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COMMUTATIVITY OF PRIME I'-NEAR RINGS WITH
I' — (0,7)-DERIVATION

RAVI RAINA, V. K. BHAT AND NEETU KUMARI

ABSTRACT. Let N be a prime I'-near ring with multiplicative center Z.
Let o and 7 be automorphisms of N and § be a I — (o, 7)-derivation of N
such that IV is 2-torsion free. In this paper the following results are proved:
(1) If oy6 = 6yo and 7v6 = éyr and 6(N) C Z, or [§(x),d(y)], = 0, for
all z,y € N and v € I', then N is a commutative ring.
(2) If &1 is a D-derivation, dy is a T' — (o, 7) derivation of N such that
781 = 01y7 and Ty = 2T, then §;(d2(N)) = 0 implies 6; = 0 or
02 = 0.
(3) The condition for a I" — (o, 7)-derivation to be zero in prime I'-near
ring is also investigated.

1. INTRODUCTION

Throughout this paper N denotes a zero symmetric left I'-near ring with
multiplicative center Z. A I-near ring is a triple (IV, +, ") which satisfies the
following conditions.

(1) (N,+) is a group.

(2) T is a non-empty set of binary operators on N such that for each v € T,
(N,+,7) is a near ring.

(3) zfB(yyz) = (xPy)vyz for all x,y,z € N and 3,7 € I.

N is called a prime T'-near ring if zT'NT'y = {0} implies z = 0 or y = 0;
x,y € N. Recall that N is called a prime near ring if tNy = 0 implies z = 0
ory=0;z,y € N.

For a I'-near ring N, the set Ny = {x € N : Oyx = 0, forall vy € I'} is
called zero symmetric part of N. If N = Ny, then N is called zero symmetric.
Recall that as in [8, 3, 9]; a [-derivation on N is an additive endomorphism
d on N satisfying the product rule §(zvy) = 6(x)yy + zvo(y) for all x,y € N
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and v € I'. An additive mapping § : N — N is called a I' — (o, 7)-derivation
if there exists automorphisms o, 7 : N — N such that

d(zyy) = d(x)vo(y) + 7(x)yd(y) for all z,y € N and v € I.

For all z,y € N and v € T', the symbol [z,y]7  denotes 7(x)yy — yyo(z). The
other commutators are; [x,y] = zyy —yyr and (x,y) = x +y — x — y, the
additive group commutator. An element ¢ € N for which d(c) = 0 is called a
constant.

The purpose of this paper is to study and generalize some results of [9]
and [1] on commutativity of prime I'-near rings. Some recent results on rings
deal with commutativity of prime and semi-prime rings admitting suitably-
constrained derivations. For further details on prime near rings we refer the
reader to [5, 6, 3, 2, 10, 12].

As a generalization of near rings, I'-near rings were introduced by Satya-
narayana [11]. Booth together with Groenewald [7] studied several aspects
of T-near rings. In this paper we investigate the condition for a I' — (o, 7)
derivation to be zero in prime ['-near rings.

2. MAIN RESULT
We begin with the following Lemma.

Lemma 2.1. An additive endomorphism § on a I'-near ring N is a I' — (o, T)-
derivation if and only if §(zyy) = 7(x)vd(y) + 6(x)yo(y), for all z,y € N and
vyel.

Proof. Let 6 be a I' — (o, 7)-derivation on a I' near ring.
Since, zv(y + y) = xyy + xyy, we have

S(zy(y +y)) =d(x)yo(y +y) + 7(x)vé(y +y)

(2.1) = (z)yo(y) + d(x)yo(y) + 7(x)vd(y) + 7(2)vd(y),
forall z,y € N and v € I'.
Also,
o(zvy + xyy) = 0(2yy) + d(z7Y)
(2.2) = d(z)yo(y) + 7(x)y0(y) + 0(x)yo(y) + 7(x)7yd(y),

for all z,y € N and y € I'. Comparing (2.1) and (2.2), we have

6(z)yo(y) + 7(x)v6(y) = T(x)y0(y) + 6(x)vo(y),

for all x,y € N and vy € T.
Hence, we have,

d(zyy) = 7(x)yd(y) + 6(x)yo(y), for all x,y € N and v € T.
Conversely, suppose for all x,y € N and v € I’

