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On connected divisors

Alberto Alzati and Alfonso Tortora*

(Communicated by A. Sommese)

Abstract. A vanishing theorem for numerically connected divisors, first given by Bombieri for
surfaces, is established in any dimension. A definition of k-connected divisors is proposed, then
such divisors on threefolds are studied.

1 Introduction

Before the coming of @Q-divisors and of the Kawamata—Viehweg theorem, Bombieri
[4] noted a vanishing theorem, to whose effect 4'(.#p) = 0, for any numerically con-
nected divisor D on a smooth surface S, with D? > 0.

The notion of numerically connected divisor, due to Franchetta [6], is an algebraic
analogue of topological connectedness—it basically reduces to the latter when D has
no multiple components. It should be remarked that the vanishing theorem cited
above had already been stated by Franchetta [7], albeit not in the language of coho-
mology.

In the case of surfaces, it makes sense to strengthen the notion of numerical con-
nectedness into that of k-connectedness, introduced by Bombieri [4], k being a measure
of how connected the divisor D is.

A few years later, van de Ven [18] proved that every very ample divisor on a sur-
face is 2-connected, with only two exceptions.

Nowadays the Kawamata—Viehweg theorem gives much stronger vanishings, but
they come at a price: the divisor D must be nef and big; also, the proof requires the
full force of Q-divisor techniques (see e.g. [15]).

In the present paper, we generalize both Bombieri’s and van de Ven’s theorems by
using a more down-to-earth approach. Indeed we prove that, for a numerically con-
nected divisor D on a smooth n-dimensional variety X, h'(.#p) = 0, provided that
D" > 0 and h°(D) > 3. Subsequently, we introduce the notion of k-connected divi-
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sors for higher dimensional varieties, which reduce to Bombieri’s in the case of sur-
faces. Equipped with this definition, we prove that every very ample divisor on a
smooth threefold is 3-connected, but for a finite number of exceptions, which are
completely described.

In some more detail, the paper is organized as follows.

In the second section we prove that, for any numerically connected divisor D
on a smooth projective n-dimensional variety X < PV, h'(4p) =0, if D" > 0 and
h°(D) = 3. This is a consequence of the following fact: if 2°(D) > 3 and |D| is not
compounded with a pencil, then /'(.#p) = h'(D,Op) — 1. The idea of the proof is
essentially that the curves C = EN@, where E € |D| and 0 € G(N —n+2,N), are
generically reduced and irreducible, so the images of the Albanese groups Alb(C) of
their normalizations C into Alb(X) are a continuous family of subtori, hence they are
indeed a constant subgroup K of Alb(X); since the curves C sweep out a Zariski open
subset of X, this fact forces K to be the whole of Alb(X'), which in turn implies our
statement.

The third section is devoted to the study of connected divisors on threefolds: we
give a complete description of all very ample divisors on threefolds which are not 3-
connected. Also in this case the proof is quite direct. We first give a uniform bound
on the degree of threefolds admitting a very ample divisor which is not 3-connected.
Then we plunge ourselves in the botany of algebraic varieties of low degree: by using
Ionescu’s classifications of such threefolds [12] and [13], we make a short list of the
possible candidates for this kind of varieties, then we analyze them one by one, in
order to find actual instances of such behavior. The analysis is essentially based on the
study of their Picard groups, to find a divisor with a “wrong” (i.e. not 3-connected)
decomposition.

Acknowledgments. The authors thank Elisabetta Colombo, Gianluca Occhetta and
especially Antonio Lanteri for helpful discussions on the topics of this paper. Also,
Ciro Ciliberto supplied useful pointers to the relevant literature.

2 Generalization of a theorem of Bombieri’s

The goal of this paragraph is to generalize a result of Bombieri (and Franchetta), [4],
Section 3, Theorems A and B.

In what follows X is an n-dimensional smooth projective variety, n > 3, and D < X
is an effective divisor.

Theorem 2.1. If h°(D) = 3 and |D)| is not compounded with a pencil, then h' (X, 7p) =
(D, Cp) — 1.

We need the following elementary

Lemma 2.2. Let C < X be a reduced irreducible curve, then the image of the natural
map j.: HY(C,0c)" — AIb(X) is a closed subgroup.
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Proof. The natural map is defined as follows: C < X induces H'(X,0Oy) —
H'(C,0¢), hence, by duality and conjugation, H!(C,0¢)" — H'(X,Ox)"; since X
is Kéhler, the Hodge theorem gives the identification H!(X, Oy)* = H" " (X); the
composition with the projection H" (X)) — % = Alb(X) gives the map
Js : HY(C,0¢)" — AIb(X). It is now clear that Im(j.) is a subgroup; we must prove
that it is closed. Let C — C be the normalization of C; by reasoning as before, there
isamap £, : H*'(C) — H'(C,(¢)", thus we obtain a diagram

H*!(C)

RN

Alb(X)

which is commutative because of the functoriality of Alb. It follows that Im(j.) =
f+(Alb(C)), which is closed because f. : Alb(C) — Alb(X) is a continuous map of
compact spaces. ]

We also need the following well-known results.

Theorem 2.3 (Chow’s theorem). Any continuous family of closed subgroups of a torus
is constant.

Proof. [14], Theorem I1.5. L

Theorem 2.4 (Second Bertini theorem). Let |E| be a complete linear system without
fixed components on a smooth complete variety Y; if dimuyg(Y) =2 (ie. |E| is not
compounded with a pencil) then every divisor of |E| is connected and the generic one is
irreducible.

Proof. [11], Theorem 7.9. ]
Proof of Theorem 2.1. Suppose that X = PV (C) and dim X = n.

