Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 31, 2006, 437–462

ON UNIFORMLY QUASISYMMETRIC GROUPS OF CIRCLE DIFFEOMORPHISMS

Andrés Navas

University of Chile, Department of Mathematics, Faculty of Science Las Palmeras 3425, Ñuñoa, Santiago, Chile; andnavas@uchile.cl

Abstract. This article deals with the conjugacy problem of uniformly quasisymmetric groups of circle homeomorphims to groups of Möbius transformations. We prove that if the involved maps have some degree of regularity and the uniform quasisymmetry can be detected by some natural L^1 -cocycle associated to the action, then the conjugacy is, in fact, smooth.

Introduction

Roughly speaking, quasisymmetric homeomorphisms of the circle are those which almost preserve cross-ratios. A subgroup Γ of Homeo_+ (S^1) is said to be uniformly quasisymmetric if all its elements are quasisymmetric and the distortion of cross-ratios is uniformly controlled, independently of the element of the group (see Section 1.1 for more details).

Question 1. Is every uniformly quasisymmetric group of circle homeomorphisms quasisymmetrically conjugate to a group of Möbius transformations?

After some effort by several people, this question has been positively answered by V. Markovic in the recent work [24]. Although both the problem and its answer are very natural, the proof unfortunately appears to be rather difficult. Moreover, it uses some well-known results, as for instance the Convergence Theorem, whose proof is already quite involved.

One of the main difficulties overcome by V. Markovic is the absence of a natural procedure to deal with the problem. Indeed, a difficult result by D. Epstein and V. Markovic [9] shows that there is no canonical equivariant extension to the disk of quasisymmetric homeomorphisms of the circle. (The well-known extensions in [1], [7] and [31] fail to be equivariant.) The aim of this work is to present a conceptual approach to Question 1, which unfortunately does not solve it completely, but gives some insight into its nature. We will consider the same question in the smooth case, and in this context we will study the problem of smooth conjugacy.

Question 2. Let Γ be a non metabelian group of C^{1+τ} circle diffeomorphisms, where τ > 0. If Γ is uniformly quasisymmetric, is Γ necessarily C^{1+τ} conjugate to a group of Möbius transformations?

2000 Mathematics Subject Classification: Primary 22F05, 30F99, 37E99.

438 Andrés Navas

We think that the answer to this question is positive, but this seems not easy to be proved. The main difficulty is that it is not clear how to utilize the smoothness of maps in order to control the distortion of cross-ratios in an optimal way. Recall however the well-known formula

log([a, b, c, d]) = log � (a − c)(b − d) (a − d)(b − c) � = �_b a �_d c dx dy 4 sin^2

�_1 2 (x − y) �, where a < b < c < d < a. This equality shows that, for every circle diffeomorphism g ,

(1) log � [g(a), g(b), g(c), g(d)] [a, b, c, d] �

= �_b a �_d c � g^′(x)g^′(y) 4 sin^2

�_1 2 � g(x) − g(y) � − 1 4 sin^2

�_1 2 (x − y) � � dx dy.

It is then natural to consider the function c(g): S^1 × S^1 → R defined by

c(g)(x, y) = g^′(x)g^′(y) 4 sin^2

�_1 2 � g(x) − g(y) � − 1 4 sin^2

�_1 2 (x − y) �. This Liouville’s cocycle c is a function whose L^1 -norm captures in some way the distortion of cross-ratios. Note that a closely related cocycle appears in [26] and [29] in the study of certain cohomological obstructions for group actions on the circle. In another direction, D. Sullivan and S. Nag showed that c is a natural cocycle arising in the analytical theory of quasisymmetric homeomorphisms [25]. They proved in particular that c(g) is the kernel of a continuous linear operator acting on H^{1/2}(S^1).

Inspired by the afore mentioned works, we will say that a group of circle diffeomorphisms is L^1 -uniformly quasisymmetric if there exists an upper bound for the L^1 -norm of the function c(g) which is independent of the element of the group. Our main result then takes the following form.