§(zyy) = 1(x)70(y) + 6(x)y0(y)
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Then,

S(zy(y +y) = 7(@)v(y +y) + d(z)yo(y +y)
(2.3) = 7(2)v6(y) + 7(x)y0(y) + d(z)yo(y) + d(x)yo(y),
for all z,y € N and v € I.

Also,

o(zvy + xyy) = 0(zyy) + d(z7Y)
(2.4) = 7(2)70(y) + d(x)yo(y) + 7(x)vd(y) + 6(x)vo(y),
for all z,y € N and v € I'. Comparing (2.3) and (2.4), we have

T(x)v6(y) + 6(x)yo(y) = 6(x)yo(y) + 7(x)vé(y),
for all z,y € N and v € I'. Thus, for all z,y € N and v € I", we have
§(zvy) = 6(x)yo(y) + 7(x)v6(y).
O

Lemma 2.2. Let § be a I' — (0, 7)-derivation on a near ring N. Then for all
x,y,2 € N and B,v€T;

(6(z)yo(y) + 7(x)vd(y))Bo(2) = 0(x)yo(y)Bo(z) + T(x)vd(y)Bo(2).
Proof. For all x,y,z € N and 5,y €T’

6((zyy)Bz) = o(xyy)Bo(z) + T(z7y) B (2)
(2.5) = (0(z)yo(y) + 7(x)v0(y))Bo(2) + 7(x)y7(y)Bd(2).
Also, for all ,y,z € N and 8,y €T

0(zy(yBz)) = 0(x)yo(yBz) + 7(x)v6(yB2)
= (x)yo(y)Bo(2) + 7(2)v(d(y))Bo(2) + 7(y)Bé(2))
(2.6) = 0(x)yo(y)Bo(z) + 7(x)v6(y)Bo(2) + 7(x)y7(y)B5(2).
Comparing (2.5) and (2.6), we get
6(x)o(y) +7(x)d(y))o(z) = d(x)o(y)o(z) + 7(x)d(y)o(z)
forall x,y,z € N and 3,y €T. [l

Lemma 2.3. Let N be a I'-prime near ring with multiplicative center Z.

(1) If there exists a nonzero element z € Z such that z+z € Z, then (N, +)
is abelian.

(2) Letd be a nonzero I'—(o, 7)-derivation of N anda € N. If6(N)vyo(a) =
0 or ayé(N) =0, then a = 0.

Proof. (1) Let a € N such that 0 # z = 6(a) € Z. Then z+z € Z—{0}. Now,
Z is the multiplicative center of N. Therefore, for all x,y € Z and v € I', we
have (x +y)y(z + 2) = (2 + 2)y(z + y). It implies that,

TYZ + XYZ +Yyz + Yyz = 2YT + 27y + 2yT + 27y,
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and z € Z, implies zy(x —y) = 0. Now, N is a [-prime near ring and z # 0.
Therefore, (x —y) = 0. Hence, N is abelian.

(2) By hypothesis, 6(N)yo(a) = 0, where a € N and v € I'. Therefore, for
all z,y € N and B,ve "

d(zBy)yo(a) = 0.
Now, by Lemma (2.2), we have

6(z)Bo(y)yo(a) + 7(x)Bd(y)yo(a) =0,
which implies that

d(z)Bo(y)yo(a) =0, or §(z)['NTo(a) = 0.

But, N is a prime [-near ring, § a nonzero I' — (o, 7)-derivation of N and o is
an automorphism. Therefore, a = 0.
Now, let ayd(N) = 0. Then for all z,y € N and 3,7 €T,

ay§(zPy) =0,
which implies that

ay(6(x)Bo(y) + 7(x)B4(y)) =0,
ie.
ay6(z)Bo(y) + ayr(x)Bo(y) = 0.
Therefore, for all z,y € N and (3,7 € T', we have ay7(z)3d(y) = 0.