Step 1. From 0 — Jp — Oy — Op — 0 we get 0 — HY(X, 9p) — H(X,Ox) —
HY(D,0p) — H'(X,Ip) — ker{H'(X,0y) — H'(D,0p)}; since H(X,.9p)=
H(X,—D) =0 because D is effective, and H°(X,0y) = C, it is enough to prove
that H' (X, Oy) — H'(D, Op) is injective; in turn, if C = D is a (reduced irreducible)
curve, from
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HY(X,0y) —— HY(D,0p)

N

(Cv @C)
it follows that it suffices to prove that H'(X,0x) — H'(C, O¢) is injective.

Step 2. Let B:=|D| x G(N —n+2,N), and let VV < B be the subset of elements
(E,0) € B such that EN@ is an integral curve. If |D| has no fixed components from
the second Bertini theorem it follows that }'is a Zariski open subset of B. If not, we
can substitute | D| with its moving part |D’|, and the proof works in any case. For any
b= (E,0) e B, write Cy := ENG, then F = {j.(H'(C),0¢,)")},. is an algebraic
family of closed subgroups of Alb(X), hence, by Chow’s theorem, j.(H'(Cpy, Oc,)”)
is a constant closed subgroup, call it K, of Alb(X).

Step 3.SetX, :={be B|pe Gy}, forall pe X. Clearly, £, %, = |D|(p,q) x (p.q)",
where |D|(p,q) = {E € |D||p,qe E} and (p,q)" ={0e G(N —n+2,N)|p,qe0}.
Since 4°(D) =3 and N —n+2 > 3, we see that |D|(p,q) x (p,q)" has positive di-
mension. An integral curve I' « A < X, T passing through p and ¢, with A € |D],
exists if and only if X, NX, ¢ B — V, and the latter is a closed condition, hence W :=
{(p, ) |Z,NZ,NV # F} is a Zariski open subset of X x X, i.e. for all (p,q) € W,
there exists a curve in the family {Cj};. connecting them.

Step 4. Let w: X — Alb(X) be the Albanese map (with respect to a fixed base
point), and let Q: (p,q) e X x X — w(p) — w(q) € Alb(X); it is well-known that
Im(Q) generates Alb(X), as a group, moreover, Q is a closed map, because it is
continuous between compact spaces. Now, for all (p,q) e W, Q(p,q) = o(p)—
o(q) € j.(HY(Cp,0c,)") = K; it follows that Q(W) = K,s0 Q(X x X) = Q(W) = K,
because Q is a closed map and K is a closed subgroup. But Q(X x X) generates
Alb(X), hence K = Alb(X).

Conclusion. We have found an integral curve (indeed a family of them) C =« X
such that the map j.: H'(C,0c)" — Alb(X) is surjective; since dim Alb(X) =
dim H"-'7(X), also the map H!(C,0c)" — H" '"(X) is surjective, hence
H'(X,0x) — H'(C,0c) is injective and the theorem is proved. ]

We can now extend Bombieri’s theorem to n-dimensional varieties.

Definition 2.1. Let D be an effective divisor of a n-dimensional variety X, n > 2. D is
called numerically connected if there exists an ample divisor H such that, for any de-
composition D = D; + D, with D; and D, effective, H"~2D D, > 0.

Lemma 2.5. If D is a numerically connected divisor on a smooth variety X, then
h'(D,0p) = 1.

Proof. [17], Lemma 3. O



On connected divisors 247

Corollary 2.6. Let X be a smooth n-dimensional variety and let D be a numerically
connected divisor of X such that h°(X, D) > 3 and D" > 0, then h'(X,—D) = 0.

Proof. As D" > 0, | D| is not compounded with a pencil. By the previous theorem and
lemma we have then h' (X, —D) = h%(D, 0p) — 1 = 0. ]

Remark 2.1. Among the hypotheses of the previous corollary, only the numerical
connectedness refers specifically to the divisor D, as opposed to the linear series |D].
But D is not numerically connected only if it is not topologically connected or has
multiple components; furthermore, D is a moving divisor, i.e. A°(D) > 1, thus, by the
second Bertini theorem, the generic element of |D] is irreducible and reduced outside
the fixed component, if any; the upshot is that Corollary 2.6 holds if we replace nu-
merical connectedness with the hypothesis that |D| has no fixed component.

Now, a divisor D such that 4°(D) > 3, D" > 0 and |D| has no fixed component is
very close to being nef and big, so in this case Corollary 2.6 is a weak form of the
Kawamata—Viehweg theorem, but its proof avoids the use of @Q-divisors.

Note also that the hypothesis D" > 0 is used only to say that | D| is not compounded
of a pencil, so if we substitute it with the latter, Corollary 2.6 is not a consequence of
Kawamata—Viehweg theorem any longer. This last form is basically the one stated by
Franchetta [7] in the case of surfaces.

3 Connected divisors on threefolds

In [18], in order to study the spannedness of adjoint divisors on a surface with the
help of the Bombieri—Franchetta theorem, the author shows that every very ample
divisor on a surface is 2-connected, with some exceptions (see [18] theorem I), ac-
cording to the following definition of Bombieri.

Definition 3.1. An effective divisor D on a smooth surface S is k-connected if for any
decomposition D = D + D, with D, and D, effective, D1 D, > k.

In this paragraph we want to generalize van de Ven’s theorem to threefolds. In order
to do so we need a good definition of k-connectedness for effective divisors on higher
dimensional manifolds, for which we propose the following.

Definition 3.2. Let X be a n-dimensional smooth variety and let D be an effective di-
visor on X. We say that D is k-connected if for any decomposition D = D + D, with
D, and D, effective, we have D"2DD, > k.

Remark 3.1. (i) Of course, in the case of a surface, the previous definition is in agree-
ment with Bombieri’s; it is unfortunate though that, in dimension greater than 2, a k-
connected divisor is not in general numerically connected, unless it is ample.

(ii) When X is a 3-fold, by the previous definition it is obvious that, if a very ample
divisor D is not k-connected, then there exists a generic hyperplane section S € |D| and
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a very ample divisor D|s which is not k-connected. Unfortunately we cannot use the
results on this topic contained in [1] to study the k-connectedness on X because, as we
shall see, it involves 3-folds of low degree which are outside of the range considered
in [1].