Theorem A. Let Γ be a non metabelian subgroup of Diff^{r+3}_+ (S^1), where 0 ≤ r ≤ ∞. If Γ is L^1 -uniformly quasisymmetric, then Γ is C^{r+3} conjugate to a group of Möbius transformations.

It is very plausible that a refinement of our technique allows to prove a similar statement for L^p -uniformly quasisymmetric groups of C^{1+τ} diffeomorphisms of the circle when τ > 1/p (see Section 1.1 for more details). However, we will not pursue this issue here, since we only want to illustrate the idea of our approach and not to obtain sharp results. Moreover, it is quite clear that our method cannot be used to deal with the general quasisymmetric conjugacy problem, which has already been completely solved.

On uniformly quasisymmetric groups of circle diffeomorphisms 439

Recall that one of the motivations for Question 1 is the fact that its two-di-mensional version (replace quasisymmetric by quasiconformal and the circle by the Riemann sphere) was elegantly solved by D. Sullivan in [34] (see also [35]). His proof uses a simple barycentric argument in order to obtain a conformal invariant structure, and then the Ahlfors–Bers theorem in order to integrate this structure. Our approach to the analogous one-dimensional problem is much inspired by this idea. Indeed, the fact that c(g) is a cocycle suggests the use of some barycentertype argument. Besides the problem of the smoothness required for the definition of the cocycle, the main difficulty to implement this idea is the absence of an analogue of Ahlfors–Bers’ theorem of integrability. However, in the C^3 case it is possible to use Schwarzian derivatives to conclude the existence of an invariant projective structure on the circle, whose integrability is a relatively elementary issue. The use of this last technique is strongly inspired by [11].

The reader could think that, in difference with the general quasisymmetric framework, for our case it is the smoothness of maps which is at the origin of the conjugacy. Nevertheless, this is not at all the case. To illustrate in some way this point, we give in an independent Appendix an example of a group of smooth (namely, real-analytic) diffeomorphisms of the circle whose elements behave individually like Möbius transformations, but which is not topologically conjugate to a group of Möbius transformations. Before stating precisely this result, let us say that a group of circle homeomorphisms is pseudo-Möbius if each one of its elements is topologically conjugate to a Möbius transformation, and let us say that such a group is a Möbius group if it is topologically conjugate to a subgroup of PSL(2, R). The following result is a slight improvement of the one obtained by N. Kovačević in [22].

Theorem B. There exists a group of real-analytic diffeomorphisms of the circle, all whose orbits are dense, which is pseudo-Möbius and non Möbius.

Acknowledgments. Many ideas of this article arose some years ago in several discussions with É. Ghys, to whom I would like to extend my gratitude. I would also like to thank D. Sullivan for explaining part of the content of [25] to me, and W. Goldman for pointing out the reference [32] to me.

1. Some preliminary facts 1.1. Quasisymmetry, Liouville’s cocycle and Schwarzian derivative.

Throughout this article, we will only deal with orientation-preserving homeomorphisms. Among several equivalent definitions of quasisymmetry, we will only consider the one which is the most appropriated for our study.

Definition 1.1. A circle homeomorphism g is said to be quasisymmetric if there exists a constant M < ∞ such that for all points a < b < c < d < a on the circle satisfying [a, b, c, d] = 2, one has [g(a), g(b), g(c), g(d)] ≤ M . A subgroup Γ of Homeo_+(S^1) is said to be uniformly quasisymmetric if all its elements are quasisymmetric with respect to the same constant M < ∞.

440 Andrés Navas

Equality (1) shows that if g is a circle diffeomorphism satisfying ‖c(g)‖ ≤ M , then g is quasisymmetric with respect to the constant M = 2 exp(‖c(g)‖). This shows that if Γ is a L^1 -uniformly quasisymmetric group of circle diffeomorphisms (as defined in the Introduction), then Γ is a uniformly quasisymmetric group (as defined above). However, the converse seems to be false, even for real-analytic diffeomorphisms.

For a single diffeomorphism g , the problem of the integrability of c(g) is settled by the following elementary lemma.

Lemma 1.2. If g is a C^{2+τ} diffeomorphism of the circle for some τ > 0, then c(g) belongs to L^1(S^1 × S^1).

