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THE SPECIAL CIRCULANT MATRIX AND UNITS IN
GROUP RINGS

JOE GILDEA

Abstract. We introduce a new n × n circulant matrix over Fpk . Under
certain conditions, we show that this matrix generates a copy of Cpk−1. We
conclude with determining the element of U(FpkCn) that corresponds to
this matrix and providing explicit generators for U(FpkC2) when p 6= 2.

1. Introduction

Let Fpk be the Galois field of pk elements where p is a prime. To begin we
define a special n × n circulant matrix over Fpk . We show that this matrix
generates a copy of Cpk−1 when p does not divide n.

The set of all the invertible elements of a ring S form a group called the
unit group of S, denoted by U(S). Let RG denote the group ring G of the
group G over the ring R. In [3], an explicit isomorphism between RG and a
certain ring of n× n matrices is given. Using this isomorphism we determine
the element of U(FpkCn) that correspond to the above mentioned matrix when
p does not divide n.

We provide explicit generators for U(FpkC2) when p 6= 2, using the special
circulant matrix and another matrix. The description of our method allows its
straightforward implementation using the LAGUNA package [1] for the GAP
system [4].

Definition 1. A circulant matrix over a ring R is a square n×n matrix, which
takes the form

circ(a1, a2, . . . , an) =




a1 a2 a3 . . . an

an a1 a2 . . . an−1

an−1 an a1 . . . an−2
...

...
...

. . .
...

a2 a3 a4 . . . a1
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where ai ∈ R.

For further details on circulant matrices see Davis [2].
Let R be a ring and Cn be the cyclic group of order n. There exists an

isomorphism between RCn and a certain ring of n × n matrices over R given

by σ :
n−1∑
i=0

aix
i 7→ circ(a0, a1, . . . , an−1). See [3] for further details.

2. The Special Circulant Matrix

Definition 2. Let a ∈ Fpk where a generates U(Fpk) and p is a prime. Define
the special circulant matrix of order n over Fpk by

Gn = circ(1 + (n− 1)a, 1− a, . . . , 1− a︸ ︷︷ ︸
(n−1)−times

).

Example 3. G2 = circ(1 + a, 1− a) and G3 = circ(1 + 2a, 1− a, 1− a).

Proposition 4. Let A = circ(γ, δ, . . . , δ︸ ︷︷ ︸
(n−1)−times

), where A is a n × n matrix and

γ, δ ∈ Fpk and p is a prime. Then |A| = (γ + (n− 1)δ)(γ − δ)n−1.

Proof. Let A = circ(γ, δ, . . . , δ), where A is a n × n matrix and γ, δ ∈ Fpk .
Then

|A| = (γ + (n− 1)δ)

∣∣∣∣∣∣∣∣

1 1 . . . 1
δ γ . . . δ
...

...
. . .

...
δ δ . . . γ

∣∣∣∣∣∣∣∣

= (γ + (n− 1)δ)

∣∣∣∣∣∣∣∣∣∣

1 0 . . . 0
δ γ − δ . . . 0
δ 0 . . . 0
...

...
. . .

...
δ 0 . . . γ − δ

∣∣∣∣∣∣∣∣∣∣
= (γ + (n− 1)δ)(γ − δ)n−1.

¤

Proposition 5. Suppose that p does not divide n. Then

(i) Gn is invertible.
(ii) Gn

N = nN−1 circ(1 + (n− 1)aN , 1− aN , . . . , 1− aN

︸ ︷︷ ︸
(n−1)−times

).
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Proof. (i)

|Gn| = (1 + (n− 1)a + (n− 1)(1− a))(1 + (n− 1)a− (1− a))n−1

= (1 + na− a + n− na− 1 + a)(1 + na− a− 1 + a)n−1

= (n)(na)n−1

= nnan−1.

Therefore Gn is invertible if p does not divide n.
(ii) We prove this by induction on N . Let N = 1, clearly Gn

1 = Gn. Now
let’s assume that it holds for N = k. i.e.

Gn
k = nk−1 circ(1 + (n− 1)ak, 1− ak, . . . , 1− ak

︸ ︷︷ ︸
(n−1)−times

).

