Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 31 (2015), 259–271

www.emis.de/journals
ISSN 1786-0091

ON THE MAXIMAL OPERATORS OF WALSH-KACZMARZ-NÖRLUND MEANS

GEORGE TEPHNADZE

Abstract. The main aim of this paper is to investigate (H_p, L_{p,∞}) type inequalities for maximal operators of Nörlund means with monotone coefficients of one-dimensional Walsh-Kaczmarz system. By applying this results we conclude a.e. convergence of such Walsh-Kaczmarz-Nörlund means.

1. Introduction

In 1948 S̆neider [22] introduced the Walsh-Kaczmarz system and showed that the inequality lim sup_{n→∞} D^κ_n(x)/ log n ≥ C > 0 holds a.e. In 1974 Schipp [17] and Young [31] proved that the Walsh-Kaczmarz system is a convergence system. Skvortsov [21] in 1981 showed that the Fejér means with respect to the Walsh-Kaczmarz system converge uniformly to f for any continuous functions f. Gát [3] proved that, for any integrable functions, the Fejér means with respect to the Walsh-Kaczmarz system converges almost everywhere to the function. He showed that the maximal operator σ^{∗,κ} of Walsh-Kaczmarz-Fejér means is of weak type (1, 1) and of type (p, p) for all 1 < p ≤ ∞. Gát’s result was generalized by Simon [20], who showed that the maximal operator σ^{∗,κ} is of type (H_p, L_p) for p > 1/2. In the endpoint case p = 1/2 Goginava [9] (see also [5], [25] and [26]) proved that maximal operator σ^{∗,κ} of Walsh-Kaczmarz-Fejér means is not of type (H_{1/2}, L_{1/2}) and Weisz [30] showed that the following is true:

Theorem W1. The maximal operator σ^{∗,κ} of Walsh-Kaczmarz-Fejér means is bounded from the Hardy space H_{1/2} to the space L_{1/2,∞}.

The almost everywhere convergence of (C, α) (0 < α < 1) means with respect Walsh-Kaczmarz system was considered by Goginava [8]. Gát and Goginava [4] proved that the following is true:

2010 Mathematics Subject Classification. 42C10.

Key words and phrases. Walsh-Kaczmarz system, Walsh-Kaczmarz-Nörlund means, martingale Hardy space.

The research was supported by Shota Rustaveli National Science Foundation grant no.13/06 (Geometry of function spaces, interpolation and embedding theorems). 259

Theorem G2. The maximal operator σ^{α,∗,κ} of (C, α) (0 < α < 1) means with respect Walsh-Kaczmarz system is bounded from the Hardy space H_{1/(1+α)} to the space L_{1/(1+α),∞}.

Goginava and Nagy [10] proved that σ^{α,∗,κ} is not bounded from the Hardy space H_{1/(1+α)} to the space L_{1/(1+α)}.

Logarithmic means with respect to the Walsh and Vilenkin systems was studied by several authors. We mention, for instance, the papers by Simon [19], Gát [2] and Blahota, Gát [1], (see also [23]). In [16] Goginava and Nagy proved that the maximal operator R^{∗,κ} of Riesz’s means is bounded from the Hardy space H_p to the space L_{p,∞}, when p > 1/2, but is not bounded from the Hardy space H_p to the space L_p, when 0 < p ≤ 1/2. They also showed that there exists a martingale f ∈ H_p, (0 < p ≤ 1), such that the maximal operator L^{∗,κ} of Nörlund logarithmic means is not bounded in the space L_p.

In the two dimensional case approximation properties of Nörlund and Cesàro means was considered by Nagy (see [13], [14] and [15]). The results for summability of some Nörlund means of Walsh-Fourier series can be found in [6] and [24].

The main aim of this paper is to investigate (H_p, L_{p,∞})-type inequalities for the maximal operators of Nörlund means with monotone coefficients of the one-dimensional Kaczmarz-Fourier series.