Proof. Passing to local coordinates, the problem reduces to proving that (2) � g^′(x)g^′(y) � g(x) − g(y)

�_2 − 1 (x − y)^2 � ∈ L^1(S^1 × S^1),

and obviously the difficulty is to estimate the left-hand expression near the diagonal. To do this, note that a simple development in Taylor series gives, for x near to y , g^′(x) = g^′(y) + (x − y)g^{′′}(y) + o(|x − y|^{1+τ/2}), and so

(3) g^′(x)g^′(y)(x − y)^2 = (x − y)^2 � g^′(y)

�_2 + (x − y)^3g^′(y)g^{′′}(y) + o(|x − y|^{3+τ/2}).

On the other hand,

(4) g(x) − g(y) = (x − y)g^′(y) +^1_2 (x − y)^2g^{′′}(y) + o(|x − y|^{2+τ/2}).

Using (3) and (4) one obtains that the left-hand expression in (2) is bounded by another one of the form o(|x − y|^{3+τ/2}) (x − y)^2 � g(x) − g(y)

�_2 ,

which has order o(|x − y|^{τ/2−1}) near the diagonal. Since for every τ > 0 the map (x, y) → 1/|x − y|^{1−τ/2} belongs to L^1(S^1 × S^1), this proves the lemma.

Recall that the Schwarzian derivative of a C^3 diffeomorphism g: I ⊂ R → J ⊂ R is defined by

s(g) = g^{′′′} g^′ − 3 2 � g^{′′} g^′

�_2 . This is closely related to Liouville’s cocycle, as is illustrated by the well-known formula (which can be obtained as above by a simple development in Taylor series)

(5) s(g)(x) = 6 lim_{y→x} c(g)(x, y).

The validity of (5) implies that if g is a C^{3+r} diffeomorphism, then c(g) is of class C^r on S^1 × S^1 .

On uniformly quasisymmetric groups of circle diffeomorphisms 441

We will denote c̄(g) = c(g^{−1}). The reason for introducing the function c̄ is that it is a cocycle associated to the left regular representation θ: Diff^1_+(S^1) → U � L^1(S^1 × S^1) � given by

θ(g^{−1})ξ(x, y) = ξ � g(x), g(y) � g^′(x)g^′(y).

In other words, the equality

(6) c̄(gh) = c̄(g) + θ(g)c̄(h)

holds for every g, h in Diff^1_+(S^1). This means that the correspondence g → θ(g)+c(g) defines a representation of Diff^1_+(S^1) by isometries of the Banach space L^1(S^1 × S^1).

Lemma 1.3. Let Γ be a L^1 -uniformly quasisymmetric group of circle diffeomorphisms. If φ: S^1 → S^1 is a C^{2+τ} diffeomorphism, then the conjugate group φΓφ^{−1} is also L^1 -uniformly quasisymmetric.

Proof. This follows immediately from the cocycle property (6) and Lemma 1.2. Indeed, c̄(φ^{−1}) = −θ(φ^{−1})c̄(φ), and so

‖c̄(φ ∘ g ∘ φ^{−1})‖ = ‖c̄(φ) + θ(φ)c̄(g) + θ(φg)c̄(φ^{−1})‖ ≤ 2‖c(φ)‖ + ‖c̄(g)‖.

In particular, if ‖c(g)‖ ≤ C for all g ∈ Γ, then ‖c(φ∘g∘φ^{−1})‖ ≤ C + 2‖c(φ)‖ for all g ∈ Γ.

More generally, for each p ∈]1, ∞[ we can define the Liouville’s L^p cocycle c_p by c_p(g)(x, y) =

[g^′(x)g^′(y)]^{1/p} � �2 sin�^1_2 (g(x) − g(y))� � �^{2/p} − 1 � �2 sin�^1_2 (x − y)� � �^{2/p}

, p ≠ 2,

c_2(g)(x, y) = � g^′(x)g^′(y) 2 sin

�_1 2 (g(x) − g(y)) � − 1 2 sin

�_1 2 (x − y) �. Note that c = c_1 . In the L^p setting, c̄_p(g) = c_p(g^{−1}) appears as a cocycle associated to the left regular representation θ_p given by

θ_p(g^{−1})ξ(x, y) = ξ � g(x), g(y) � [g^′(x)g^′(y)]^{1/p},

that is, for c̄_p(g) = c_p(g^{−1}) one has

c̄_p(gh) = c̄_p(g) + θ_p(g)c̄_p(h).

