ARCHIVUM MATHEMATICUM (BRNO) Tomus 31 (1995), 305 – 311

SOME OSCILLATORY PROPERTIES OF THE PERTURBED LINEAR DIFFERENTIAL EQUATIONS OF ORDER n

Jozef Moravčík

Abstract. In this paper there are generalized some results on oscillatory properties of the binomial linear differential equations of order n(˘ 3) for perturbed iterative linear differential equations of the same order.

T.A. Čanturija ([1]) and R. Oláh ([8]) have published some remarkable results on oscillatory properties of the solutions of the binomial linear differential equation

(p) z^{(n)}(t) + p(t)z(t) = 0,

where p : J = [c, ∞) → R, c ≥ 1; is continuous function. F. Neuman has summarized results of the theory of the global equivalence of linear differential equations of the n-th order in the monography [7]. These results enable in certain sense some of the above mentioned results to be generalized for perturbed linear differential equations of the n-th order (n ≥ 3)

(q) I_n(y; a_2) + q(x)y = 0,

where a_2 : [a, ∞) → R, q : [a, ∞) → R, I_n(y; a_2) = 0 is the iterative differential equation of the n-th order ([2]) on the interval I = [a, ∞).

The differential equation of the second order

(a) u^{′′} + 3 n + 1 a_2(x)u = 0

is called the accompanying equation of the equation (q). A solution y or u of the equation (q) or (a), respectively, is called oscillatory on the interval I if it has arbitrarily large zeros, and it is called, non-oscillatory on I otherwise. Equation (q), resp. (a) is called oscillatory on I if it has at least one oscillatory solution on this interval. Equation (q) is called strictly oscillatory on the interval I if every non-trivial solution of this equation is oscillatory on I.

1991 Mathematics Subject Classification: 34A30, 34C10, 34D05, 34C20. Key words and phrases: iterative linear differential equation, global equivalence, oscillation. This research was supported in part by Slovak national Science Foundation under grant No.

1/2014/95.

Received June 12, 1995.

Definition 1. We say that the equation (p) is globally equivalent on J to the differential equation (q) on I if there exists an ordered pair {t, A} of functions such that 1) t : I → R, A : I → R, t ∈ C^{n+1}(I), A ∈ C^n(I), t^′(x)A(x) ≠ 0 for all x ∈ I, t(I) = J;

2) the function y : I → R,

(T) y(x) = A(x)z[t(x)]

is a solution of the equation (q) on I whenever z is a solution of the equation (p) on J.

We shall call the ordered pair {t, A} of the functions a carrier of the equivalence of the equation (p) on J to the equation (q) on I and we shall denote this equivalence by (e) (p)J ∼ (q)I{t(x)} because the following relation holds A(x) = C|t^′(x)|^{(1−n)/2}, x ∈ I, where C ≠ 0 is a real constant (see e.g. [3], [6] or [7]).

Let the equation (a) have a solution without zeros on I. There exists subsequently (see [4], p.503) a fundamental system of solutions u_1, u_2 of the equation (a) on interval I with following properties:

(i) u_1(x) > 0 on I; ∫_∞ a [u_1(t)]^{−2}dt = ∞;

(ii) u_2(x) > 0 on I; ∫_∞ a [u_2(t)]^{−2}dt < ∞;

(iii) w[u_1(x), u_2(x)] ≡ 1, x ∈ I;

where w[u_1, u_2] = u_1u^′_2 − u^′_1u_2 is the wronskian of the functions u_1, u_2.

Definition 2. The solution u_1 with the property (i) is called the principal solution of the equation (a). The base u_1, u_2 of the linear space of all solutions of the equation (a) with the properties (i)–(iii) is called a normed principal base of solutions of the equation (a) on I.

Lemma (see [5], th.1). If the accompanying equation (a) of the equation (q) has a solution without zeros on I and

p(t) = q[x(t)][u_1(x(t))]^{2n},

where x : J → R is the inverse function to the function t : I → R, t(x) = u_2(x) : u_1(x), t(I) = J and u_1, u_2 is the normed principal base of the solutions of the equation (a) on I, then the relation (e) is true.

Definition 3. The equation (q) is said to have the property A_1 if it holds:

a) if n is even, then the equation (q) is strictly oscillatory on I; b) if n is odd, then either the equation (q) is strictly oscillatory on I or every non-oscillatory solution y of this equation tends to zero for x → ∞, [along with the first derivative y′], if the principal solution u_1 of the equation (a) is bounded [and non-increasing] on I.