This paper is organized as follows: in order not to disturb our discussions later on some definitions and notations are presented in Section 2. The main results and some of its consequences can be found in Section 3. For the proofs of the main results we need some auxiliary results of independent interest. Also these results are presented in Section 3. The detailed proofs are given in Section 4.

2. Definitions and Notations

Now, we give a brief introduction to the theory of dyadic analysis [18]. Let N_+ denote the set of positive integers, N := N_+ ∪ {0}.

Denote Z_2 the discrete cyclic group of order 2, that is Z_2 = {0, 1}, where the group operation is the modulo 2 addition and every subset is open. The Haar measure on Z_2 is given such that the measure of a singleton is 1/2. Let G be the complete direct product of the countable infinite copies of the compact groups Z_2. The elements of G are of the form

x = (x_0, x_1, . . . , x_k, . . .) , x_k = 0 ∨ 1, (k ∈ N) .

The group operation on G is the coordinate-wise addition, the measure (denoted by μ) and the topology are the product measure and topology. The compact Abelian group G is called the Walsh group. A base for the neighbourhoods of G can be given in the following way:

I_0 (x) := G, I_n (x) := I_n (x_0, . . . , x_{n−1}) := {y ∈ G : y = (x_0, . . . , x_{n−1}, y_n, y_{n+1}, . . .)} ,

(x ∈ G, n ∈ N). These sets are called dyadic intervals.

Denote by 0 = (0 : i ∈ N) ∈ G the null element of G. Let I_n := I_n (0), I_n := G\I_n (n ∈ N). Set e_n := (0, . . . , 0, 1, 0, . . .) ∈ G, the n-th coordinate of which is 1 and the rest are zeros (n ∈ N).

For k ∈ N and x ∈ G let us denote the kth Rademacher function, by

r_k (x) := (−1)^{xk} .

Now, define the Walsh system w := (w_n : n ∈ N) on G as:

w_n(x) :=^∞Π_{k=0}r^{nk}_k (x) = r_{|n|} (x) (−1)

|n|−1∑ k=0 n_kx_k

(n ∈ N) .

If n ∈ N, then n =^∞ � i=0 n_i2^i can be written, where n_i ∈ {0, 1} (i ∈ N), i.e. n

is expressed in the number system of base 2.

Denote |n| := max{j ∈ N;n_j ≠ 0}, that is 2^{|n|} ≤ n < 2^{|n|+1}. The Walsh-Kaczmarz functions are defined by

κ_n (x) := r_{|n|} (x)

|n|−1�

k=0 � r_{|n|−1−k} (x)

�_{nk}

= r_{|n|} (x) (−1)

|n|−1∑ k=0 n_kx_{|n|−1−k} . The Dirichlet kernels are defined by

D_0 := 0, D^ψ_n := n−1� i=0 ψ_i, (ψ = w, or ψ = κ) .

The 2^nth Dirichlet kernels have a closed form (see e.g. [18])

(1) D^w_2n (x) = D_2n (x) = D^κ_2n (x) = � 2^n, x ∈ I_n, 0, x /∈ I_n.

The norm (or quasi-norm) of the spaces L_p(G) and L_{p,∞} (G) are defined by

‖f‖^p := � G |f|^p dμ, ‖f‖^p_{Lp,∞(G)} := sup_{λ>0} λ^pμ (f > λ) , (0 < p < ∞) ,

respectively.

The σ-algebra generated by the dyadic intervals of measure 2^{−k} will be denoted by F_k (k ∈ N). Denote by f = � f^{(n)}, n ∈ N � a martingale with respect to (F_n, n ∈ N) (for details see, e.g. [27, 29]). The maximal function of a martingale f is defined by f^∗ = sup_{n∈N} � �f^{(n)} � � . In case f ∈ L_1 (G), the maximal function can also be given by

f^∗ (x) = sup_{n∈N} 1 μ (I_n(x)) � � � � � � I_n(x)

f (u) dμ (u) � � � � � , (x ∈ G).

For 0 < p < ∞ the Hardy martingale space H_p(G) consists of all martingales for which ‖f‖_{Hp} := ‖f^∗‖_p < ∞.