One easily checks that L^p -uniformly quasisymmetric groups of circle diffeomorphisms are also uniformly quasisymmetric. The proof of the following lemma is analogous to that of Lemmas 1.2 and 1.3, and we will leave it to the reader (see for instance the proof of Proposition 2.1 in [26]).

442 Andrés Navas

Lemma 1.4. If g is an element of Diff^{1+τ}_+ (S^1) for some τ ∈]0, 1[, then c_p(g) belongs to L^p(S^1 × S^1) for all p > 1/τ . Moreover, if Γ is a L^p -uniformly quasisymmetric group and φ is C^{1+τ} circle diffeomorphism such that τ > 1/p, then the conjugate group φΓφ^{−1} is also L^p -uniformly quasisymmetric.

Among the L^p cocycles for p > 1, we will only utilize the cocycle c_2 . This is because c_2 takes values on a Hilbert space, and in this context the classical Tits’ center lemma [2] implies the following proposition.

Proposition 1.5. Let ĉ be a cocycle with respect to an orthogonal representation θ̂ of a group Γ on a Hilbert space H . If the norm ‖ĉ(g)‖ is bounded by a constant which is independent of g , then there exists a vector ξ ∈ H such that ĉ is the coboundary associated to ξ , that is ĉ(g) = ξ − θ̂(g)ξ for all g ∈ Γ.

We remark that c̄_2 is nothing else than the formal coboundary of the function (which does not belong to L^2 )

(x, y) −→ − 1 2 sin

�_1 2 (x − y) �. Quite naturally, the cocycle c_2 has better regularity properties near the diagonal than c. Indeed, if g is of class C^2 , then one easily checks that c_2 extends continuously to S^1 × S^1 as being identically zero on the diagonal. To ensure the existence (and continuity) of ∂_1c(g)(x, x) and ∂_2c(g)(x, x) (a fact that will be essential in what follows), the Taylor development

(7) c_2(g)(x, y) = g^{′′′}(y) 12 (x − y) + o(|x − y|)

shows that a C^3 regularity hypothesis for g suffices. We leave to the reader the easy verification of (7).

1.2. Projective structures. A one-dimensional manifold X is endowed with a projective structure when we fix a system of local charts φ_i: I_i ⊂ X → R such that the change of coordinate maps φ_i∘φ^{−1}_j are (restrictions of) Möbius transformations. If g: X_1 → X_2 is a C^3 local diffeomorphism between one-dimensional projective manifolds, then the quadratic differential form s(g) dx^2 is well defined on X_1 , that is it does not depend on projective charts. The following properties are satisfied:

(i) One has s(g) dx^2 = 0 if and only if g is a projective diffeomorphism. This follows from the fact that the only local diffeomorphisms with zero Schwarzian derivative are the restrictions of Möbius transformations.

(ii) If g: X_1 → X_2 and h: X_2 → X_3 are C^3 local diffeomorphisms between projective manifolds, then

(8) s(h ∘ g) dx^2 = g^∗ � s(h)dx^2 � + s(g) dx^2.

On uniformly quasisymmetric groups of circle diffeomorphisms 443

This can be obtained by a straightforward computation, but it can also be easily deduced from (5) and (6).

If X is a one-dimensional projective manifold and s is a quadratic differential form defined on it which is of class C^r for some 0 ≤ r ≤ ∞, then the equation s(g) dx^2 = s has local solutions of class C^{r+3} , and two solutions differ by (the restriction of) a Möbius transformation. So, there is a natural bijection between projective structures of class C^{r+3} on X and quadratic differential forms of class C^r .

By (ii), a diffeomorphism g: X → X preserves the projective structure given by a quadratic form s = ζ dx^2 if and only if s = g^∗(s) + s(g) dx^2 , which by (8) is equivalent in projective coordinates to (9) ζ = (g^′)^2(ζ ∘ g) + s(g).