We introduce the notation (according to [8]):

M_n is a maximum of the function P_n(x) = x(1 − x) . . . (n − 1 − x) on (0,1). Let α_1, α_2 be fixed points of the function f_n : (0, 1) → R,

f_n(x) = α (1 − x) . . . (n − 1 − x) , 0 < α ≤ M_n. Theorem 1. Let the equation (a) have on I a solution without zeros and u_1, u_2 be the normed principal base of solutions of this equation on I. Let q(x) > 0 for all x ∈ I and the following conditions be fulfilled:

(2) lim inf_{x→∞} [ u_2(x) u_1(x) ]_{n−1} ∫_∞ x q(s)[u_1(s)]^{2(n−1)}ds = α n − 1 , 0 < α ≤ M_n;

(3) lim inf x→∞ [ u_2(x) u_1(x) ]_{n−1−α1+ϵ} ∫_∞ x q(s)[u_2(s)]^{α1−ϵ}[u_1(s)]^{2(n−1)−α1+ϵ}ds >

> α_2(n − 2)!, 0 < ϵ < α_1.

Then the equation (q) has the property A_1.

Proof. By the lemma, equations (p) and (q) are equivalent and the coefficient p of the equation (p) is determined by (1) on I. From this follows that p(t) > 0 on J, because is q(x) > 0 on I. Further we obtain

lim inf t→∞ t^{n−1} ∫_∞ t p(s)ds = lim inf_{x→∞} [ u_2(x) u_1(x) ]_{n−1} ∫_∞ t(x) q[x(s)][u_1(x(s))]^{2n}ds =

= lim inf x→∞ [ u_2(x) u_1(x) ]_{n−1} ∫_∞ x q(x)[u_1(x)]^{2n}[u_1(x)]^{−2}dx =

= lim inf x→∞ [ u_2(x) u_1(x) ]_{n−1} ∫_∞ x q(x)[u_1(x)]^{2(n−1)}dx = α n − 1 , 0 < α ≤ M_n; and similarly

lim inf t→∞ t^{n−1−α1+ϵ} ∫_∞ t s^{α1−ϵ}p(s)ds = = lim inf x→∞ [ u_2(x) u_1(x) ]_{n−1−α1+ϵ} ∫_∞ t(x) [ u_2(x(s)) u_1(x(s)) ]_{α1−ϵ} q(x(s))[u_1(x(s))]^{2n}ds =

= lim inf x→∞ [ u_2(x) u_1(x) ]_{n−1−α1+ϵ} ∫_∞ x q(x)[u_2(x)]^{α1−ϵ}[u_1(x)]^{2(n−1)−α1+ϵ}dx >

> α_2(n − 2)!, 0 < ϵ < α_1.

Hence all assumptions of the theorem 1 of [8] are fulfilled. According to this theorem the equation (p) has the property A on J, what means that every solution of this equation is oscillatory on J if n is even, and every solution is either oscillatory on J or

(4) lim_{t→∞} z^{(i)}(t) = 0 for i = 0, 1, . . ., n − 1,

if n is odd.

With regard to the relation (T) this implies that a) is true, as well as the part of b) which concerns of the oscillatory properties of solutions of the equation (q) on I.

Let n be odd and y be a non-oscillatory solution of the equation (q) on I. By the lemma for y we have

(5) y(x) = C[u_1(x)]^{n−1}z[t(x)], x ∈ I;

where z is a solution of the equation (p) on J, C ∈ R, C ≠ 0. It follows from (5) that z is non-oscillatory on J and from the theorem 1 of [8] we get (4). With regard to the assumption that u_1 is bounded on I, we have

lim_{x→∞} y(x) = lim_{x→∞} C[u_1(x)]^{n−1}z[t(x)] = 0.

Further we obtain

y^′(x) = C[u_1(x)]^{n−3}{ż[t(x)] + (n − 1)u_1(x)u^′_1(x)z[t(x)]},

where ż means^{dz}_{dt} . With regard to our assumptions this implies: lim_{x→∞} y^′(x) = 0.