If f ∈ L_1 (G) , then it is easy to show that the sequence (S_2n f : n ∈ N) is a martingale.

If f is a martingale, then the Walsh-Kaczmarz-Fourier coefficients must be defined in a little bit different way: ^f^ψ (i) = lim_{n→∞} � G f^{(n)}ψ_idμ, (ψ = w, or ψ = κ) .

The Walsh-Kaczmarz-Fourier coefficients of f ∈ L_1 (G) are the same as the ones of the martingale (S_2n f : n ∈ N) obtained from f.

The partial sums of the Walsh-Kaczmarz-Fourier series are defined as follows:

S^ψ_M f :=

M−1� i=0 ^f (i) ψ_i, (ψ = w, or ψ = κ) .

Let {q_k : k > 0} be a sequence of non-negative numbers. The nth Nörlund means for the Fourier series of f is defined by

(2) t^ψ_n := 1 Q_n n� k=1 q_{n−k}S^ψ_k f, (ψ = w, or ψ = κ) ,

where Q_n := n−1� k=0 q_k.

It is evident that t^ψ_n f (x) = � G f (x + t) F^ψ_n (t) dt, where F^ψ_n = 1 Q_n n� k=1 q_{n−k}D^ψ_k .

Let q_0 > 0 and lim_{n→∞}Q_n = ∞. The summability method (2) generated by {q_k : k ≥ 0} is regular if and only if (3) lim_{n→∞} q_{n−1} Q_n

= 0.

It can be found in [12] (see also [11]). The nth Fejér means of a function f is given by

σ^ψ_n f := 1 n n−1� k=0 S^ψ_k f, (ψ = w, or ψ = κ) .

Fejér kernel is defined in the usual manner

K^ψ_n := 1 n n� k=1 D^ψ_k , (ψ = w, or ψ = κ) .

The (C, α)-means are defined as

σ^{α,ψ}_n f = 1 A^α_n n� k=1 A^{α−1}_{n−k}S^ψ_k f, (ψ = w, or ψ = κ) ,

where

(4) A^α_0 = 0, A^α_n =

(α + 1) . . . (α + n) n! , (α ≠ −1, −2, . . .)

It is known that

(5) A^α_n ∼ n^α, A^α_n − A^α_{n−1} = A^{α−1}_n , n� k=1 A^{α−1}_{n−k} = A^α_n.

The kernel of (C, α)-means is defined in the following way

K^{α,ψ}_n f = 1 A^α_n n� k=1 A^{α−1}_{n−k}D^ψ_k f, (ψ = w, or ψ = κ) .

The nth Riesz’s logarithmic mean R_n and Nörlund logarithmic mean L_n are defined by

R^ψ_n f := 1 l_n n−1� k=0 S^ψ_k f k , L^ψ_n f := 1 l_n n−1� k=1 S^ψ_k f n − k

, (ψ = w, or ψ = κ) .

respectively, where

l_n := n−1� k=1 1/k.

For the martingale f we consider the following maximal operators

t^{∗,ψ}f := sup_{n∈N} � �t^ψ_n f � � , σ^{∗,ψ}f := sup n∈N � �σ^ψ_n f � � , σ^{α,∗,ψ}f := sup n∈N � �σ^{α,ψ}_n f � � ,

R^{∗,ψ}f := sup_{n∈N} � �R^ψ_n f � � , L^{∗,ψ}f := sup n∈N � �L^ψ_n f � � , (ψ = w, or ψ = κ).

A bounded measurable function a is p-atom, if there exists an interval I, such that � I adμ = 0, ‖a‖_∞ ≤ μ (I)^{−1/p} , supp (a) ⊂ I.

3. Results Theorem 1. a) Let sequence {q_k : k ≥ 0} be non-increasing, satisfying condition (6) q_0n Q_n

= O (1) , as n → ∞, or non-decreasing. Then the maximal operators t^{∗,κ} of Nörlund means are bounded from the Hardy space H_{1/2} to the space L_{1/2,∞}.

b) Let 0 < p < 1/2 and sequence {q_k : k ≥ 0} be non-decreasing, satisfying condition (7) q_0 Q_n ≥ 1 n , or non-increasing. Then there exists a martingale f ∈ H_p (G) , such that

sup_{n∈N}

‖t^κ_nf‖_{Lp,∞}

‖f‖_{Hp}

= ∞.