Now, 7 is an automorphism of N so, al’' NT'§(N) = 0. Also N is prime and
d(N) # 0 imply that a = 0. O

Lemma 2.4. Let N be a 2-torsion free prime I'-near ring, and § be a I'— (o, T)-
derivation of N. If 6> = 0, and o, commute with 6, then 6 = 0.

Proof. For all z,y € N and v € T, 6*(zyy) = 0. So, we have

0=0(0(z7y)) = 6(6(x)vo(y) + 7(x)75(y))
= 0(0(x)yo(y)) + 0(7(x)7o(y))
= 0(0(x))yo(a(y)) + 7(0(x))y0(a(y)) + 6(7(x))yo(d(y))
+7(7(2))76(5(y))
= 0%(x)y0*(y) + 7(8(2))¥d (0 (y)) + 8(7(2))yo(3(y)) + 7°(x)¥9*(y)
= 2§(7(x))yd(c(y)) (By hypothesis).
Therefore, for all z,y € N and v € I'; 6(7(x))yd(o(y)) = 0.

Now, as N is 2-torsion free near ring and ¢ is an automorphism of N, we
get d(7(x))d(N) = 0. Hence, by Lemma (2.3), § = 0. O

Now, we are in a position to generalize some results of Oznur Golbasi and
Neset Aydin [9] and Mohammad, Ashraf., Ali, Asma and Ali, Sakir [1] in Prime
[-near rings.
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Theorem 2.5. Let § be a I' — (o, 7)-derivation of a I'-near-ring N. If a € N
is not a left zero divisor and la,6(a)](, ) = 0, then (z,a) is constant for all
re N andyel.
Proof. Let x € N and v € I'. We have, §(ay(z+a)) = 0(ayz+aya) Expanding
the equation, we have
d(a)yo(z) +d(a)yo(a) + 7(a)yd(x) + 7(a)yd(a)
= d(a)yo(x) + 7(a)yd(x) + d(a)yo(a) + 7(a)yd(a).

Therefore,

6(a)yo(a) + 7(a)ydé(z) = 7(a)yé(x) + d(a)yo(a).
This implies,

0 = 7(a)yd(x) + d(a)yo(a) — 7(a)yd(x) — 6(a)yo(a).
But, [a,d(a)]] . = 0, which implies that

7(a)vé(a) — o(a)yo(a) = 0.
Thus,
0 = 7(a)y0(x) + 7(a)yd(a) — 7(a)yd(x) — 7(a)yd(a),
which implies that 7(a)yd(x,a) = 0.
But, 7 is an automorphism of N, and 7(a) is not a left zero divisor. There-
fore, §(x,a) = 0. Hence, (z,a) is constant for all z € N. O

Theorem 2.6. Let N have no non-zero divisors of zero. If N admits a non-
trivial (o, T)-commuting I' — (o, T7)-derivation §, then (N, +) is abelian.

Proof. Let ¢ be any additive commutator. Then Theorem (2.5) implies, ¢ is a
constant. Also, for any € N and v € I', zyc is also an additive commutator
and hence a constant. Thus, for all x € N and v € I’

0= 0(zvyc) = §(x)yo(c) + 7(x)yd(c).
This implies 6(z)yo(c) =0 for all z € N and v € I

Since, §(z) # 0 for some x € N and v € I'. Therefore, o(c) = 0. Thus,
¢ = 0 for all additive commutators c¢. Hence, (N, +) is abelian. O

Theorem 2.7. Let N be a prime I'-near ring with a nonzero I' — (o, 7)-
derivation § such that oyd = dyo and 76 = oy7 for ally € T'. If 6(N) C Z,
then (N,+) is abelian. Moreover, if N is 2-torsion free, then N is a commu-
tative Ting.