This completes the proof. �

Theorem 2. Let equation (a) have on I a solution without zeros and u_1, u_2 be the normed principal base of solutions of this equation on I. Let q(x) > 0 for all x ∈ I, (2) holds and the following condition be fulfilled

lim sup x→∞ ( u_1(x)

u_2(x) ∫_x x0 q(s)[u_1(s)]^{n−2}[u_2(s)]^nds+ + [ u_2(x) u_1(x) ]_{1−ϵ} ∫_∞ x q(s)[u_1(s)]^{n−ϵ}[u_2(s)]^{n+ϵ−2}ds ) > (n − 1)!, ϵ ∈ (0, α_1).

Then the equation (q) has the property A_1.

Proof. The method of the proof is similar to the previous theorem. By using of results of the theory of the global equivalence we obtain that all assumptions of the theorem 2 of the work [8] are fulfilled and this implies that our theorem is true. �

In the next part of the work we use the following notation (according to [1]):

M^∗_n is the maximal and m^∗_n is the minimum of the local maxima of the polynomial P_n^∗(x) = −x(x − 1) . . . (x − n + 1) and M_{∗n} is the maximal one and m_{∗n} is the minimum of the local maxima of the polynomial P_{∗n}(x) = x(x − 1) . . . (x − n + 1). Theorem 3. Let the equation (a) have on I a solution without zeros and u_1, u_2 be the normed principal base of solutions of this equation on I. Let q(x) ≥ 0 for all x ∈ I and the following condition be fulfilled:

lim inf x→∞ [ u_2(x) u_1(x) ]_{n−1} ∫_∞ x q(s)[u_1(s)]^{2(n−1)}ds > M^∗_n n − 1 . Then the equation (q) has the property A_1.

Proof. We proceed again similarly as in the proof of the theorem 1. We prove that all assumptions of the theorem 2.1 of [1] are fulfilled and this implies that our theorem holds. �

Theorem 4. Let the equation (a) have on I a solution without zeros and u_1, u_2 be the normed principal base of solutions of this equation on I. Let for a certain ϵ ∈ (0, 1] the following conditions be fulfilled: (6) ∫_∞ a [u_1(x)u_2(x)]^{−1}[ln u_2(x) − ln u_1(x)]^{1−ϵ}[q(x)(u_1(x)u_2(x))^n − m^∗_n]_+dx = ∞

(7) ∫_∞ a [u_1(x)u_2(x)]^{−1}[ln u_2(x) − ln u_1(x)]^2[q(x)(u_1(x)u_2(x))^n − m^∗_n]_−dx < ∞,

where [f(x)]_+ = max{f(x); 0}, [f(x)]_− = max{−f(x); 0}.

Then the equation (q) is oscillatory on I.

Proof. By the lemma the relation (e) holds and the coefficient p of the equation (p) is determined by (1) on I. From this, (6) and (7) it holds: ∫_t c t^{n−1}ln^{1−ϵ}t [ p(t) − m^∗_n t^n ] + dt = ∫_∞ a [ u_2(x) u_1(x) ]_{n−1} ln^{1−ϵ} u_2(x) u_1(x) × × [ q(x)(u_1(x))^{2n} − m^∗_n ( u_1(x) u_2(x) )_n] + (u_1(x))^{−2}dx = = ∫_∞ a (u_1(x)u_2(x))^{−1}[ln u_2(x) − ln u_1(x)]^{1−ϵ}×

× [q(x)(u_1(x)u_2(x))^n − m^∗_n]_+dx = ∞,

∫_∞ c t^{n−1}ln^2t [ p(t) − m^∗_n t^n ] − dt = ∫_∞ a [u_1(x)u_2(x)]^{−1}[ln u_2(x) − ln u_1(x)]×

× [q(x)(u_1(x)u_2(x))^n − m^∗_n]_−dx < ∞.

Hence all assumptions of the theorem 3.1 of [1] are fulfilled. According to this theorem the equation (p) is oscillatory on J. With regard to (T) it implies that the equation (q) is oscillatory on I, too. � Theorem 5. Let the equation (a) have a solution without zeros on I and u_1, u_2 be the normed principal base of solutions of this equation on I. Let the following conditions be fulfilled for a certain ϵ ∈ (0, 1]: ∫_∞ a [u_1(x)u_2(x)]^{−1}[ln u_2(x) − ln u_1(x)]^{1−ϵ}[q(x)(u_1(x)u_2(x))^n + m_{∗n}]_−dx = ∞, ∫_∞ a [u_1(x)u_2(x)]^{−1}[ln u_2(x) − ln u_1(x)]^2[q(x)(u_1(x)u_2(x))^n + m_{∗n}]_+ dx < ∞.