Theorem 2. a) Let 0 < α < 1, sequence {q_k : k ≥ 0} be non-increasing and (8) q_0n^α Q_n

= O (1) , q_n − q_{n+1}

n^{α−2}

= O (1) , as n → ∞.

Then the maximal operator t^{∗,κ} of Nörlund means are bounded from the Hardy space H_{1/(1+α)} to the space L_{1/(1+α),∞}.

b) Let 0 < p < 1/ (1 + α), sequence {q_k : k ≥ 0} be non-increasing and (9) q_0 Q_n ≥ c n^α

, 0 < α ≤ 1, as n → ∞.

Then there exists an martingale f ∈ H_p (G), such that

sup_{n∈N}

‖t^κ_nf‖_{Lp,∞}

‖f‖_{Hp}

= ∞.

c) Let sequence {q_k : k ≥ 0} be non-increasing and (10) lim_{n→∞} q_0n^α Q_n

= ∞.

Then there exists a martingale f ∈ H_p (G), such that

sup_{n∈N}

‖t^κ_nf‖_{L1/(1+α),∞}

‖f‖_{H1/(1+α)}

= ∞.

The next remark shows that conditions in (8) are sharp in the following sense:

Remark 1. The sequence {q_k : k ≥ 0} of Cesàro means σ^α_n satisfy conditions (11) q_0 Q_n ≥ c n^α

, q_n − q_{n+1} ≥ c n^{α−2}

, 0 < α ≤ 1, as n → ∞, but they are not uniformly bounded from the martingale Hardy spaces H_{1/(1+α)} (G) to the space L_{1/(1+α)} (G).

Theorem 1 follows the following result: Corollary 1. Let � q_k = log^{(β)} (k + 1)^α : k ≥ 0 � , where α ≥ 0, β ∈ N_+ and

log^{(β)} x =

β times

� � � log . . . log x. Then the following summability method

θ^κ_nf = 1 Q_n n� k=1 log^{(β)} (n − k − 1)^α S^κ_k f

is bounded from the Hardy space H_{1/2} to the space weak − L_{1/2} and is not bounded from H_p to the space weak − L_p, when 0 < p < 1/2.

Analogously to Theorem 1, if we apply Abel transformation we obtain that the following is true:

Corollary 2. The maximal operator R^{∗,κ} of Riesz’s means is bounded from the Hardy space H_{1/2} to the space weak − L_{1/2} and is not bounded from H_p to the space weak − L_p, when 0 < p < 1/2.

By combining the first and second parts of Theorem 2 we prove that the following is true:

Corollary 3. Let {q_k = k^{α−1} : k ≥ 0} , where 0 < α ≤ 1. Then the following summability method

L^{α,κ}_n f = 1 Q_n n� k=1 (n − k)^{α−1} S^κ_k f

is bounded from the Hardy space H_{1/(1+α)} to the space weak − L_{1/(1+α)} and is not bounded from H_p to the space weak − L_p, when 0 < p < 1/ (1 + α).

By applying the second part of Theorem 2 we obtain that the following is true Corollary 4. The maximal operator L^{∗,κ} of Nörlund logarithmic means is not bounded from the Hardy space H_p to the space weak − L_p, when 0 < p < 1.

By using Lemma 1 we get that Corollary 5. Let f ∈ L_1 and {q_k : k ≥ 0} be non-decreasing or non-increasing satisfying condition (8). Then t^κ_nf → f, a.e.

As the consequence of corollaries 2 and 5 we conclude that Corollary 6. Let f ∈ L_1. Then σ^κ_nf → f, a.e., as n → ∞, R^κ_nf → f, a.e., as n → ∞ and σ^{α,κ}_n f → f, a.e., as n → ∞, (0 < α < 1) .

