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POLYNOMIALS WITH A GIVEN CYCLIC GALOIS GROUP
JIRI CTHLAR, JAROSLAV FUKA, AND MARTIN KURIL

ABSTRACT. For every natural number n such that 2n + 1 is a prime, we
present an explicit monic irreducible n** degree polynomial with integer
coefficients whose Galois group over the field of all rational numbers is
isomorphic to the cyclic group Z,. The discriminant of the splitting field
of the presented polynomial is equal to (2n + 1)"~1.

The topic of our paper is a special case of the Inverse Galois Problem. Recall
this problem: Is a finite group G realizable over the field of all rational numbers
Q7 In other words, is there an extension Q < F' such that Galq F' ~ G7 Note
that this question only asks about the existence of an extension Q < F'. The
second step is to construct a polynomial f(x) € Q[x] whose splitting field over
Q is F, and so whose Galois group Galq f is G.

Note that the Kronecker-Weber Theorem states: Every finite abelian exten-
sion of Q is a subfield of a cyclotomic field. So, if G is a finite abelian group,
f(z) € Qz] is an irreducible polynomial whose splitting field over Q is F' and
Galg F' ~ @, then there exists a root of unity £ such that F' is a subfield of
Q(¢).

We are interested in the following task: A natural number n is given. Find
a monic irreducible n'* degree polynomial f with integer coefficients such that
its Galois group over the field of all rational numbers Q is isomorphic to the
cyclic group Z,, i.e. Galg f ~ Z,.

It is easy to see that there are infinitely many polynomials solving our task.
We formulate this in our Proposition 1 below.

More interesting is to present an explicit polynomial solving our task. In
our theorem we give such a presentation in the case that 2n 4+ 1 is a prime
number. Note that there exist infinitely many natural numbers n with the
property 2n + 1 is a prime.

Lemma 1. Ifn is a natural number then there is an irreducible polynomial f €
Qlz] such that f has degree n and the Galois group of f over Q is isomorphic
to Z,,.
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Proof. See [1, page 187, Corollary 4.5]. O
Lemma 2. Let
f(@) = 2" + ap12" "+ anox™ ..+ apr® + a1x + ap € Q[z].
For any q € Q, q # 0, we put
folx) =2" + Qn12"  Pan_ox" 2+ .+ ¢ rarx + ¢"ao.
Then the following holds:

(1) G(IZQ fq = GQZQ f

(ii) f is irreducible if and only if f, is irreducible.

Proof. (i) It is easy to see that f(a) = 0 <= f,(ga) = 0, which implies
that the splitting fields over Q of the polynomials f and f, are the
same. Consequently, Galq f, = Galq f.

(i) Let f(a) = f,(qa) = 0. Then f is irreducible <= [Q(«a) : Q] = n.
Similarly, f, is irreducible <= [Q(q) : Q] = n. Since Q(a) = Q(qav),
we have f is irreducible if and only if f; is irreducible.

0

Proposition 1. Letn be a natural number. There exist infinitely many monic
irreducible n'* degree polynomials with integer coefficients whose Galois groups
over Q are isomorphic to Z,,.

Proof. By Lemma 1, there is an irreducible polynomial f € Qx| such that f
has degree n and Galg f ~ Z,,. We may assume that f is monic,
f(2) = 2" + a1 2™ '+ an_ox™ 2 4 ..+ agr? + a17 + ao.

Clearly, there is a non zero integer [ with the property lag,laq, ..., la,_1 €
Z. For any natural number m, the polynomial f,,; is a monic irreducible
n" degree polynomial with integer coefficients whose Galois group over Q is
isomorphic to Z, (see Lemma 2). The polynomials f,, are pairwise distinct
because the numbers m™["ay are pairwise distinct (note that ag # 0 since f is
irreducible). O

Lemma 3. Let n,j be integers, 0 <mn, 0 < j < 2. Then

J w(n—Fk\ [(n—2k\
Z(_l)( K )(j—k)‘l‘
Proof. At first,

n—k\(n-2k\ _ (n—k! (n —2k)!