Example 1.6. Let us consider the local charts φ_1 and φ_2 on S^1 given by φ_1(x) = tan

�_1 2 x � , x ≠ π; φ_2(x) = tan

�_1 2 x +^1_4 π � , x ≠^1_2 π.

The change of coordinates map is then given by

φ_2 ∘ φ^{−1}_1 (x) =

1 + x 1 − x , which proves that the charts φ_1 and φ_2 define a projective structure on S^1 . This structure is invariant by the action of PSL(2, R). In fact, the group of diffeomorphisms which preserve this structure coincides with the Möbius group.

The following classical result will be essential for our proof. It was first obtained by N. Kuiper in [23] with a little mistake in the proof, which was corrected by W. Goldman in [15], [16]; see also [32].

Theorem (Kuiper–Goldman). If the group of automorphisms of a C^r projective structure on the circle is non metabelian, then it is C^r conjugate to some finite covering of PSL(2, R).

2. Smooth conjugacy

2.1. An outline of the proof. Let Γ be a group of C^{2+τ} diffeomorphisms of the circle. Recall the cocycle c_2 which has been defined by

c_2(g)(x, y) = � g^′(x)g^′(y) 2 sin

�_1 2 � g(x) − g(y) � − 1 2 sin

�_1 2 (x − y) � . For every circle diffeomorphism g and all x, y in S^1 one has |c_2(g)(x, y)|^2 ≤ |c(g)(x, y)|.

From this one concludes that if Γ is L^1 -uniformly quasisymmetric, then the restriction to Γ of the cocycle c_2 is uniformly bounded. By Proposition 1.5, there exists a function ξ ∈ L^2(S^1 × S^1) such that c̄_2(g) = ξ − θ_2(g)ξ for all g ∈ Γ.

Let us assume that ξ has continuous ∂_1 and ∂_2 derivatives on a neighborhood of the diagonal Δ in S^1 × S^1 . In this situation the following proposition holds.

444 Andrés Navas

Proposition 2.1. Let Γ be a subgroup of Diff^{3+r}_+ (S^1), where r ≥ 0. Let us suppose that there exists a measurable and square integrable function ξ: S^1 ×S^1 → R such that c̄_2(g) = ξ −θ_2(g)ξ for all g ∈ Γ. If ξ is continuous and has continuous ∂_1 and ∂_2 derivatives near the diagonal, then there exists a probability measure on S^1 which is invariant by Γ and whose density function is of class C^{r+1} , or there exists a projective structure of class C^3 on S^1 which is invariant by Γ.

In the non metabelian case, the existence of an invariant probability measure is not possible.

Lemma 2.2. Let Γ be a uniformly quasisymmetric group of circle homeomorphisms. If Γ is non metabelian, then it cannot preserve any probability measure on S^1 .

So, if Γ is a non metabelian L^1 -uniformly quasisymmetric group of C^{r+3} circle diffeomorphisms such that the corresponding function ξ has continuous ∂_1 and ∂_2 derivatives near the diagonal, then Γ preserves a C^3 projective structure on S^1 . Again since Γ is supposed to be non metabelian, using Lemma 2.2 and Kuiper–Goldman’s theorem one can conclude that this projective structure is C^3 conjugate to the canonical one. By the main result of [14], this conjugacy is in fact of class C^{r+3} , finishing the proof of Theorem A.

We close this section with the proof of Proposition 2.1. In the next section we will check that, under our hypothesis, the regularity properties for the kernel function ξ are satisfied.

Proof of Proposition 2.1. Note that the hypothesis implies that, for all g ∈ Γ and a.e. (x, y) ∈ S^1 × S^1 , � 1 2 sin

�_1 2 � g(x) − g(y)

� + ξ � g(x), g(y) � � g^′(x)g^′(y) = 1 2 sin

�_1 2 (x − y)

� + ξ(x, y).

This means that the measure ν on S^1 × S^1 \ Δ with density function

(x, y) → 1 2 sin

�_1 2 (x − y)

� + ξ(x, y)

is Γ-invariant. The idea of the proof of the proposition is very simple: the infinitesimal change of ν near the diagonal is a quadratic differential form, which has to be invariant since the measure ν is invariant.