We fix now some notation that we use throughout this section.

Notation.
(X,D) (3-dimensional smooth variety; very ample divisor)
P” the ambient space of X;

d =D?  the degree of X;

g =¢g(X) the sectional genus of X;

S the generic hyperplane section of X;

Pic(X) the Picard group of the variety X;

Num(X) the additive group of divisors of X modulo numerical equivalence;
= numerical equivalence of divisors;

P(&) projectivization of the vector bundle & over a variety B;
T its tautological bundle;
T the natural projection of IP(&) onto B.

Now we can proceed to generalize van de Ven’s theorem, and first of all we prove
some lemmata.

Lemma 3.1. Let X = IP(&) over a smooth curve C (rank(&) = 3). Assume that X is
embedded in P" as a scroll by the very ample tautological divisor D = T, then T is
never 2-connected.

Proof. Let F be the numerical class of a fibre. Since any fibre is embedded as a
two dimensional linear space, there is always a hyperplane in IP” containing it. For
any P e C, the elements of |D — Fp| correspond to the hyperplanes containing the
fibre Fp, hence D — Fp is effective and we have the effective decomposition 7 =
D)+ Dy with Dy =T — F and D, = F in Num(X). Now we can compute 7DD, =
T(T — F)F = T’F = 1. ]

Remark 3.2. (i) It is easy to see that if X is a 3-dimensional scroll over a curve C
there are only two possible effective decompositions D = T = D + D, such that
TD\D; <2, namely Dy =T — Fand D, = F, or Dy =T — 2F and D, = 2F; in the
first case DD D, = 1, in the second case DD D, = 2.

(i) Note that Lemma 3.1 holds for any rank r > 2. Indeed the decomposition
T =D+ D;, with D; =T —F and D, = F, is still possible for any rank and
T2(T-F)F=T""F=1.

If X is a quadric fibration over a smooth curve C, then there exists a rank 4 vector
bundle & over C such that X is a divisor in W := IP(&); moreover D is the restriction
to X of the tautological divisor 7 of W, Num(W) is generated by T and the class F of
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a fibre, and X = 27 + bF in Num(W) for a suitable integer b (see [9], p. 135). For
such varieties we can prove the following lemma.

Lemma 3.2. Let X be a quadric fibration over a smooth curve C. Then D is never
3-connected.

If Num(X) ~Z @ Z = {T\x, Fix >, then any effective decomposition D = D + D
with DD\ Dy = 2 is of type D\ = T|y — Fx, D> = Fiy.

Num(X) ~Z ® Z = {T\x, F|x) when C is rational and X has at least one singular
fibre.

Proof. For any P e C the sections of the divisor 7|y — Fp|y correspond to the hyper-
planes of IP” containing Fp, so the divisor is always effective and if we choose
D = T\X — F|X> D, = F‘XT then DDD;, = T\X(T\X — F|X)F|X = T(T — F)F(2T+
bF) =2.

IfNum(X) ~Z®Z =Ty, Fix, any effective decomposition 7|y = D = D1 + D is
of type Dy = al|y + pFy = (T + BF)y and D> =yTx +0Fy = ()T +0F)y in
Num(X) with o +y =1, f+6 =0, 2 >0, y > 0. Hence we can assume D; = T}y —
hF\x, Dy = hFjy with h > 1, and we can compute DD1D; = Tx(T|x — hFjx)hFy =
T(T — hF)hF (2T + bF) = 2h so that DD D, = 2 implies h = 1.

From [12] (see Lemma 3.8 and Proposition 0.6) we know that Pic(X) = Num(X) =
{T\x, Fx> when C is rational and the fibration has at least one singular fibre. O

Lemma 3.3. If d < 4, then the divisor D is 2-connected, unless X is a scroll over a curve
and D its tautological divisor.

Proof. To prove the lemma it suffices to consider only linearly normal 3-dimensional
varieties such that d < 4. Looking at the well-known list of such varieties contained
in [12], one sees that X is a hypersurface, a complete intersection or a scroll over a
curve. When X is either a hypersurface in IP” with r > 4 or a complete intersection
with dim(X) > 3, we have that Pic(X) ~ Z, generated by the hyperplane section D.
In these cases there are no effective decompositions D = D + D, as D generates
Pic(X). If X is a scroll we can use Lemma 3.1. O

Remark 3.3. Note that the previous lemma is still true when dim(X) > 4. Indeed [12]
shows that, when dim(X) > 4 and deg(X) <4, X is a hypersurface, a complete in-
tersection or a scroll over a curve. In the first cases one can argue as above, in the last
case one can use Remark 3.2 (ii).

Lemma 3.4. Assume that there exists an effective divisor H such that HD?> = 1 and
H?D =0, then X = P(&) for a suitable rank 3 vector bundle over a smooth curve C, D
is the tautological divisor T and H is numerically equivalent to a fibre.

Proof. Obviously the couple (X, D) is neither (IP?, Ops(1)) nor (Q5,09,(1)), hence,
by Theorems (11.2) and (11.7) of [9], to prove that (X, D) = (IP(&), T), it is enough
to show that Ky + 2D is not nef.



250 Alberto Alzati and Alfonso Tortora

Let S be a smooth element of |D| it suffices to show that (Kx + 2D) s = Ks + Djs
is not nef. By assumptions (H, S) =0 and H|sD|s = 1 so that by Proposition 1 of
[18] S'is a (blown-up) ruled surface and H)g is a fibre of a (blown-up) ruling of S.
It is well known that, in this situation, Ksg = —26*Cy +ac”f + Ey + -+ Ei, Dis =
o Co + po*f +y Er + - + Bk, His = c”f for suitable integers o, f8,7; where o is
the blowing up, E; the exceptional divisors, and Cy and f generate the numerical
equivalence group of the minimal model of S. So we get that Ks + Djs is not nef as
(Ks + D‘S)H‘S =—1.