4. Some auxiliary results Lemma 1 (see [27]). Suppose that an operator T is σ-linear and for some 0 < p ≤ 1 �

I |T a|^p dμ ≤ c_p < ∞,

for every p-atom a, where I denote the support of the atom. If T is bounded from L_∞ to L_∞, then ‖T f‖_{Lp(G)} ≤ c_p ‖f‖_{Hp(G)} .

Moreover, if 0 < p < 1 then T is of weak type-(1,1): ‖T f‖_{L1,∞(G)} ≤ c ‖f‖_{L1(G)} .

Lemma 2. Let 2^m < n ≤ 2^{m+1}. Then

Q_nF^w_n = Q_nD_2m − w_2m−1

2^m−1�

l=1 (q_{n−2}m_{+l} − q_{n−2}m_{+l+1}) lK^w_l

−w_2m_{−1} (2^m − 1) q_{n−1}K^w_2m_{−1} + w_2m Q_{n−2}m F^w_{n−2}m .

Lemma 3. Let 0 < α < 1 and sequence {q_k : k ≥ 0} be non-increasing and satisfying condition (8). Then

|F^w_n | ≤ c (α) n^α

|n|� j=0 2^{jα}K^w_2j .

5. Proofs Proof of Lemma 2. Let 2^m < n ≤ 2^{m+1}. It is easy to show that

(12) n� l=1 q_{n−l}D^w_l =

2^m�

l=1 q_{n−l}D^w_l + n� l=2^m+1

q_{n−l}D^w_l = I + II.

By combining Abel transformation and following equality (see [7]) D_2m_{−j} = D_2m − w_2m_{−1}D_j, j = 1, . . . , 2^m − 1, we get that I = 2^m−1�

l=0 q_{n−2}m_{+l}D^w_2m_{−l} =

2^m−1�

l=1 q_{n−2}m_{+l}D^w_2m_{−l} + q_{n−2}m D_2m

(13)

= D_2m

2^m−1�

l=0 q_{n−2}m_{+l} − w_2m_{−1}

2^m−1�

l=1 q_{n−2}m_{+l}D^w_l

= (Q_n − Q_{n−2}m ) D_2m − w_2m_{−1}

2^m−2�

l=1 (q_{n−2}m_{+l} − q_{n−2}m_{+l+1}) lK^w_l

−w_2m_{−1}q_{n−1} (2^m − 1) K^w_2m_{−1}.

Since D^w_{j+2}m = D_2m + w_2m D^w_j , j = 1, 2, . . . , 2^m − 1 for II we can write that

(14) II =

n−2^m�

l=1 q_{n−2}m_{−l}D^w_{l+2}m = Q_{n−2}m D_2m + w_2m Q_{n−2}m F^w_{n−2}m .

Combining (12-14) we complete the proof of Lemma 2. □

Proof of Lemma 3. Let sequence {q_k : k ≥ 0} be non-increasing. The case q_0n/Q_n = O (1) , as n → ∞, will be considered separately in Theorem 1. So, we can exclude this case.

Since 0 < α < 1, we may assume that {q_k : k ≥ 0} satisfy both conditions in (8) and in addition, satisfies the following Q_n q_0n

= o (1) , as n → ∞.

It follows that

(15) q_n = q_0 q_nn q_0n

≤ q_0

Q_n q_0n

= o (1) , as n → ∞.

By using (15) we immediately get that

(16) q_n = ∞� l=n (q_l − q_{l+1}) ≤ ∞� l=n 1 l^{2−α} ≤ c n^{1−α} and (17) Q_n ≤ n−1� l=0 q_l ≤ n� l=1 c l^{1−α}

≤ cn^α.