( k )(j—k)‘k!(n—%)! (G = k)ln—k—j)!
B (n—k)! J!
CHG =R —k=j) !
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So, we have to prove the identity

Do ()75

We use generating functions. Put

N j n—j+k
() we =3 ()
k=0 k=

The jth coefficient of the product f(z)g(x) is equal to i:o(_l)k(i) (”;k)
Consequently, we would like to show that the jth coefficient of f(x)g(z) is
equal to 1. Clearly, f(z) = (1 — z)?. Further,
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The polynomial ( ):EJ ‘(1 — z)"! has degree j — 1, for any ¢ = 1,2,..., .
Thus the jth coefficient of the product f(z)g(z) is really equal to 1. O
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Theorem 1. Let n be a natural number such that 2n + 1 is a prime. Let

so= 3 (" e (M e

0<k<2 0<k<?

Then f is a monic irreducible nth degree polynomial with integer coefficients

such that Galg f ~ Z,,.

Proof. Put p=2n+1, £ = cos ¢ 2” +isin 2. At first, we prove that Galg Q(& +
—) ~ Z,. The following holds (see 1, page 135, 1.24.4]):

Galq Q(§) ~ ZX ~ 7y 1 = Zo,.
So, Galg Q(&) contains a (unique) subgroup H of index n. Let 7 € Galg Q(&),
7(§) = €&~' = ¢. The automorphism 7 has order 2 since 72(§) = 7(7(€)) =
T(%) = % =¢&. So, H = (r). We will show that H = {u € Q(§)| 7(u) =
uly = Q€ + %) Then, by the Fundamental Theorem of Galois Theory ([1,

page 129, Theorem 1.22]), Q(§ + Z) is normal over QQ and

%) ~ Galg Q(€)/H =~ Z,.

Now, we show that really H' = Q(& + %) Since 7(€+ %) =7(&) —I—T(%) = %—I—f,
it holds & + % € H'. Tt gives Q(& + %) < H'. Altogether,

GalQ Q (5 +

Q<Q+ %) < H' < Q).
By the Tower Theorem ([1, page 89, Proposition 2.1]),
Q) Q] = Q) : B - [H': Q] = [Q(€) : Q¢ + %)} Qe+ é) Q.

We know that [Q(§) : Q] = 2n. Further, by the Fundamental Theorem of
Galois Theory, [Q(¢) : H'] = (H : <2Q(5))) o(H) = 2. It remains to show

that [Q(£) : Q(£ + %)] = 2. Put g(z) = 2* — (£ + %):}c + 1. Clearly, g(x) €
Q&+ %)[m] and g(&) = 0. Suppose that g(z) is reducible over Q(§ + %) Then
92) = (¢ — @)z — §), 0, € QUE+1). Thus 0 = g(€) = (€ — a)(é — B).
E=aor=pE6€QE+1). But then é € H, 7(€) =€, 1 =€, 1= € Tt is
a contradiction. Consequently, g(z) is irreducible over Q(§ + %) Remember
that g(§) = 0. So, g(z) is the minimal polynomial of £ over Q(§ + %) Then
QUE+ 1)(©) : Qe+ 1)) = dealg) = 2. But QE + 1)(E) = Q(€) which yields
Q) Qe+ 1)) =2

Let us denote

. 1
u =&+ = fl‘f‘gﬁ Liug =1
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We have
Up +uy +ug +---+u, =0.

We will also use the next formulas for ¥ which can be derived from the Bino-
mial Theorem (k > 0):
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We have already shown that [Q(u;) : Q] = n. Clearly, f is a monic nth degree
polynomial with integer coefficients. Suppose that f(u;) = 0. Then, since
[Q(u1) : Q] = n and deg(f) = n, f is a minimal polynomial of u; over Q.
So, f is irreducible. Since Q(uq) is normal over Q, f € Q[z] is irreducible,
f(uq) = 0, it follows that Q(uq) is a splitting field of the polynomial f over Q.
Thus Galg f = Galg Q(u1) ~ Z,,. We have just seen that it remains to prove
the equality f(u;) = 0. Let us compute:

= 3 (M e 3 (MR e

0<k<% 0<k<%
n—k n — 2k
- Z (—1)k( k ) : Z ( i )un—2k—2i
0<k<3 0<i<%—k

s (_l)k(n - Z - 1) s (n - 22k - 1) o

0<i<Z—k
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Y Y e ( k) (n - Qk) .

0<k<3 0<i<Z—k

SYOY (n - ; - k) (n _ 12'_ 2k> e

0<k<2 0<i<Z—k

Put j =k + 4. Then
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It follows from Lemma 3 that

= Z Up—2j + Z Up—(2j+1)

0<j<2 0<j<2
=Uy+ UL+ U+ -+ Uy
=0.
The proof of our theorem is complete. O

Problem 1. Formulate and prove analogous theorems for natural numbers n
such that kn + 1 is a prime (k = 3,4,5,...).