Now we have only to show that H is numerically equivalent to a fibre. Since
Num(X) = (T, F), we have H = aT + bF for suitable integers a, b. The hypotheses
imply that aT3 +b=1and a’>T> +2ab =0,as T>F =1. Hence a +ab =0.1f b = —1,
we have T3 =1 or T3 = 2, which is not possible, as (X, T) is not (IP?, Ops(1)) nor
(Q3,00,(1)). Therefore a =0, b = 1. O

Proposition 3.5. Suppose that (1) d = 5, (ii) there exists an effective divisor H such that
HD? =2, H*D = 0 and (iii) for a generic element S € |D|, either Hs is a smooth conic,
or Hig = hy + hy is a singular reduced conic with hi = h3 = —1. Then one of the fol-
lowing happens:

a) X =1P(&) for a suitable rank 3 vector bundle over a smooth curve C, D is the tau-
tological divisor T and H is numerically equivalent to two fibres;

b) X is a quadric fibration over a smooth curve C, and H is a fibre.

Proof. As in the previous proof if Ky + 2D is not nef we get that (X, D) = (IP(&), T).
In this case we have only to show that H is numerically equivalent to two fibres.
Num(X) = (T, F), so that H = aT + bF for a, b suitable integers. By assumptions
we get: aT> +b=2and a®>T> +2ab=0as T°F =1. Hence 2a +ab=0.If b = -2
we have aT3 = 4 hence d < 4 which is not possible. Therefore a = 0, b = 2.

If Ky + 2D =0, then X is a Del Pezzo 3-fold and 5 < d < 8 (see [9], pp. 45 and
72), moreover: if d = 5, X is the intersection of G(1,4) in IP° with 3 general hyper-
planes; if d =6, X is either the Segre embedding of P! x P! x P! or P(T}2),
embedded by its tautological divisor; if d =7, X is the blow-up o of IP* at one
point, D = 26*L — E; ((L) = Pic(IP?), E the exceptional divisor); if d = 8, (X, D) =
(P, 0p3(2)). Now it is easy to see that an effective divisor H satisfying the assump-
tions does not exist in every case but only for X = IP' x IP! x IP!, which is a quadric
fibration, and if H is a fibre, i.e. we get case b). From now on we can assume that
Ky +2D #0.

If Kx + 2D is nef, it is also effective and spanned, by Corollary 9.2.3 of [3], and we
can consider the adjunction morphism ® := ® g, 5p|.

Now let S be a smooth element of |D|, then (Ky + ZD)‘S = Ks + D‘s, so the re-
striction @|s is the adjunction morphism for S. By assumptions (H‘S) = 0and if H|g
is a smooth conic, by Proposition 1 of [18], S'is a (blown-up) ruled surface and H|s is
a fibre of a (blown-up) ruling of S. If H|g = Ay + hy is the union of two (—1) lines
intersecting at one point, let ¢ : S — S’ be the contraction of 4. S’ is a smooth sur-
face and ¢(h,) is a smooth rational curve on S’ such that (p(h:))* = 0. By Proposi-



On connected divisors 251

tion 1 of [18], S’ is a (blown-up) ruled surface and ¢(/,) is a fibre of a (blown-up)
ruling of S”. Then S is a blown-up ruled surface, at one point at least, and His is a
fibre of a blown-up ruling of S.

It is well known that, in this situation, Ks = —26*Co + ac*f + Ey + -+ - + Ey, D|sg =
20*Co + Bo*f + y1E1 + - + y.Ex, His = ¢”f for suitable integers o, f8, y; where o is
the blowing up, E; the exceptional divisors, and Cy and f generate the numerical
equivalence group of the minimal model of S. So we get that (Ks + Djg)a*f = 0.
Now Ks + Dig # 0 as Ky + 2D # 0, hence @5 is a fibration, so dim(Im ®) = 1 and
by Theorem 11.2.4 of [3] we get case b). N

Now we can prove the following theorem:

Theorem 3.6. Let D be a very ample divisor on a smooth 3-dimensional variety X. Then
D is 2-connected unless X is a scroll over a curve and D is the tautological divisor.

Proof. Let D= D| + D, be an effective decomposition of D. Put a = DD?, b=
DD\ Dy, ¢ = DD? so thatd = deg(X) = D3 = a+ 2b + ¢ > 0. If X is not 2-connected,
then b < 1. Note that (D + D;)Di\D=a+b>0 and (D) +Dy)D;D=b+¢>0
therefore @ > 0 and ¢ > 0. We can assume that a > 0 or ¢ > 0 otherwise deg(X) <2
and we can use Lemma 3.3. Say @ > 0 and let S be a smooth element of |D| and
let us consider Dy|s and D, (5. As (D, —2Dy)D\D =0 in H*(X,Q), we have that
(Dy1s — 2Dy 5)Dyjs =0 in H*(S,@). By looking at the proof of theorem I in [18],
we have to consider only two cases:

1) (Dz\s)z =c= (D ‘5)2 =a =1, then d < 4 and we can use Lemma 3.3;

2) (Dz‘s)z =c¢=0 and Dy ¢Djs=b=1, hence D3D=0, and D,D?=
Dy(D; + Dy)D =1, so we can apply Lemmata 3.4 and 3.1 with H = D,. O

Now we prove the main theorem of this section.