If we apply (16) and (17) we get that

(18) Q_nD_2m ≤ 2^{α(m+1)}D_2m ≤ cA^α_2m D_2m , 2^m < n ≤ 2^{m+1} and (19) (2^m − 1) q_{n−1} � �K^w_{2m−1} � � ≤ cn^{α−1}2^m � �K^w_{2m−1} � � ≤ cA^{α−1}_n 2^m � �K^w_{2m−1} � � , where A^α_n is defined by (4). Let n = 2^{n1} + 2^{n2} + · · · + 2^{nr} , n_1 > n_2 > . . . > n_r, n^{(k)} = 2^{nk+1} + · · · + 2^{nr} . By combining (18) and (19) we have that

|Q_nF^w_n | ≤ cA^α_{n(0)} D_2n1 +c

2^{n1} −1�

l=1 � �A_{α−2n(1)+l} � � |lK_{wl} |+cA_{α−1n(0)} 2_{n1} �K_{w2n1 −1}�+c �Q_{n(1)} F_{wn(1)} � .

By using this process r-time we get that

|Q_nF^w_n | ≤ c r� k=1 � A^α_{n(k−1)} D_2nk +

2^nk −1�

l=1 � � �A^{α−2}_{n(k)+l} � � � |lK^w_l | + A^{α−1}_{n(k−1)} 2^{nk} � �K^w_{2nk −1} � � � . The next steps of the proof is analogously to Lemma 5 of the paper [4], where is proved the analogical estimation for (C, α) means. So, we leave out the details. □ Proof of Theorem 1. By using Abel transformation we obtain that

(20) Q_n := n−1� j=0 q_j = n� j=1 q_{n−j} · 1 = n−1� j=1 (q_{n−j} − q_{n−j−1}) j + q_0n and (21) t^κ_nf = 1 Q_n

�_{n−1} � j=1 (q_{n−j} − q_{n−j−1}) jσ^κ_j f + q_0nσ^κ_nf � . Let sequence {q_k : k ≥ 0} be non-increasing, satisfying condition (6). Then

|t^κ_nf| ≤ 1 Q_n

�_{n−1} � j=1 |q_{n−j} − q_{n−j−1}| j + q_0n � σ^{∗,κ}f

= −1 Q_n

�_{n−1} � j=1 (q_{n−j} − q_{n−j−1}) jσ^κ_j f + q_0nσ^κ_nf � σ^{∗,κ}f +

2q_0n Q_n σ^{∗,κ}f

≤ cσ^{∗,κ}f.

Let sequence {q_k : k ≥ 0} be non-decreasing. Then ≤ 1 Q_n

�_{n−1} � j=1 (q_{n−j} − q_{n−j−1}) j + q_0n � σ^{∗,κ}f ≤ cσ^{∗,κ}f.

It follows that t^{∗,κ}f ≤ cσ^{∗,κ}f. By using Theorem W1 we conclude that the maximal operators t^{∗,κ} are bounded from the martingale Hardy space H_{1/2} to the space L_{1/2,∞}. It follows that (see Lemma 1) t^{∗,κ} is of weak type (1,1) and t^κ_nf → f, a.e., for all f ∈ L_1. Let f_n = D_2n+1 − D_2n .

It is evident that ^f^κ_n (i) = � 1, if i = 2^n, . . . , 2^{n+1} − 1, 0, otherwise.

From (1) we get that (22) ‖f_n‖_{Hp} = ‖D_2n ‖_p ≤ 1/2^{n(1/p−1)}.

It is easy to show that � �t^κ_{2n+1}f_n � � = 1 Q_2n_{+1} � �q_0S^κ_{2n+1}f_n � � = q^0 Q_2n_{+1} � �D^κ_{2n+1} − D_{2n} � � = q_0 Q_2n_{+1}

|κ_2n | = q_0 Q_2n_{+1} . Let sequence {q_k : k ≥ 0} be non-increasing. Then we automatically get that

(23) q_0 Q_2n_{+1} ≥ q_0 q_0 (2^n + 1) = 1 2^n + 1 . Under condition (7) we also have inequality (23) in the case when sequence {q_k : k ≥ 0} be non-decreasing. Hence � �t^κ_{2n+1}f_n � �_{Lp,∞}

‖f_n‖_{Hp} ≥ cq_0 Q_2n_{+1} � μ � x ∈ G : � �tκ_{2n+1}f_n � � ≥^{cq}0_{Q2n+1}

�_{1/p}

‖f_n‖_{Hp}

(24) ≥ cq_02^{n(1/p−1)} Q_2n_{+1} ≥ cq_02^{n(1/p−1)} 2^n + 1

≥ cq_02^{n(1/p−2)}.

