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SOME GENERAL OSTROWSKI-GRUSS TYPE
INEQUALITIES

YU MIAO AND LUMING SHEN

ABSTRACT. Some new generalizations of Ostrowski-Griiss type inequalities
for functions of Lipschitzian type and probability distribution inequalities
are established.

1. INTRODUCTION

Definition 1.1. The function f: [a,b] — R is said to be (I, L)-Lipschitzian on
[a, b] if

lxg —x1) < f(xg) — f21) < L(19 — 111), fora <z <9 <D,
where [, L € R with [ < L.

Liu [4] generalizes the results in [2] and [5] to functions which are L-
Lipschitzian and (I, L)-Lipschitzian respectively as follows.

Theorem L. Let f: [a,b] — R be (I, L)-Lipschizian on [a,b]. Then we have

(1.1) 'ﬁ/abf(t)dt—f(xn(x—a;b) s‘gb;“(s—z)
and
(1.2) ‘ﬁ/abf(t)dt—f(x)%—(x—a;b) S‘gb;a(L—S)

for all x € [a,b], where S = (f(b) — f(a))/(b—a).

Recently there are many versions of the Ostrowski-Griiss type inequalities
(see [1, 2, 3, 4, 5]). In the present paper, we will give some general Ostrowski-
Griiss type inequalities in view of the probability theory.
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2. MAIN RESULTS

The following lemma is easy from the elementary knowledge of probability
theory.

Lemma 2.1. Let X be a random variable with uniform distribution on the
support interval [a,b], i.e., the probability density function of X is equal to
(b—a)™', z € [a,b] and zero elsewhere. Accordingly, let us denote EX the
mathematical expectation of random variable X. Then for any x € [a,b], we
have

E(X — 2)lys, = élzb__gji)
and ,
E($ - X)1X<x - %7

where 14 denotes the indicator function of the set A C |a, b].

From the above key lemma, we will give a more precise version of Theorem

L.

Theorem 2.2. Under the assumptions of Theorem L, we have

2.1) (1—5) Szb__x;) +(S—1L) (23(75__&;)
b a
< [ g+ (-1 s
= (L=5) é[zb_—xi) (5= ”éfb__ai)’

for all x € [a, b)].

Proof. Let X be a random variable with uniform distribution on the support
interval [a,b]. Then it is easy to see that

b
o [ 0 - @) =) - )

and
_a—i—b

2

T

=E(z — X).

Thus, we have

ﬁ/abf(t)dt—f(x)—k (m— a;b) S
= E(f(X) - )=E

—
=

X) = f(2)) = S(X = 2)|lx>e
(f(X) = f(2)) = S(X = 2)1x <o
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Furthermore, by Definition 1.1 and Lemma 2.1, it follows that

(t=5) ;?b_—x;) HE-1) ggb_ ac)t) -

—(1 = S)E(X — 2)lxse + (S — L)E(z — X)1x<,

<E[(f (X )= f(@)) = S(X — 2)]1xze+
E[(f(X) = f(2)) = S(X — 2)/Ix <

S(L—S) (X = 2)1xs, + (S = DE(z — X)lxcs

b—x)?

(
(L= 8)y—a

(z —a)?
S—1)—>
+ )2(b —a)
which implies the inequality (2.1). O

Corollary 2.3. Under the assumptions of Theorem L, we have

(2:2) ‘ﬁ/abf(t)dt—f(xwr(x_a;rb) S’<M(b;a)7

for all x € [a,b], where M = max{(L —S5),(S —1)}.
Proof. Let g(x) = A(b—x)?+ B(x—a)?, where A, B are two positive constants.
Then it is easy to check that the maximum point of g(z) is at = a or z = b.

From this fact and Theorem 2.2, the desired inequality (2.2) is obtained. [

Corollary 2.4. Under the assumptions of Theorem L, we have

(2.3) /f Bt — (“b)‘g(bg“)@—m.

Corollary 2.5. Under the assumptions of Theorem L, we have

—a b a —a
(2.4) —(S—Z)(b2 )gbia/f(t)dt—wé(L—S)(bQ )

and

e ~w-9" 0 < L [ - 1D S5y 020

2

3. INEQUALITIES IN PROBABILITY DISTRIBUTION

In this section we will give some results for probability distribution.
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Lemma 3.1. Let X be a random variable on |a,b] and E(X) is the expectation
of X. Then we have the following equality,

P(X < 2)—— (x—a+b>—%

=" b—a 2 b—a
EX -2 1
. =P(X < - =
(3.1) (X <x)+ P )
[PPt<X <z)di— ['Plr <X <t)dt a—z 1
:a z —|— +_
b—a b—a 2

Proof. Noting the following facts,

EX
P(X§$)+m:
[PP(X < a)dt +E([" dt) +a
- b—a
[PP(X <a)dt + [PP(X > t)dt +a
- b—a
JPP(X < z) +P(X > )]dt + [[P(X <)+ P(X >1)|dt +a
- b—a
x—a—l—fax]P’(tSXSx)dt+b—x—ffP(w<X<t)dt+a
B b—a
b—a+faxIP’(t§XSx)dt—f;P(x<X<t)dt+a
- b—a
and
we have
EX -2 1
P(X <x) . 5
[FPE<X <a)dt— [(Pr <X <t)dt a—=z 1
B b—a +b—a+§‘
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Corollary 3.2. Under the assumptions of Lemma 3.1, we have the following
inequalities

_(b—x)]P’(X>:v)+a—x+1<
b—a b—a 2~
"P(t< X <az)dt — [PP(x < X < t)dt a-— 1
(3.2) Sfa (t< X <a)dt — [[Pla ) La-w 1
b—a b—a 2
<(:E—a)IP>(X§x)+a—x+l
- b—a b—a 2
Furthermore
[PPt<X<a)dt— ["Plx<X <t)dt a—az 1| 1
: z - +o| <5
b—a b—a 2 2

Corollary 3.3. Under the assumptions of Lemma 3.1, we have
b—a
J— 2 M

_a—l—b
2

(3.3) ‘E(X)

Proof. We set © = a or x = b in (3.1) and by Corollary 3.2 to get the desired
result. O

Corollary 3.4. Under the assumptions of Lemma 3.1, we have

—M§P<XSGTM>_6;E(X) SP(X;%“’)_
—a

(3.4)

In particular, assume that m is the median of the random wvariable X, 1i.e.,
P(X <m)>1/2 and P(X > m) > 1/2, then we have

<m_a+b)_b—MXw§

1
2 b—a 4’

—a

1
‘P(Xgm)— 5
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