Theorem 3.7. Let X be a 3-dimensional variety. Let D be a very ample divisor of X, and
let D = Dy + D, be an effective decomposition of D. Then D is 3-connected unless:

1) X is a scroll over a smooth curve, D = T is the tautological divisor, D = T — F,
D, = F (F is the numerical class of a fibre), see Theorem 3.6;

i) Xis a scroll over a smooth curve, D = T is the tautological divisor, Dy = T — 2F is
effective, Dy = 2F (see Remark 3.2);

iii) X is a quadric fibration over a smooth curve, D = Ty, D1 = Ty — Fix, D> = Fix
where {T,F) = Num(W) and X is a divisor in W = P(&) (see Lemma 3.2);

iv) X is the blowing up at one point of another smooth 3-fold X', D = o*A — E,
D\ = o*A — 2E is effective, D, = E, where o is the blow up, E is the exceptional
divisor and A is a suitable divisor of X'.

v) (X, D) is one of the exceptional cases considered below:
— X =1P°, D = 2L where Pic(IP*) = (LY, D; = D, = L;
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- X =P(Tp:),D =T the tautological divisor, Dy =T — n*l, D, =n*l where
(I = Pic(P?);

— X is the blowing up of P* at one point, D =2¢"L —E, D\ =0¢"L, D, =
o*L — E, where a is the blowing up, E the exceptional divisor, (L) = Pic(IP3).

Proof. Put a = DD?, b= DDD,, c=DD3}, d =deg(X)=D*=a+2b+c>0 as
before. By Theorem 3.6 D is 2-connected unless we are in case i), so we can assume
that » =2 and we have ¢ + 2 > 0 and 2 + ¢ > 0. Moreover a > 0 or ¢ > 0, otherwise
deg(X) < 4 and then we can use Theorem 3.6 and we are done. In any case we can
assume d > 5.

Let S be a smooth element of |D|. As in the proof of Theorem 3.6, we can assume
that a > 0 and we get two cases by looking at the proof of theorem I of [18]:

1) Dyjs =2Dy s in H*(S, Q).
2
2) (D2|S_%D1\S) < 0.

Case 1): ¢ =2, hence ¢ > 0so (a,¢) = (1,4),(2,2) or (4,1). By the symmetric def-
inition of @ and ¢ we have to consider only the first two cases.

Case la): (a,¢) = (1,4), hence d = 9 and D, | g = 2D, |5, so that D|g = 3D, 5. Look-
ing at the arithmetic genus of D g, we have 2p,(D|s) —2 = (Ks + Dy|s)D1|s =
Klels + 1. On the other hand, 2g(S) —-2= (KS + D\S)D|S = 3K5D1‘S +9=
6p4(D1)s). As deg(Dy|s) = 3 and D s is a (pure) one-dimensional scheme without
embedded components, p,(D;|s) < 1, so that g(S) = g(X)is Ll or4. If g(X) = 1, Xis
a Del Pezzo 3-fold (we are assuming that X is not a scroll over a curve, otherwise we
are in case 1) by Theorem 12.3 of [9]), but there are no such 3-folds with d = 9. Hence
g(X) = 4. By looking at the list of linearly normal varieties of degree 9 contained in
[5] we have to check the following:

la.1) X is the Segre embedding of IP! x Y in IP” where Y is the cubic surface in IP?,
i.e. the blowing up ¢ of IP? at 6 points in general position. We can consider X as IP(&)
where & is the rank 2 vector bundle Oy (1) @ Oy(1) over Y. D is the tautological di-
visor T'and Pic(X) = (T,n*c*l,n*Ey, ..., n*Es) where Pic(IP?) = (/> and Ey, ..., Es
are the exceptional divisors. Recall that L := Oy (1) = 30"/ — E; — --- — Es. As usual
the only possible effective decomposition is D = Dy + D, with D; =T — n*A and
D, = n*A for some effective divisor A of Y. By considering the extension: 0 — L —
& — L — 0 we get that D; can be effective only if L —A=3¢"1—E; —--- — Eg — A
is effective. As ¢;(&) = 2L we have T? = n*(2L)T — n*[c2(&)]. Now let us com-
pute 2= DD Dy = T(T — n*A)n*A = 2LA — A* = (L — A)A + LA. Let us put A =
ac*l 4+ b E| + - - - + bgEg for suitable integers b; and a with 3 > a > 0, then we have
O0<ILA=3a+> band0< (L—A)A=3—a)a+ > bi(h;+1). Hence LA =1 or
LA =2.1If LA = 1 then A is a line on Y and it is well known (see e.g. [10], p. 402) that
A=EorA=c*"l—E —EjorA=20"l - E; —...—E;— .- — E, but in any case
(L—A)A # 1.1f LA=2 and a = 0,1 then it is easy to see that (L — A)A =0 is not
possible; if a =2 then > b? =2 hence b} = b3 =1, b> =0, i > 3, but in this case
L — A cannot be effective; if a = 3 then Zb,z = 7 with b; < —1 to have L — A effec-
tive, and this is not possible. So we have no suitable decompositions.
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1a.2) Xin IP7 is a quadric fibration over IP!. Unfortunately we do not know whether
there always exist singular fibres, so we cannot use Lemma 3.2. Let S be a generic hy-
perplane section of X; then S is the blowing up at 11 simple points of a rational ruled
surface F, with 0 < e < 4 (see [5]). Let Cy and f be the generators of Num(F,), let
o:S — F, be the blowing up and let E, ..., E;; be the exceptional divisors so that
Num(S) = {(6*Cy,0*f, E1,...,E1 ). By the Lefschetz theorem on hyperplane sec-
tions we have that Pic(X') injects into Pic(S) (recall that X is regular). We know that
Dis =20"Co+ (e + T)a"f — > Ej, (see [5]), if we assume that there exists an effective
decomposition such that D = D; + D,, DD D, = 2, hence we get an effective decom-
position Dig = Dy g+ Dy|s, Di|sD>|s = 2. Let us put Dy s = ac*Co + ba*f + > ¢;E;
and Dy g =a'c*Co+b'a’f + 3 ¢/E; with a+a' =2, b+b'=e+7, ¢i+c/=1,
a>0,a">20,b>aeb >de2=—aa'e+ab’ +ba’ - cic/.lf a=a’ =1wehave
2="T7->"cic}, as ¢;c; <0 for any i it is not possible. If « =2, a’ =0 we have
2=2b" -3 cic/. As ¢ic; <0 for any i it must be b’ = 1, ¢;c; = 0 for any i, Dy|g =
o’ f +> ciEior b’ =0and ) cic; = =2 Dyjg = ) c/E;. In the first case, by inter-
secting D,|g with Dy it is easy to see that D, = ¢”f — E; for some i or Dy|g = 77f.
In the second case D;|s = E; for some i. In both cases ¢ < 0 in contradiction with our
assumptions for Case 1): this variety will be considered in Case 2).

