ON HOLOMORPHICALLY PROJECTIVE MAPPINGS OF SPECIAL KAEHLER SPACES

S. BÁCSÓ AND F. ILOSVAY

To memory of my friend and colleague Ferenc Ilosvay. (S. B.)

Abstract. Some authors [1], [2], [3], [4], [5] have studied the holomorphically flat curves in Kaehler spaces and the mappings between Kaehler spaces preserving such curves which are called holomorphically projective mappings. In the present paper we treat a holomorphically projective mapping of a Kaehler-Codazzi space [6] onto another Kaehler space. A similar problem was investigated by Sobchuk in Riemann spaces [7].

Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 15 (1999), 41–44

www.bgytf.hu/~amapn

1. Introduction

Let K^n(g, F ) be an n(= 2m) dimensional Kaehler space, where g is a Riemann metric and F is a complex structure in K^n satisfying the following conditions [4], [6]:

F^h_α F^α_i = �δ^h_i F_{ij} = �F_{ji}, (F_{ij} = F^α_i g_{αj})

F^i_{j,k} = 0

F^α_i F^β_j g_{αβ} = g_{ij}.

(We denote the covariant derivation in K^n by “,”.)^1

The holomorphically flat curves are defined by a differential equation of the form d^2x^i dt^2 + Γ^i_{αβ} dx^α dt dx^β dt = a(t) dx^i dt + b(t)F^i_α dx^α dt , where Γ^i_{jk} are the Cristoffel symbols of the fundamental tensor g_{ij}.

Definition 1. ([3], [4]) A diffeomorphism of a Kaehler space K^n(g, F ) to another Kaehler space K̃^n(g̃, F̃ ) is called a holomorphically projective mapping if it maps an arbitrary holomorphically flat curve of K^n onto a holomorphically flat curve of K̃^n and F = F̃ , i.e. if it preserves the complex structure.

1991 Mathematics Subject Classification. 53B35.

Key words and phrases. Kaehler spaces, holomorphically projective mappings. 1The Roman and the Greek indices run over the range 1 : : : n; the Roman indices are free but the Greek indices denote summation. 41

Definition 2. ([6]) A Kaehler space is called a Kaehler-Codazzi space

K � C^n if its Ricci tensor satisfies the condition R_{ij,k} = R_{ik,j}. (1) The main purpose of the present paper if to prove the following Theorem. If an n-dimensional Kaehler-Codazzi space K �C^n (n > 2) has a nontrivial holomorphically projective mapping onto another ndimensional Kaehler space (i.e. the K � C^n admits a holomorphically projective mapping) then K � C^n is a Kaehler-Einstein space.

We will use the following results (V.V. Domashev and J. Mikesh [5]): (A) A Kaehler space K^n has a nontrivial holomorphically projective mapping to another Kaehler space iff in K^n there exist a symmetric tensorfield a_{ij}, and a gradient vectorfield λ_i such that a_{ij,k} = λ_{(i}g_{j)k} + λ̄_{(i}F_{j)k} and (2) λ̄_i = λ_βF^β_i , (3) where (ij) means symmetrization.

(B) A Kaehler space K^n(g, F ) admits a holomorphically projective mapping iff the differential equations a_{α(i}R^α_{.j)kl} = g_{k(j}λ_{i)l} � F_{k(j}λ̄_{i),l} � g_{l(j}λ_{i)k} + F_{l(j}λ̄_{i),k} (4) nλ_{i,l} = μg_{il} � a_{αβ}R^α_{. il}^β_. + a_{αi}R^α_l (5) μ_{,k} = 2λ_αR^α_k (6) have nontrivial solutions in a_{ij}, λ_i and the scalar field μ.

2. The proof of the Theorem Let us assume that the Kaehler-Codazzi space K�C^n (n > 2) admits a holomorphically projective mapping.

Differentiating (5) covariantly, and applying (6) and (2), one gets nλ_{,ilk} = 2λ^αR_{αk}g_{il} + λ^αR_{αl}g_{ik} + λ_iR_{lk} � λαR^α_{.ilk} � λβR^β_{.lik} �^¯λαFβkR^α_{.il}^β_. �^¯λβFαkR^α_{.il}^β_. + λ̄_αR^α_l F_{ik} + λ̄_iF_{αk}R^α_l + α_{αi}R^α_{l,k} � α_{αβ}R^α_{.il}^β_{.,k}. Transvecting it by g^{lk}, and using that the form (1) implies R_{ijk}^α_{.,α} = 0 and R_i^α_{.,α} = 0, we have nλ_{,i}^α_{.α} = Rλ_i where R = R_{αβ}g^{αβ}, and R = const [6]. Further on ϱ denotes the quotient R/n. Then we obtain λ_{,i}^α_{.α} = ϱλ_i (7) and (3) implies the following equation λ̄_{j,}^α_{.α} = ϱλ̄_j. (7’)

ON HOLOMORPHICALLY PROJECTIVE MAPPINGS : : : 43

The covariant derivative of (4) gives a_{α(i,jmj}R^α_{.j)kl} + a_{α(i}R^α_{.j)kl,m} = g_{k(j}λ_{,i)lm} � F_{k(j}λ̄_{i),lm} � g_{l(j}λ_{,i)km} + F_{l(j}λ̄_{i),km}. (8) Substitute (2) into (8) and transvect it by g^{lm}. After applying (7) and (7^0) we get λ_αR^α_{.(ijkjj)} + λ_{(i}R_{j)k} + λ̄_αF^β_{(i} R^α_{.j)kβ} + λ̄_{(i}F^α_{j)}R_{αk} = ϱλ_{(i}g_{j)k} + ϱλ̄_{(i}F_{j)k} � λ_{k(ij)} � F^α_{(i} λ̄_{j),kα}.