Since, 0 < p < 1/2 so n → ∞ gives our statement. □

Proof of Theorem 2. Since t^{∗,κ} is bounded from L_∞ to L_∞, by Lemma 1, the proof of theorem 2 will be complete, if we show that � I_N

|t^{∗,κ}a|^{1/(1+α)} dμ ≤ c < ∞,

for every1/ (1 + α)-atom a, where I denotes the support of the atom.

To show boundedness of t^{∗,κ} we use the method of Gát and Goginava [4]. They proved that the maximal operator σ^{α,∗} of (C, α) (0 < α < 1) means with respect Walsh-Kaczmarz system is bounded from the Hardy space H_{1/(1+α)} to the space L_{1/(1+α),∞}. Their proof was depend on the following inequality

|K^{α,w}_n | ≤ c (α) n^α

|n|� j=0 2^{jα}K^w_2j .

Since our estimation of the kernel of IV is the same, it is easy to see that the proof will be quite analogous to that of Theorem G2, so we leave out details.

By using Theorem W we also conclude that the maximal operators t^∗ are of weak type-(1,1) and t^κ_nf → f, a.e., for all f ∈ L_1.

Now, we prove the second part of Theorem 2. Let 0 < p < 1/ (1 + α). By combining (9), (22) and (24) we have that � �tκ_{2n+1}f_n � �_{Lp,∞}

‖f_n‖_{Hp} ≥ cq_02^{n(1/p−1)} Q_2n_{+1} ≥ cq_02^{αn} (2^n + 1)^{1/p−1−α} Q_2n_{+1}

≥ c2^{n(1/p−1−α)}

→ ∞, when n → ∞.

Let as prove the third part of Theorem 2. By combining (10), (22) and (24) we have that � �tκ_{2n+1}f_n � �_{L1/(1+α),∞}

‖f_n‖_{H1/(1+α)} ≥ cq_02^{nα} Q_2n_{+1}

→ ∞, when n → ∞.

This complete the proof of Theorem 2. □

Acknowledgment

The author would like to thank the referee for helpful suggestions.

References

[1] I. Blahota and G. Gát. Norm summability of Nörlund logarithmic means on unbounded Vilenkin groups. Anal. Theory Appl., 24(1):1–17, 2008.

[2] G. Gát. Investigations of certain operators with respect to the Vilenkin system. Acta Math. Hungar., 61(1-2):131–149, 1993.

[3] G. Gát. On (C, 1) summability of integrable functions with respect to the Walsh- Kaczmarz system. Studia Math., 130(2):135–148, 1998.

[4] G. Gát and U. Goginava. A weak type inequality for the maximal operator of (C, α)- means of Fourier series with respect to the Walsh-Kaczmarz system. Acta Math. Hungar., 125(1-2):65–83, 2009.

[5] G. Gát, U. Goginava, and K. Nagy. On the Marcinkiewicz-Fejér means of double Fourier series with respect to the Walsh-Kaczmarz system. Studia Sci. Math. Hungar., 46(3):399–421, 2009.

[6] U. Goginava. On the approximation properties of Cesàro means of negative order of Walsh-Fourier series. J. Approx. Theory, 115(1):9–20, 2002.

[7] U. Goginava. Approximation properties of (C, α) means of double Walsh-Fourier series.

Anal. Theory Appl., 20(1):77–98, 2004.

[8] U. Goginava. Almost everywhere convergence of (C, α)-means of cubical partial sums of d-dimensional Walsh-Fourier series. J. Approx. Theory, 141(1):8–28, 2006.

[9] U. Goginava. The maximal operator of the Fejér means of the character system of the p-series field in the Kaczmarz rearrangement. Publ. Math. Debrecen, 71(1-2):43–55, 2007.