1a.3) X is IP(&) in IP7, D is the tautological divisor 7, where & is a rank 2 vector
bundle over P! x P!, Pic(X) = (T,n*H;,n*H,» where Pic(IP! x IP') = (H\, H,)
and ¢1(&) =3H, + 3H, (see [5]). As usual the only possible effective decompo-
sition is D = Dy + D, with Dy =T —an*H; — bn*H, and D, = an*H, + bn*H>,
a, b non-negative integers. Let us compute: 2 = DD\ Dy = T(T — an*H, — brn*H>) -
(an*Hy + br*Hy) = (3H) + 3H,)(aH; + bH>) — (aH| + bH,)* = 3a + 3b — 2ab. It
would be 3(a + b) = 2(ab + 1), which implies (a, b) = (4,2) or (2,4). In both cases an
easy computation shows that D; T2 = —c3(&) = =9, hence D is not effective, so we
have no suitable decompositions.

Case 1b): (a,c¢) = (2,2) hence d = 8. It is more useful to consider the list of all lin-
early normal degree 8 varieties contained in [13]. We can exclude hypersurfaces and
complete intersections for which we have nothing to prove. We can also exclude va-
rieties which obviously give rise to i) ... iii). Note that the generic hyperplane section
of P! x @5 in IP? (where Qj is the smooth 3-dimensional hyperquadric) is a quadric
fibration and by Theorem 3.4 of [12] we can use Lemma 3.2 and we get iii). Note also
that the complete intersection of P! x IP* in IP” and a smooth generic hyperquadric is
a quadric fibration over IP! and, by direct calculation, it is easy to see that X has 8
singular fibres, so we can use Lemma 3.2 and get iii).

We have to check the following other varieties:

1b.1) Xis P?, D = 2L where Pic(IP*) = (L). It is easy to see that the only effective
decomposition is D = L + L. Obviously DD D, = 2 and we get an exception.

1b.2) X is the double covering of Z, a generic hyperplane section of P! x IP? em-
bedded in P7, D = S*(Hy z + Hy|z) where f is the covering and Z = H| + H> is the
hyperplane section of P! x IP?, Pic(]P1 X ]P3) = (H,H,). X is also a quadric fibra-
tion by Theorem 4.2 of [12], its fibres are double coverings, branched over conics, of
the planes which are fibres of the natural projection Z — IP!. Such conics are the
intersections of the fibres of Z with a (0,2) divisor of P! x IP? so that there are 6
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singular conics among them. In fact, by looking at the proof of Theorems 4.2 and
4.3 of [12], we know that the fibres of X are linearly equivalent to f*(H; ) =
Ky + 2D, moreover Ky = f*(Kz) + R, where R is the ramification divisor of f, and
K; =(—H, — 3H2)\z by adjunction theory. Hence the branching divisor is f,R =
fuf “(Hy|z) = 2H,| 7, i.e. the intersection of Z with a (0,2) divisor of P! x P2. Now,
by direct calculation, it is easy to see that there are the singular conics.

Any double covering of IP? branched over a singular conic is a singular quadric, so
we can apply Lemma 3.2 and we get iii).

1b.3) X is IP(&) in IP7, D is the tautological divisor 7, where & is a rank 2 vector
bundle over IP?, for which there exists an exact sequence: 0 — Op> — & — Iy(4) — 0
and Y is the scheme of 8 distinct points, not belonging to any line or conic (see
Theorem 4.1 of [12]). Pic(X) = (T,n*]> where [ is the generator of Pic(IP?) and
c1(&) = 4l. As usual the only possible decomposition is D = Dy + D, with D; =
T — hn*l and D, = hn*l for some positive integer 4. By looking at the exact sequence
0 — Op2(—h) — &(—h) — Iy(4—h) — 0 we have that T — hn*/ is not effective if
h >4, or h = 3,2 as the points are in general position. The only possibility is & = 1
and h°(IP?,&(—1)) = 2. Let us compute DD;D; = T(T —n*l)n*l = T?*n*l — 1 =
n*[c1(8)]Trn*l —1=3.

1b.4) X is IP(&) in P, D is the tautological divisor T, where & is a rank 2
vector bundle over IP! x IP! for which there exists an exact sequence: 0 — Opi, pi1 —
& — Iy(3ly +3hL) — 0 where Y is the scheme of 10 points and Pic(IP! x P') =
Ky by. Pic(X) =<T,n*h,n*hLy and ¢(&) = 3], + 3L. As usual the only possible
decomposition is D= D;+ D, with Dy =T —an*ly — fn*l, and D, =an*l} +
pr*h, 0. >0, f = 0. By looking at the exact sequences 0 — Opi1, pi(—aly — fh) —
éa(—acll — ﬁlz) — fy[(?) — 06)11 + (3 — ﬁ)lg} — 0 and 0 — fy[(3 — 06)11 + (3 — ﬂ)lg} —
Oprp (3 — )l + (3 = B)b] = Oy[(3 —o)ly + (3 — )]y — O we get that Dy is ef-
fective only if « < 3 and f < 3.

Let us compute DD\D, = T(T —an*ly — fr*h)(ax*ly + pr*h) = T(aTn*l +
PTrn*l, —20fF) = [n* (3] + 3b)|(an*l} + fr*ly) — 208 = 3(a + f) — 206. It is easy
to see that there are no suitable values of o« and f such that DD; D, = 2.