Proof. By hypothesis §(N) C Z and ¢ is non-trivial. Therefore, there exists
0# a € N such that z =d(a) € Z— {0} and 2+ 2 = §(a + a) € Z — {0}.
Therefore, by Lemma (2.3), (N, +) is abelian.
Again by hypothesis, for all a,b,c € N and 3, € I', we have

o(¢)78(aBb) = 5(aBb)ro ().
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Now, using Lemma (2.2) and the fact that N is a left near-ring, we have

o(c)yd(a)fo(b) + a(c)y7(a)4(b) = d(a)Ba(b)yo(c) + 7(a)Bo(b)yo(c),

for all a,b,c € N and 3,7 € T.
Now, 0(N) C Z,07v6 = 0o and 7y = dy7 for all v € T, we get

6(a) yo(c)Ba(b) + (b)yo(c)Ar(a) = d(a)yo(b)fo(c) + 6(b)yT(a)Bo(c)

for all a,b,c € N and (3,7 €T
Comparing the two sides and using the fact that (IV, +) is abelian, we get

d(a) yo(c)Ba(b) = d(a)yo(b)fo(c) = 6(b)yT(a)Bo(c) — d(b)ya(c)fr(a)

d(a)yo([e,blg) = 0(b)y([7(a), o(c)]s),
for all a,b,c € N and (3,7 €T

Now, suppose that N is not commutative, and choose b,c € N such that
[c,b] #0, and a = 6(z) € Z.

Then for all z € N and v € T, we get 6%(z)yo([c,b]) = 0.

Now, by Lemma (2.3), we see that central element §%(z) can not be a divisor
of zero, which implies that 6%(z) = 0 for all z € N. By Lemma (2.4), this can
not happen for non trivial §. Thus, o([c,b]) = 0, for all b,¢ € N. Hence, N is
a commutative ring, as ¢ is an automorphism of N. O

Theorem 2.8. Let N be a prime I'-near ring with a nonzero I' — (o, 7)-
derivation 0 such that oy = 0yo and ™0 = oy7. If [6(x),d(y)], = 0, for
all z,y € N and v € ', then (N,+) is abelian. Moreover, if N is 2-torsion
free, then N is a commutative ring.

Proof. By hypothesis we have, 6(z + z)vd(z +y) = 0(z + y)yd(x + z) for all
x,y € N and v € I'. This implies that

0(x)yo(x) +0(x)y0(y) = d(x)yd(x) +0(y)70(x)

for all z,y € N and v € I". Hence, 6(x)yd(z,y) =0 for all z,y € N and vy € T,
which implies 6(x)yd(c) = 0 for all z € N, v € I" and the additive commutator
c. Now, by Lemma (2.3), we have d(c) = 0, for all additive commutators c.
Now, N is a left near ring and ¢ an additive commutator. Therefore, xvc is
also an additive commutator for all z € N. Therefore, §(xyc) =0 for all z € N
, v € I and for all additive commutators c. Therefore, by Lemma (2.3), ¢ = 0.
Hence, (N, +) is abelian.

Now, assume that N is 2-torsion free, 0yd = dyo and 7y = 7.

Then by Lemma (2.1) and Lemma (2.2) we have

5(6(x)yy)v0(z) = 6*(x)yo ()78 (2) + 7(8())¥d(y))d(2)

BT R(e)o(y)6(=) = 50@)ry)o(=) — r(6()d)10()
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Now; §(z)vd(y) = 6(y)yd(x), for all x,y,z € N, and v € I". Therefore,
6(8(z)yy)vd(z) = 6(2)v0(d(z)vy)

= 3(2)70*(x)y0(y)
= 0%(x)70(2)yo(y)

for all xz,y,z € N and 7 €T
Combining (2.7) and (2.8), we have for all z,y,z € N and vy € T

8 (x)yo (y)vo(z) — 6%(x)v6(2)yo(y) = 0

z)
z) 0(2)y7(0())vd(y)
7(0(2)) v (y)vd(z)

(2.8) +
+

0*(@)v(o(y)vd(z) — d(2)ra(y)) =0
Now, replacing y by yva, we have for all a,z,y,z € N and vy € I
0*(z)y(o (yya)yd(z) — 6(2)y0(yya)) =0
0*(x)yo (y)y(o(a)yd(z) — d(2)yo(a)) =0
Thus, §?(x)yN(o(a)yd(z) — d(z)yo(a)) =0 for all a,z,y,z € N and v € T.