We must show that

Gn
k+1 = nk circ(1 + (n− 1)ak+1, 1− ak+1, . . . , 1− ak+1

︸ ︷︷ ︸
(n−1)−times

).

Gn
k+1 = Gn

k × Gn
1 =

= nk−1




1 + (n− 1)ak 1− ak 1− ak . . . 1− ak

1− ak 1 + (n− 1)ak 1− ak . . . 1− ak

1− ak 1− ak 1 + (n− 1)ak . . . 1− ak

...
...

...
. . .

...
1− ak 1− ak 1− ak . . . 1 + (n− 1)ak




×




1 + (n− 1)a 1− a 1− a . . . 1− a
1− a 1 + (n− 1)a 1− a . . . 1− a
1− a 1− a 1 + (n− 1)a . . . 1− a

...
...

...
. . .

...
1− a 1− a 1− a . . . 1 + (n− 1)a




.

When we multiply these matrices every diagonal entry will be of the form

(†) (1 + (n− 1)ak)(1 + (n− 1)a) + (n− 1)(1− ak)(1− a)

and every off diagonal entry has the form

(‡) (1 + (n− 1)ak)(1− a) + (1− ak)(1 + (n− 1)a) + (n− 2)(1− ak)(1− a).

(1 + (n− 1)ak)(1 + (n− 1)a) + (n− 1)(1− ak)(1− a)

= 1 + (n− 1)a + (n− 1)ak + (n− 1)2ak+1 + (n− 1)(1− a− ak + ak+1)

= n + (n− 1)2ak+1 + (n− 1)ak+1

= n + (n2 − 2n + 1 + n− 1)ak+1

= n + (n2 − n)ak+1

= n(1 + (n− 1)ak+1).
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(1 + (n− 1)ak)(1− a) + (1− ak)(1 + (n− 1)a) + (n− 2)(1− ak)(1− a)

= 1− a + (n− 1)ak − (n− 1)ak+1 + 1 + (n− 1)a− ak − (n− 1)ak+1

+ (n− 2)− (n− 2)a− (n− 2)ak + (n− 2)ak+1

= n + (−2(n− 1) + (n− 2))ak+1

= n + (−2n + 2 + n− 2)ak+1

= n− nak+1

= n(1− ak+1).

Therefore Gn
k×Gn

1 = nk circ(1+(n−1)ak+1, 1− ak+1, . . . , 1− ak+1

︸ ︷︷ ︸
(n−1)−times

) = Gn
k+1.

¤
Theorem 6. For a prime p which does not divide n, 〈Gn〉 ∼= Cpk−1.

Proof.

Gn
pk−1 = npk−2 circ(1 + (n− 1)apk−1, 1− apk−1, . . . , 1− apk−1

︸ ︷︷ ︸
(n−1)−times

)

= npk−2 circ(1 + (n− 1).1, 1− 1, . . . , 1− 1)

= npk−1In

= In since a generates U(Fpk) and n ∈ U(Fpk).

Consider nN−1(1− aN), which is an off diagonal entry of Gn
N . Now nN−1(1−

aN) = 0 ⇐⇒ 1−aN = 0 ⇐⇒ aN = 1 ⇐⇒ N = pk−1 since a generates U(Fpk)
and n ∈ U(Fpk). Therefore 〈Gn〉 ∼= Cpk−1. ¤

Let An = diagn(a) where a generates U(Fpk) and p is a prime. Clearly
〈An〉 ∼= Cpk−1. Also 〈An〉 ∩ 〈Gn〉 = In since 1− aN = 0 iff N = pk − 1.

Corollary 7. Let αn = (1 + (n − 1)a) + (1 − a)

(
n−1∑
i=1

xi

)
∈ FpkCn where a

generates U(Fpk), p is a prime and Cn = 〈x |xn = 1〉. Suppose p - n, then

(i) 〈αn〉 ∼= Cpk−1.
(ii) α2 and a generate U(FpkC2).

Proof. (i) σ(α) = Gn.
(ii) σ(a) = A2, σ(α2) = G2 and 〈A2,G2〉 ∼= Cpk−1 × Cpk−1. ¤
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