1b.5) X in IP° is a regular fibration over IP! in complete intersections of type (2,2)
and the generic hyperplane section S € |D| is a smooth minimal elliptic surface of
Kodaira dimension 1. ¢(S) = 7 and the elliptic fibration over P! is given by |Kj].
Note that the fibration over IP! is the rational map ® associated to |Ky + D| (see
also [2]) and Ky is not nef because (Ky|s)I" = (Ks — D|s)I" < 0 forany I' € |[Kg|. @ is
the Mori contraction of the extremal ray [R], see [16], where R is a suitable ra-
tional curve contained in a fibre of X. In this case we have an exact sequence 0 —
Pic(IP!) — Pic(X) — Z, hence Pic(X) = (D,F) and any effective decomposition
D = D) + Dyissuchthat Dy = D — hF, Dy = hF for h > 1. Let us compute DD D, =
D(D — hF)hF = hD*(D + Ky) = 4h > 3.

Case 2): ¢ < 2. Since ¢ > —1 we consider:

Case 2a): a >0, c=—1. D, is an effective divisor which is a plane in X as
D?D, = 1, moreover Dy s is a line in S such that (Dz‘s)z = —1 and by looking at the
exact sequence 0 — Ox (D, — D) — Ux(D>) — Og(Dy|s) — 0 we get that h°(X, D) <
h°(S,Dys) = 1, hence h°(X, D,) = 1.
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Therefore D, = E is the exceptional divisor of some blow-up, i.e. there exists a
smooth 3-fold X’ and a point P on X’ such that X is the blow-up of X’ at P. Let us
call ¢ this blow-up. Pic(X) = {o* Pic(X'), E>, D, = E, D| = ¢*A + kE for some divi-
sor A of X’ and for some integer k. Let us compute: 2 = DD1D, = (6*A+ (k+ 1)E) -
(60*A+KkE)E = k(k+1), hence k =1 or k = =2. If k =1, D = ¢*A+2F and D
would be not very ample which is not possible. If k = —2 we get iv).

Case 2b) a > 0, ¢ = 0. D, is an effective divisor whose degree is 2. If D, is an irre-
ducible quadric we can apply Proposition 3.5 to H = D, by using generic hyperplane
sections and we get case ii) or iii). If D, is an nonreduced quadric, D, = 2P and we
can apply Lemma 3.4 to H =P and we get case i). If D, is the union of two
planes P; and P, disjoint or intersecting at one point we can proceed as follows:
let /; and /, the respective generators of Num(P;) and Num(P,), we have Djp, =/
D\p, = l, Dy|p, = ml; Dy|p, = nl with m, n non-negative integers (by the effectiveness
of D;) such that m +n=2. Then we can write D = (D; + P;) + P, and we can
compute D(D| + Py)P, = DD\ P, = D\p,Dy|p, = bnl, =n. If n <1 then D is not
2-connected and we can use Theorem 3.6 to get case i). Hence n = 2 and m = 0, but
in this case we can write D = (D; + P,) + P and we can compute: D(D; + P;)P; =
DD\Py = D\p Dy|p, = hmly =m =0, thus D is not 2-connected and we can use
Theorem 3.6 in any case.

So we have only one possibility: D, is the union of P; and P, intersecting
along a line. By using the above notation now we have that D(D; + Py)P, =n+ 1,
D(D; + P,)Py =m+ 1: we can use Theorem 3.6 unless m=n=1.If m=n=1 we
have PIZD = D\P1P1|P1 = ll(D 7D1 — P2)|P1 = ll(ll — 11 — ll) = —1 and P%D =—1
in the same way. Therefore a smooth element S € |D| cuts D, along a singular re-
duced conic /; + hy such that (h;)* = —1. By Proposition 3.5 we get ii) or iii).

When a >0, ¢c>0and ¢ < g, we have that 6 < d < 8. We have considered all de-
gree 8 varieties in 1b), so we have the following:

Case 2c) d = 6. Let us look at the list of all linearly normal degree 6 varieties
contained in [12]. As before we can exclude hypersurfaces, complete intersections and
varieties which obviously give rise to i) ... iii). We check the following cases:

2c.1) X is the Segre embedding of IP! x IP! x IP'. Note that X is also a qua-
dric fibration, but all its fibres are smooth. Let Pic(X) be generated by H;, H,, H;
with D= H| + H, + H3. It is easy to see that the only possible effective de-
composition is D= D)+ D, with Dy = H| + H, D, =H; so that DD\ D, =
(H, + H, + H3)(H, + Hy)H; = 2. By considering the natural projection onto the
first factor we see that this case is iii) in spite of the fact that we cannot use Lemma
3.2.

2¢.2) X is IP(Tp:) and D is the tautological divisor 7. Let / be the generator of
Pic(IP?) so that Pic(X) = (T, n*[). Let f be the numerical class of a fibre. Now if
D = D) + D; as usual, it is easy to see that it must be D} = T — hn*[ and D, = hn*l
with & > 0. The Euler sequence for IP?, twisted by Up2(—h) yields: 0 — Op2(—h) —
Op2(1 — n® = Tp2(—h) — 0, so that the only possibility is # = 1. We compute:
DD\ D> = T(T — n*l)a*l = T*n*l — Tf = [n*¢)(Tp2)]Tn*l — 1 =3Tf —1=2 and
we get one exceptional case.

2¢.3) X is the double covering of P! x IP? branched over a (2,2) divisor. D is
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f*(H, + H,) where f: X — P! x IP? is the covering and H,, H, are the generators
of Pic(X) ~ Num(X). X is a quadric fibration too by Theorem 3.4 and Corollary 3.3
of [12], and its fibres are double coverings of the planes in |H;|, branched over the
conics which are the intersections of the planes with the (2,2) divisor. Among these
ones there are surely 6 singular conics (see the proof of Theorem 3.4 of [12]) so that
the corresponding quadrics are singular. Now Lemma 3.2 implies iii).