Since, N is prime and ¢ is an automorphism. Therefore for all a,z,z € N
and vy €T’

6*(z) =0, or o(a)yd(z) — 6(2)yo(a)) =0
But, by Lemma 2.4 §%(z) = 0 is not possible. Hence,
a(a)yé(z) = d(z)yo(a)) =0,
for all a,z € N and v € T".
Therefore, §(N) C Z. Hence, by Theorem (2.7), N is commutative. O

Theorem 2.9. Let N be a 2-torsion free prime I'-near ring N, 6; be a I' —
(o, 7)-derivation of N and d5 be a I' derivation of N. If 61(62(N)) = 0, then
(51 :O, 07"52 = 0.

Proof. By hypothesis for all a,b € N andy € I' §;(d2(avb)) = 0. Therefore, we
have

0 = 01(02(a)yb) + ay62(b)) = 01(82(a)yb) + 01(avda(b))
= 01(d2(a))vo(b) + 7(d2(a))701(b)d1(a)o (02(b)) + 7(a)y01(d2(b)).
Now, for all a,b € N and v € I', we have
7(83(a))731(8) + 61 (a) o (3:(0)) = 0.
Replacing a by d2(a), then for all a,b € N and v € T', we have
7(63(a))v01(b) = 0.

Now, Lemma (2.3), implies that §; = 0 or §3 = 0. If 62 = 0, then by Lemma
(2.4), 93 = 0. Hence, this theorem is proved. O
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Theorem 2.10. Let N be a 2-torsion free prime I'-near ring N, 6; be a I'-
derivation of N and 63 be a I' — (o, T)-derivation of N such that Ty0y = 61yT
and Ty0y = 0oy7. If 61(02(N)) =0, then §; =0 or §, = 0.

Proof. By hypothesis 1 (d2(ayb)) = 0, for all a,b € N and v € T.
Therefore, we have

0 = 01(02(a)yo(b) + 7(a)yd2(b)) = 01(02(a)ya (b)) + 61(7(a)yd2(b))
= 01(02(a))yo(b) + 62(a)y61(a (b)) + 01(7(a))vd2(b) + T(a)yd1(d2(D)).

This implies that

02(a)y01(0 (b)) + 01(7(a))y02(b) =

for all a,b € N and v € I'. Replacing a by d»(a), and using the fact that
Tv01 = 01y7T and Tydy = d9yT, We have

62(a)yd1(c(b)) =0, for all a,b € N and y € T,

Applying Lemma (2.3), we have d; = 0, or 62 = 0. If §2 = 0, then by Lemma
(2.4), 65 = 0. The proof is complete. O

Lastly, we generalize a result of Yong Uk Cho and Young Bae Jun [8, Propo-
sition 3.9] in Prime I-near rings.

Theorem 2.11. Let § be a I' — (o, 7)-derivation on a zero symmetric prime
[-near ring N. If there exists a nonzero element v € N such that xvd(y) = 0
forally € N and v € T, then 6 = o.

Proof. Let x be a nonzero element of N such that
zyd(y) =0 for all y € N and v € T
Replacing y by y6z we get,

0 = 2y0(yBz) = xv(6(y)Bo(2) + 7(y)Bd(2))
= 270(y)Bo(2) + 2y7(y)Bd(2) = 2y7(y)B0(2),
forall y,z € N and 3,7 € I'.

Therefore, xI' NT'6(z) = 0. Since, N is prime, implies 6(z) = 0 for all z € N.
Hence, 6 = 0. ([l
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