Then the equation (q) is oscillatory on I.

Proof. We prove similarly as in the proof of the previous theorem that all assumptions of the theorem 3.2 of [1] are fulfilled and this implies that our theorem is valid. � Theorem 6. Let the equation (a) have a solution without zeros on I and u_1, u_2 be the normed principal base of solutions of this equation on I. Let n ≥ 3 be odd, q(x) ≤ 0 for all x ∈ I and

lim inf x→∞ [ u_2(x) u_1(x) ]_{n−1} ∫_∞ x |q(x)|[u_1(x)]^{2(n−1)}dx > M_{∗n} n − 1 . Then either the equation (q) is strictly oscillatory on I or for every non-oscilla-tory solution y of this equation it holds lim_{x→∞} |y(x)| = +∞ if lim inf_{x→∞} u_1(x) > 0.

Proof. By the lemma, equations (p) and (q) are equivalent and the coefficient p of the equation (p) is determined by (1) on I. From this and from the assumption that q(x) ≤ 0 on I it follows that p(t) ≤ 0 on J. Further it holds:

lim inf t→∞ t^{n−1} ∫_∞ t |p(s)|ds = = lim inf x→∞ [ u_2(x) u_1(x) ]_{n−1} ∫_∞ t(x) |q(x(s))|[u_1(x(s))]^{2n}ds = = lim inf x→∞ [ u_2(x) u_1(x) ]_{n−1} ∫_∞ x |q(x)|[u_1(x)]^{2n}[u_1(x)]^{−2}dx =

= lim inf x→∞ [ u_2(x) u_1(x) ]_{n−1} ∫_∞ x |q(x)|[u_1(x)]^{2(n−1)}dx > M_{∗n} n − 1 .

Hence the assumptions of the theorem 2.2 of [1] are fulfilled. If n is odd then, according to this theorem the equation (p) on J has the property B — what means that either this equation is strictly oscillatory on J or every non-oscillatory solution z of this equation fulfills the following condition lim_{t→∞} |z^{(i)}(t)| = ∞, i = 0, 1, ..., n − 1. By the lemma to any solution y of the equation (q) on I there exists a solution z of the equation (p) on J such that for x ∈ I it holds

y(x) = C[u_1(x)]^{n−1}z[t(x)],

where C ∈ R, C ≠ 0.

From this follows that the proof is complete. �

References

[1] Čanturija, T.Ã., Integraľnyje priznaki koleblemosti rešenij linejnych differenciaľnych uravnenij vyššich porjadkov, I. Diff. uravnenija, T. 16 (1980), 470-482; II. Diff. uravnenija, T. 16 (1980), 635-644.

[2] Hustý, Z., Die Iteration homogener linearer Differentialgleichungen, Publ. Fac. Sci. Univ.

J. E. Purkyně (Brno), 449 (1964), 23-56.

[3] Hustý Z., Über die Transformation und Äquivalenz homogener linearer Differentialgleichungen von höherer als der zweiten Ordnung, III. Teil, Czech. Math. J. 16 (91) (1966), 161-185.

[4] Mařík, J., Ráb, M., Asymptotische Eigenschaften von Lösungen der Differentialgleichung y^{00} = A(x)y im nichtoszillatorischen Fall, Czech. Math. J., 10 (85) (1960), 501-520.

[5] Moravčík, J., Some oscillatory properties of solutions of linear differential equations of the n-th order of the kind 3, IV. scientific conference of the VŠD Žilina, 1. section (Proceedings) (Slovak) (1973), 79-87.

[6] Neuman, F., Criterion of global equivalence of linear differential equations, Proceedings of the Royal Society of Edinburgh 97A (1984), 217-221.

[7] Neuman, F., Global properties of linear ordinary differential equations, Academia, Praha, 1991.

[8] Oláh, R., Integral conditions of oscillation of a linear differential equation, Math. Slovaca 39 (1989), 323-329.

Jozef Moravčík Department of Applied Mathematics University of Transport and Communications J. M. Hurbana 15 010 26 Žilina, SLOVAKIA