2c.4) X is the Bordiga scroll over IP?, i.e. X = IP(§) where & is a rank 2 vector
bundle defined by the following extension: 0 — Up: — 6 — Fy(4) — 0 where Y is
the scheme of 10 distinct points in IP? in general position (see Theorem 4.1 of [12]). D
is the tautological divisor T. Let / be the generator of Pic(IP?) so that Pic(X) =
{T,n*I>. Let f be the numerical class of a fibre. It is easy to see that any possible
effective decomposition D = D; + D, implies D1 = T — hn*l, D, = hn*] with h > 0.
By combining the exact sequences 0 — Op:(—h) — &(—h) — Sy(4—h) — 0 and
0— Sy(4—h) — Op2(4—h) — Oy(4 —h) — 0 we get that D; cannot be effective if
h > 4. As the 10 points do not belong to any line, conic or cubic, 1°(IP?,.7y (4 — h))
=0for & =1,2,3 and we have no suitable decompositions.

Case 2d): d = 7. Let us look at the list of all linearly normal degree 7 varieties
contained in [12]. As before we can exclude hypersurfaces, complete intersections and
varieties which obviously give rise to i) ... iii). We check the following cases:

2d.1) X is the blowing up of IP? at one point, D = 26* L — E where o is the blowing
up, E is the exceptional divisor, Pic(IP?) = (L), Pic(X) = (o*L,E). It is easy to
see that there are only two possible decompositions: D| = 2¢6*L — 2E, D, = E and
Dy =0"L— E, D, = ¢*L. In both cases DD D, = 2. The first one belongs to iv), the
second one is an exceptional case.

2d.2) X is the blowing up of IP? along a smooth curve C which is a complete in-
tersection of type (2,2) or, equivalently, X is a divisor of type (1,2) on P! x IP? (see
Theorem 3.4 of [12]). Hence X is a quadric fibration over IP! with singular fibres and
by Lemma 3.2 we get iii).

2d.3) X is IP(&) in IP®, D is the tautological divisor T, where & is a rank 2 vector
bundle over IP? for which there exists an exact sequence 0 — Up> — & — Jy(4) — 0
and Y is the scheme of 9 distinct points not belonging to any line or conic. We can
proceed as in Case 1b.3) and 2c.4).

2d.4) X is IP(&) in IP°, D is the tautological divisor T, where & is a rank 2 vector
bundle over Z, the cubic surface in P>, for which there exists an exact sequence:
0— 0z — & — Jy(2) — 0and Yis a scheme of 5 points. Z is the blowing up of IP?
at 6 distinct points in general position. Let ¢ be the blowing up, / the generator of
Pic(IP?) and E; the exceptional divisors, then Pic(Z) = (o*[, E\,..., Es), Pic(X) =
(T,n*c*l,n*E;». Let H= 30" —E| —---— Eg be the hyperplane section of Z,
c1(&) = 2H. As usual the only possible decomposition is 7' = D; + D, with D; =
T —7n*A and D, = n*A for some effective divisor A of Z such that A = ag*/ —
PLEI — - — PBeEs, o, f; € Z. Let us compute DD Dy = T(T — n*A)(n*A) = 2HA —
A* = (6 —a) + S (B —2) =2. Note that 2H — A= (6 — a)a*l + S(B; — 2)E;
has to be effective, by looking at 0 — Oz(—A) — &(—A) — Fy(2H — A) — 0, and at
0— Jy(2H —A) — 0z(2H — A) — Oy(2H — A) — 0, because we are assuming that
h(X,Dy) = h°(X, T — n*A) = h°(Z,6(—A)) # 0. Hence 0 < o < 6. If o = 6 we have
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fB; = 2 for any i as 2H — A is effective, so that it is not possible DD 1Dy =2. If 0 =5
or o =1to get DD D, =2 we must have f; =, =3 =1and , = s = s =0 or
2, but in these cases 2H — A or A would not be effective. If « =4 or o =2 to get
DD, D, =2 we must have f; = 1 for any i, but also in this case 2H — A or A would
not be effective. If o = 3 it is not possible that DD D, = 2. If o« = 0 we have f; <0
for any i as A is effective, so that it is not possible that DD D, = 2. So in fact there
are no suitable effective decompositions for 7.

2d.5) X is the blowing up at a point P of Y, a smooth complete intersection of type
(2,2,2) in IP°. D = ¢* H — E where o is the blow-up, E is the exceptional divisor, H is
the class of a hyperplane section of Y, Pic(Y) = (H), Pic(X) = (¢*H,E). By im-
posing DD D, = 2 it is easy to see that the only possible effective decomposition is
Dy =0¢*"H — 2E, D, = E. D is effective by the existence of tangent hyperplanes at P
to Y and we get case iv).

2d.6) X in IP’ is a regular fibration over IP! in a cubic surface and the generic hy-
perplane section S € |D| is a smooth minimal elliptic surface of Kodaira dimension 1.
g(S) = 6 and the elliptic fibration over P! is given by |Ks|. As in Case 1b.5) the
fibration over IP! is the rational map ® associated to |Ky + D| (see also [2]) and
Ky is not nef because (Ky|s)I' = (Ks — D|s)I" < 0 for any I € |Ks|. @ is the Mori
contraction of the extremal ray [R], see [16], where R is a suitable rational curve on
some fibre of X. In this case we have an exact sequence 0 — Pic(PP!) — Pic(X) — Z,
hence Pic(X) = (D,F) and any effective decomposition D = D;+ D, is such
that Dy = D — hF, D, = hF for h > 1. Let us compute DD D, = D(D — hF)hF =
hD*(D + Kx) = 3h > 3. L]

Remark 3.4. One can conjecture that, in general, if X is a smooth n-dimensional va-
riety and D is a very ample divisor on X, then D is n-connected but for a finite list of
exceptions. The natural next step in such an investigation is n = 4. In this case, as
suggested by the referee, it should be not too difficult to prove the conjecture, at least
in high degree, using theorem C of [1].
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