With respect to the canonical projective structure on S^1 , the density of the measure ν has the local form � 1 x − y

+ N(x, y)

�_2 dx dy,

On uniformly quasisymmetric groups of circle diffeomorphisms 445

where N is a measurable function which is continuous and has continuous ∂_1 and

∂_2 derivatives on a neighborhood of the diagonal in R × R. Changing ξ by the

function (x, y) → ξ(x, y) + ξ(y, x) if necessary, we may assume that N(x, y) =

N(y, x) for all x, y in R. By (9), in order to obtain a C^r invariant projective

structure we have to prove that there exists a continuous function ζ: R → R such

that, for all g ∈ Γ,

ζ = (g^′)^2(ζ ∘ g) + s(g).

We will prove that this equality holds for ζ(x) = 12∂_1N(x, x) when the function

ξ is identically zero on the diagonal. If this is not the case, we will show that the

(finite total mass) measure on S^1 whose density function is given by x → |ξ(x, x)|

is invariant by Γ.

By hypothesis, for all g ∈ Γ and all x ≠ y in R one has

g^′(x)g^′(y) � 1 g(x) − g(y) + N � g(x), g(y) � �_2 = � 1 x − y + N � g(x), g(y) � �_2 , which gives

(10) g^′(x)g^′(y)(x − y)^2 � 1 + � g(x) − g(y) � N � g(x), g(y)

�_2

= [1 + (x − y)N(x, y)]^2 � g(x) − g(y)

�_2 . Note that for x near y one has

g^′(x) = g^′(y) + (x − y)g^{′′}(y) + o(|x − y|),

and so

(11) g^′(x)g^′(y)(x − y)^2 = (x − y)^2 � g^′(y)

�_2

+ (x − y)^3g^′(y)g^{′′}(y) + o(|x − y|^3).

On the other hand,

g(x) − g(y) = (x − y)g^′(y) +^1_2 (x − y)^2g^{′′}(y) + o(|x − y|^2), N � g(x), g(y) � = N � g(y), g(y) � + ∂_1N � g(y), g(y) � g^′(y)(x − y) + o(|x − y|),

and so

(12) � 1+ � g(x)−g(y) � N � g(x), g(y)

�_2

= 1+(x−y)g^′(y)N � g(y), g(y) � +o(|x−y|).

From (11) and (12) one verifies that the left-hand member of equality (10) is equal to (13) (x−y)^2 � g^′(y)

�_2

+(x−y)^3 � g^′(y)g^{′′}(y)+2 � g^′(y)

�_3 N � g(y), g(y) � +o(|x−y|^3).

446 Andrés Navas

From the equalities

[1 + (x − y)N(x, y)]^2 = [1 + (x − y)N(y, y) + o(|x − y|)]^2

= 1 + 2(x − y)N(y, y) + o(|x − y|), � g(x) − g(y)

�_2

= (x − y)^2 � g^′(y)

�_2 + (x − y)^3g^′(y)g^{′′}(y) + o(|x − y|^3),

one concludes that the right-hand member of equality (10) is equal to

(14) (x − y)^2 � g^′(y)

�_2

+ (x − y)^3 � g^′(y)g^{′′}(y) + 2 � g^′(y)

�_2

N(y, y) � + o(|x − y|^3).

Thus, replacing (13) and (14) in (10), and then identifying the coefficients of

(x − y)^3 , one concludes that 2 � g^′(y)

�_2

N(y, y) = 2 � g^′(y)

�_3 N � g(y), g(y) � , that is N � g(y), g(y) � g^′(y) = N(y, y).

This shows that the measure on S^1 with density function x → |ξ(x, x)| is invariant

by Γ. The total mass of S^1 by this measure is finite, but it can be equal to zero.