[10] U. Goginava and K. Nagy. On the maximal operator of (C, α)-means of Walsh- Kaczmarz-Fourier series. Ukrainian Math. J., 62(2):175–185, 2010.

[11] C. N. Moore. Summable series and convergence factors. Dover Publications, Inc., New York, 1966.

[12] F. Móricz and A. H. Siddiqi. Approximation by Nörlund means of Walsh-Fourier series.

J. Approx. Theory, 70(3):375–389, 1992.

[13] K. Nagy. Approximation by Cesàro means of negative order of Walsh-Kaczmarz-Fourier series. East J. Approx., 16(3):297–311, 2010.

[14] K. Nagy. Approximation by Nörlund means of quadratical partial sums of double Walsh- Fourier series. Anal. Math., 36(4):299–319, 2010.

[15] K. Nagy. Approximation by Nörlund means of double Walsh-Fourier series for Lipschitz functions. Math. Inequal. Appl., 15(2):301–322, 2012.

[16] K. Nagy and U. Goginava. Maximal operators of Walsh-Kaczmarz logarithmic means.

Complex Var. Elliptic Equ., 58(9):1173–1182, 2013.

[17] F. Schipp. Pointwise convergence of expansions with respect to certain product systems.

Anal. Math., 2(1):65–76, 1976.

[18] F. Schipp, W. R. Wade, and P. Simon. Walsh series. Adam Hilger, Ltd., Bristol, 1990.

An introduction to dyadic harmonic analysis, With the collaboration of J. Pál. [19] P. Simon. Cesaro summability with respect to two-parameter Walsh systems. Monatsh.

Math., 131(4):321–334, 2000.

[20] P. Simon. On the Cesaro summability with respect to the Walsh-Kaczmarz system. J.

Approx. Theory, 106(2):249–261, 2000.

[21] V. A. Skvorcov. On Fourier series with respect to the Walsh-Kaczmarz system. Anal.

Math., 7(2):141–150, 1981.

[22] A. A. Šneĭder. On series of Walsh functions with monotonic coefficients. Izvestiya Akad.

Nauk SSSR. Ser. Mat., 12:179–192, 1948.

[23] G. Tephnadze. The maximal operators of logarithmic means of one-dimensional Vilenkin-Fourier series. Acta Math. Acad. Paedagog. Nyházi. (N.S.), 27(2):245–256, 2011.

[24] G. Tephnadze. Fejér means of Vilenkin-Fourier series. Studia Sci. Math. Hungar., 49(1):79–90, 2012.

[25] G. Tephnadze. On the maximal operators of Walsh-Kaczmarz-Fejér means. Period.

Math. Hungar., 67(1):33–45, 2013.

[26] G. Tephnadze. Approximation by Walsh-Kaczmarz-Fejér means on the Hardy space.

Acta Math. Sci. Ser. B Engl. Ed., 34(5):1593–1602, 2014.

[27] F. Weisz. Martingale Hardy spaces and their applications in Fourier analysis, volume 1568 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1994.

[28] F. Weisz. Martingale Hardy spaces and their applications in Fourier analysis, volume 1568 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1994.

[29] F. Weisz. Summability of multi-dimensional Fourier series and Hardy spaces, volume 541 of Mathematics and its Applications. Kluwer Academic Publishers, Dordrecht, 2002.

[30] F. Weisz. θ-summability of Fourier series. Acta Math. Hungar., 103(1-2):139–175, 2004. [31] W. S. Young. On the a.e. convergence of Walsh-Kaczmarz-Fourier series. Proc. Amer.

Math. Soc., 44:353–358, 1974.

Received July 25, 2013.

Department of Mathematics, Faculty of Exact and Natural Sciences, Tbilisi State University, Chavchavadze str. 1, Tbilisi 0128, Georgia and Department of Engineering Sciences and Mathematics, Luleå University of Technology, SE-971 87, Luleå, Sweden E-mail address: giorgitephnadze@gmail.com