By using the Ricci identity we can rewrite the above equation into the following form

λ_{(i}R_{j)k} + 2λ̄_αF^β_{(i} R^α_{.j)kβ} + λ̄_{(i}F^α_{j)}R_{αk} = ϱλ_{(i}g_{j)k} + ϱλ̄_{(i}F_{j)k} � 2λ_{k(ij)}. (9) If we denote F^α_i R_{αj} by R̃_{ij} and antisymmetrize (9) in j and k we obtain λ_{[j}R_{k]i} + 2λ̄_αF^β_i (R^α_{.jkβ} + R^α_{.kβj}) + λ̄_{[jj}R̃_{ijk]} + 2λ_iR̃_{jk} = ϱλ_{[j}g_{k]i} + ϱλ̄_{[j}F_{jijk]} + 2ϱλ̄_iF_{jk} + 2λ_αR^α_{.ijk}

(10)

(where “[ ]” means the antisymmetrization).

The identity R^i_{.(jkl)} = 0 gives that λ̄_αF^β_i (R^α_{.jkβ} + R^α_{.kβj}) = λ_αR^α_{.ijk} so we get from (10) that λ_{[j}A_{k]i} + λ̄_{[jj}Ã_{ijk]} + 2λ̄_iÃ_{jk} = 0

(11) where A_{ij} = ϱg_{ij} � R_{ij}, Ã_{ij} = F^α_i A_{αj} = ϱF_{ij} � R̃_{ij}. (12)

If we transvect (9) by F^k_l and apply (3), we have

λ_{(ij}R̃_{ljj)} + 2λ̄_αR^α_{.(ijljj)} + λ̄_{(i}R_{j)l} = ϱλ_{(ij}F_{ljj)} + ϱλ̄_{(i}g_{j)l} � 2λ̄_{l,(ij)}.

(9’) Symmetrizing (9^0) in i and l, exchanging indices j and l, and adding the original equation to the result we get λ̄_{(i}A_{j)l} + λ̄_lA_{ij} = 0.

(13) Further contraction with F^l_kF^j_mF^i_p gives us λ_pA_{mk} + λ_mA_{pk} + λ_kA_{pm} = 0.

(14) After transvecting (13) by F^l_k, antisymmetrizing in j and k and using (11) we immediately obtain λ_jA_{ki} = λ_kA_{ij}. Thus there exist a scalar field A such that A_{ij} = Aλ_iλ_j. (15) From (14) and (15) we get 3Aλ_iλ_jλ_k = 0 thus A = 0. So (15) gives us A_{ij} = 0. Conversely from (12) we have R_{ij} = ϱg_{ij} i.e. K � C^n is an Einstein space.

Remark. G. Tian and S.T. Yau [8] proved that there exist Kaehler- Einstein metrics in the compact case.

References

[1] T. Otsuki and Y. Tashiro, On curves in Kaehlerian spaces, Math. J.

Okayama Univ. 4 no. 1 (1954), 57–78.

[2] Y. Tashiro, On holomorphically projective correspondences in an almost complex space, Math. J. Okayama Univ. 6 no. 2 (1957), 147–152.

[3] S. Ishihara, Holomorphically projective changes and their groups in an almost complex manifold, Tohoku Math. J. 9 no. 3 (1957), 273–297.

[4] N. S. Sinyukov, Geodesic mappings of Riemannian spaces, Nauka, Moscow, (1979). (in Russian) [5] V. V. Domashev and J. Mikes, To theory of holomorphically projective mappings of Kaehlerian spaces, Mat. Zametki 28 (1978) 297–303. (in Russian) [6] S. S. Singh, R. K. Srivastava and R. P. Ojha, A classification of Kaehlerian manifolds satisfying some special conditions, Acta Math. Hung. 48 no. 3–4 (1986), 247–254.

[7] V. S. Sobchuk, Ricci-generalized-symmetric Riemannian spaces admit nontrivial geodesic mappings, Dokl. Akad. Nauk SSSR 267 (1982) 793–795. (in Russian) [8] G. Tian and S. T. Yau, Existence of Kaehler-Einstein metrics on complete Kaehler manifolds and their applications to algebraic geometry, Advanced Series in Mathematical Physics 1 (1986), 574–629 (S. T. Yau, ed.), Mathematical Aspects of String Theory.

(Received November 1, 1998)

Institute of Mathematics and Informatics, Kossuth Lajos University, H-4010 Debrecen Pf.12, Hungary E-mail address: bacsos@math.klte.hu