 44(1):77–88, 2008.

[9] A. Yücesan and E. Yaşar. Non-degenerate hypersurfaces of a semi-Riemannian manifold with a semi-symmetric non-metric connection. Math. Rep. (Bucur.), 14(64)(2):209–219, 2012.

Received June 28, 2014.

Department of Mathematics, Kabi-Nazrul Mahavidyalaya, P.O.:-Sonamura-799181, P.S.-Sonamura, Dist- Sepahijala, Tripura, India E-mail address: ajitbarmanaw@yahoo.in