Let us suppose in what follows that this measure is trivial. As in the first

part of the proof, we develop both sides of equality (10) in Taylor’s series, but this

time until the fourth order term. For the coefficient of (x − y)^4 in the left-hand

member of (10) one finds 1 2 � g^′(y)g^{′′′}(y) � + 2 � g^′(y)

�_4 ∂_1N � g(y), g(y) � , whereas for the coefficient of (x − y)^4 of the right-hand member one finds 1 4 � g^{′′}(y)

�_2

+^1_3 g^′(y)g^{′′′}(y) + 2 � g^′(y)

�_2

∂_1N(y, y).

Thus,_1

2 g^′(y)g^{′′′}(y) + 2 � g^′(y)

�_4

∂_1N � g(y), g(y) � =^1_4 (g^{′′}(y))^2 +^1_3 g^′(y)g^{′′′}(y) + 2 � g^′(y)

�_2

∂_1N(y, y),

that is,

g^{′′′}(y)

g^′(y) − 3 2 � g^{′′}(y)

g^′(y)

�_2

= 12∂_1N(y, y) − 12 � g^′(y)

�_2

∂_1N � g(y), g(y) � , which is the desired equality.

On uniformly quasisymmetric groups of circle diffeomorphisms 447

2.2. The regularity of the kernel. It is not difficult to prove that every uniformly quasisymmetric group of circle homeomorphisms satisfies the convergence property, and so it is topologically conjugate to a Möbius group [5], [10]. (Note that Lemma 2.2 follows directly from this.) Since we want to avoid the use of this deep and difficult result, we will need to obtain a priori some simple but useful topological information. The following lemma is well known, and we include a proof only for the convenience of the reader.

Lemma 2.3. Let g be a circle homeomorphism such that the group generated by g is uniformly quasisymmetric. If g fixes three points of the circle, then g coincides with the identity. Moreover, if g fixes only two points, then one of them is (topologically) attracting and the other is (topologically) repelling.

Proof. If g fixes more than two points then, passing to local projective coordinates, we are reduced to the case where g is a homeomorphism of the real line having at least two fixed points. Let us suppose that there exists a connected component ]a, b[ of the complement of the set of fixed points of g such that both a and b are real numbers, and let c =^1_2 (a + b). Changing g by g^{−1} if necessary, we may assume that g(x) < x for all x ∈]a, b[. The point of g^n(c) goes to a, and so the value of g^n(b) − g^n(c) g^n(c) − g^n(a)

diverges as n goes to infinity, contradicting the quasisymmetry hypothesis. Let us now suppose that there is no such connected component ]a, b[. Again, changing g by g^{−1} if necessary, we may assume that there exists a ∈ R such that either g(x) = x for x ≤ a and g(x) > x for x > a, or g(x) = x for x ≥ a and g(x) > x for x < a. Both cases being analogous, let us only consider the first one. For t > 0 the point g^n(a + t) goes to the infinity, and g^n(a − t) = a − t. Thus, the value of g^n(a + t) − g^n(a) g^n(a) − g^n(a − t)

diverges as n goes to infinity, which again contradicts the quasisymmetry hypothesis. The case of two fixed points can be treated by similar arguments and we leave it to the reader.

Proof of Lemma 2.2. We will prove more generally that if Γ is a group of circle homeomorphisms whose non trivial elements fix at most two points and which preserves a probability measure on S^1 , then Γ is metabelian. Indeed, if the invariant probability measure has no atomic part, then its support is a closed set invariant by the action of Γ. It is then easy to see that the derived group Γ^′ = [Γ, Γ] fixes punctually this set. By our hypothesis, Γ^′ is trivial, and so Γ is Abelian (and in fact semiconjugate to a group of rotations). On the other hand, if we assume that Γ preserves an atomic probability measure on S^1 , then the atoms of maximal mass form a finite set F which is invariant by Γ. Thus, each element

448 Andrés Navas

of a finite index subgroup Γ_0 of Γ fixes every point in F . If F contains more than two points then by hypothesis Γ_0 is trivial, and so Γ is finite (and indeed conjugate to a finite group of rotations). If F contains one or two points, then the group Γ_0 fixes globally one point. By Holder’s and Solodov’s theorems (see the Appendix), this implies that Γ is metabelian (and topologically semiconjugate to a group of affine transformations when uniformly quasisymmetric).

