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THE SPECIAL CIRCULANT MATRIX AND UNITS IN
GROUP RINGS

JOE GILDEA

ABSTRACT. We introduce a new n x n circulant matrix over Fx. Under
certain conditions, we show that this matrix generates a copy of Cpr_;. We
conclude with determining the element of U (F,xC,) that corresponds to
this matrix and providing explicit generators for U (IF,xC2) when p # 2.

1. INTRODUCTION

Let F,. be the Galois field of p* elements where p is a prime. To begin we
define a special n x n circulant matrix over F,». We show that this matrix
generates a copy of C,r_; when p does not divide n.

The set of all the invertible elements of a ring S form a group called the
unit group of S, denoted by U(S). Let RG denote the group ring G of the
group G over the ring R. In [3], an explicit isomorphism between RG and a
certain ring of n X n matrices is given. Using this isomorphism we determine
the element of U(IF,C},) that correspond to the above mentioned matrix when
p does not divide n.

We provide explicit generators for U(FF,+C5) when p # 2, using the special
circulant matrix and another matrix. The description of our method allows its
straightforward implementation using the LAGUNA package [1] for the GAP
system [4].

Definition 1. A circulant matrix over a ring R is a square n X n matrix, which
takes the form

aq as ag ... Ay

Qp, a; Qs ... QAp-1
circ(ay, ag,...,a,) = On-1 an a1 ... Q(p-2

a9 as Q4 ... ay
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where a; € R.

For further details on circulant matrices see Davis [2].
Let R be a ring and C,, be the cyclic group of order n. There exists an

isomorphism between RC), and a certain ring of n x n matrices over R given
n—1

by o : Zaixi — circ(ao, ay, . .., a,—1). See [3] for further details.
i=0

2. THE SPECIAL CIRCULANT MATRIX

Definition 2. Let a € F,x where a generates U(FF,») and p is a prime. Define
the special circulant matriz of order n over F, . by

G, =circ(l+ (n—1)a,1 —a,...,1—a).

N J
g

(n—1)—times

Ezample 3. Gy = cire(l + a,1 — a) and G3 = circ(1 + 2a,1 — a,1 — a).

Proposition 4. Let A = circ(y,d,...,d), where A is a n X n matriz and
——
(n—1)—ttmes

v,0 € Fpo and p is a prime. Then |A| = (v + (n — 1)8)(y — §)" 1.

Proof. Let A = circ(v,6,...,0), where A is a n x n matrix and 7,5 € F.
Then

1 ... 1
o v . )
Al =(v+=1)0)|. . :
) Y

1 0 0

o v—9 0

—(r+ -1 0 0

o 0 ... yv—=9

= (y+(n—=1)0)(y—0)" .

Proposition 5. Suppose that p does not divide n. Then

(i) G, is invertible.
(i) G, =nM "t circ(1 4 (n — 1)a™, 1 —a?,...,1 —d").

(& s
g

(n—1)—times
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Proof. (i)
Gal =1+ (n=1a+(n-1)(1-a)1+(n-1a-(1-a)""
=(l+na—a+n—-na—1+a)(l+na—a—1+a)""
= (n)(na)"™!

— nnan 1

Therefore G, is invertible if p does not divide n.
(ii) We prove this by induction on N. Let N = 1, clearly G,' = G,. Now

let’s assume that it holds for N = k. i.e.
G," =nF"1 circ(1+ (n — 1)a", 1 —d*,... 1 —d").

J

-~

(n—1)—times
We must show that

Gt =nF circ(1 + (n — Da*™, 1 — a1 —a"™).

-~

(n—1)—times

k+1 k 1
gn+ :gn Xgn -

1+ (n—1)a* 1—ak 1—ak 1—aF
1—a* 1+ (n—1)a* 1—ar 1—ar
= k-1 1—a* 1—ak 1+ (n—1)ak ... 1—ak
1—a" 1—a* 1—ad" oo 14+ (n—1)d*
1+ (n—1)a l—a l—a l—a
l—a 1+ (n—1)a l—a l—a
% l—a l—a I+ (n—1a ... l-a
l—a l—a l—a . 1+ (n—=1a
When we multiply these matrices every diagonal entry will be of the form
() (1+(n—1)a")(1+ (n—1)a) + (n - 1)(1 — a*)(1 ~ a)

and every off diagonal entry has the form
(1) 1+ (n—=1)d") (1 ~a)+ (1 -a")(1+ (n—1)a)+ (n—2)(1 - d")(1 - a).
(1+ (n —1)a")(1+ (n—1)a) + (n— 1)(1 — a")(1 — a)
=1+ (n—1a+(n—1)d" + (n—-1)2%"" 4 (n - 1)(1 —a - a" + ")
=+ (n = 12+ (0 - et
=n+@n*—2n+1+n—1)d""!
—n+ (n2 ) k+1

n(L+(n—1)a"*).
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(1+(n—-1d"1-a)+ (1 -ad")1+ (n—1)a) + (n—2)(1 —a*)(1 —a)

=l-a+(n—-1)d"—(n—-1d""+1+@0n—-1)a—-d - (n—-1)d""
+(n—2)—(n—2)a—(n—2)d" + (n—2)a"

=n+(=2(n—1)+ (n—2))a"*!
=n+(—2n+2+n—2)a""!
— 1 — natH
=n(l —a"*h).

Therefore G,* x G,' = n* circ(1+(n—1)a*', 1 —a"™ ... |1 - ") = G, FH.

J

(n—1)::cimes
O

Theorem 6. For a prime p which does not divide n, (G,) = Cpr_;.
Proof.

G." =02 cire(1+ (n— Va1 — a1 =Y

/'

g

(n—1)—times
=n” Zcirc(l+(n—1).1,1-1,...,1—1)
=71,
= I, since a generates U(F,x) and n € U(F ).
Consider nV='(1 — ), which is an off diagonal entry of G,. Now nV=1(1 —
aV)=0«<=1-a" =0<= a" =1<= N = p*—1 since a generates U(F )
and n € U(F,x). Therefore (G,) = Cpr_;. O

Let A, = diag,(a) where a generates U(F,x) and p is a prime. Clearly
(A,) = Cp_y. Also (A,) N(G,) = I, since 1 —a™¥ =0 iff N =pF —1.

n—1
Corollary 7. Let o, = (1 4+ (n —1)a) + (1 — a) (Z z'| € FC, where a
i=1
generates U(F ), p is a prime and C,, = (x| 2" = 1). Suppose p { n, then
(i) (o) = Cpi_y.
(ii) o and a generate U(F . Cy).

Proof. (i) o(a) = G,,.
(ii) o(a) = Az, o(an) = Go and ( Az, Go) = Cpr_y X Cpre_;. O
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