Remark 1. For some concrete values of n (n = 5,8,9,11), the polynomial from
the theorem can be found in the Appendix of the book [3].

At the end of our article, we would like to show that the discriminant of the
splitting field (over the field of all rational numbers Q) of the polynomial f(x)
from our theorem is equal to (2n+1)""!. For the definition of the discriminant
of an algebraic number field see [2, page 176].

Recall the notation. Let n be a natural number such that 2n + 1 is a prime.
We put p=2n+1,£ = COS%7r —|—isin27’r,ui =t = §Z+5—11 (1>1).

Lemma 4. Let A be the ring of all algebraic integers in Q(&). Then A is a
free abelian group with basis {1,&,... P72},

Proof. [4, page 82, Statement Ul]. O
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Lemma 5. uq,us, ..., u, is an integral basis for the ring D of algebraic integers
in Q€+ 3).
Proof. Let ai,as,...,a, € Q,a1u; + asus + - - - + apu,, = 0. Then

1€ + a8 + a8 + a4 4 0,8+ a0, =0,

a1+ a1 a4+ T b M F a, £ = 0.

Since the minimal polynomial of ¢ over Q is 22" + 2?1 4+ ... + 2 + 1, we
have a; = a; = ... = a, = 0 and the elements wuy,us,...,u, are linearly
independent over Q. As [Q(§ + %) : Q] = n, we have uy,us,...,u, is a basis
for Q(¢ + %) over Q. Now, we want to show that D = Zuy + Zuy + -+ +
Zu,,. Since £ is an algebraic integer and the set of algebraic integers forms
a ring, we have ui,us,...,u, € D. So, it remains to prove the inclusion
D C Zuy + Zus + -+ - + Zu,. Let d € D. There exist by, bs,...,b, € Q such
that d = byuy + bous + - - - + bu,,. We are going to prove that by, b, ..., b, are
integers. By Lemma 4, since clearly D C A, there exist integers cg, c1, . . ., Cop_1
such that d = ¢y + 1€ + -+ + c2n_ 162" L. Recall that 1 = —¢ — £2... — &2,
We have obtained the following expressions for d:

d=01& + b1E™" + ba€® + b€ o+ b, 8"+ b
d=(c1 —co)é +(ca— )&%+ -+ (Con_1 — co)E™ 1 — ™.

The elements 1,¢,...,£2" ! are linearly independent over Q. Consequently,
the elements &,&2,...,6% are also linearly independent over Q. Now, we
compare our two expressions for d and get the equalities

bi = C; —
fori=1,2,...,n. We see that by, bs,...,b, are integers. O

Proposition 2. The discriminant of the splitting field of the polynomial f(x)
from the theorem is equal to (2n + 1)1,

Proof. We have shown in the proof of the theorem that Q(§ + %) is a splitting

field of the polynomial f(z) over Q. Let us denote the discriminant of Q(§ +
%)/ Q by 4. According to the definition, in view of Lemma 5,

0 = diser(uq, ug, . . ., Uy).
Let 1 <i < 2n,7; € Galg Q(£), :(€) = £ Then
1 1 :
Ti\Uyp) = T7; +-=- =17 + = l+—:U,Z
) =nferg) =m0+ g =€ g
Since f(uy1) = 0 (see the proof of our theorem), f(u;) = 0 and f is the minimal

polynomial of u; over Q. Note that the coefficient of the polynomial f at 27!
is (—1)0("_8_1) = 1. Thus Tr(u;) = —1. Let 1 < j < < n. We can compute

1

= Uigj + Uiy,

1
CERGE
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Tr(usu;) = Tr(tipy + vi-g) = Tr(uigy) + Tr(ui-;) = (=1) + (1) = =2.
Similarly, for 1 < i < n,
uu; = <§+l> <§+l) :52i+1+1+i.:u2-+2
(et é-l é-l £2Z 12 3
Tr(uuw;) = Tr(ug; + 2) = Tr(ug) + Tr(2) = —1 + 2n.
The traces of elements were computed using the elementary facts mentioned
in [4, pages 16-17, Paragraph 10]. Finally,

2n—1 =2 ... =2
-2 2n—1... =2 .
0 = det ) o ) =(2n+1)"". O
—2 -2 ...2n—-1
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