It is not difficult to verify that uniformly quasisymmetric metabelian groups of circle homeomorphisms are not only semiconjugate but also conjugate to groups of rotations or affine transformations. However, we will not use this fact in the sequel.

Lemma 2.4. Let g: S^1 → S^1 be a C^{r+3} diffeomorphism, where 0 ≤ r ≤ ∞. Suppose that a is a hyperbolic fixed point of g , and that g has exactly two fixed points a and b. Suppose also that the infinite cyclic group generated by g is L^2 -uniformly quasisymmetric, and let ξ be a function in L^2(S^1 × S^1) such that c̄_2(g) = ξ − θ_2(g)ξ . Then ξ coincides on almost every point of a neighborhood of the set Δ \ {(a, a), (b, b)} with a function having continuous ∂_1 and ∂_2 derivatives on the diagonal.

Proof. Using Yoccoz’ version of Sternberg’s linearization theorem [37], we can conjugate g near the hyperbolic fixed point to the corresponding linear germ. Since linear maps are projective, after conjugacy one has c̄_2(g)(x, y) = 0 when x and y are simultaneously near to a. In what follows we will assume that we have performed this conjugacy, and we will fix a^′ ∈]a, b[ such that (after conjugacy)

c̄_2(g)(x, y) = 0 for all (x, y) ∈ [a, a^′]^2.

Changing g by its inverse if necessary, we may assume that g(x) > x for all x ∈]a, b[.

By Lemma 1.4, the group generated by (the conjugate of) g is also L^2 - uniformly quasisymmetric. Let us fix a point c ∈]a, b[, and let

Δ(c) = � n∈Z [g^n(c), g^{n+1}(c)]^2.

Note that Δ(c) is invariant by g . Let us define ξ̄: Δ(c) → R by

ξ̄ = � i≥0 θ_2(g^i)c̄_2(g).

Note that the sum above is well defined, since it involves only a finite number of nonzero terms. In particular, it defines a function with continuous ∂_1 and ∂_2 derivatives on the interior of Δ(c). Moreover, one easily checks that c̄_2(g)(x, y) = ξ̄(x, y) − θ_2(g)ξ̄(x, y) for all (x, y) ∈ Δ(c).

On uniformly quasisymmetric groups of circle diffeomorphisms 449

Now taking into account our hypothesis we conclude that the equality

ξ − θ_2(g)ξ = ξ̄ − θ_2(ξ̄)

holds for a.e. point (x, y) in Δ(c). We claim that this implies that ξ and ξ̄ coincide a.e. on Δ(c). Indeed, if not then |ξ − ξ̄|^2 would be the density of a non trivial measure on Δ(c) which is invariant by the diagonal action of g . The total mass of the set Δ(c) by this measure is finite (since ξ and ξ̄ are square integrable). However, this is absurd, since the only finite total mass measures on the closure of Δ(c) which are invariant by g are the linear combinations of the Dirac measures supported on the fixed points (a, a) and (b, b).

Thus, the function ξ coincides on Δ(c) with the function ξ̄ . Changing c by some point c^′ ∈]c, g(c)[, we conclude that ξ can be taken as a function with continuous ∂_1 and ∂_2 derivatives on a neighborhood of the diagonal of ]a, b[×]a, b[. The proof is finished by looking at the interval ]b, a[ instead of ]a, b[, and using the same arguments as before.

Now let Γ be a L^1 -uniformly quasisymmetric group of C^{r+3} diffeomorphisms of the circle. By Section 2.1 we know that there exist a function ξ ∈ L^2(S^1 × S^1) such that c̄_2(g) = ξ − θ_2(g)ξ for all g ∈ Γ. By Sacksteder’s theorem (see [33] and p. 11 of [8]; see also [6]), if Γ is non metabelian then is contains an element h having a hyperbolic fixed point a. Lemma 2.3 implies that h has exactly one fixed point b in S^1 \ {a}. This allows to apply Lemma 2.4, and so we conclude that the function ξ can be supposed to have continuous ∂_1 and ∂_2 derivatives on Δ \ {(a, a), (b, b)}. The cocycle identity (6) implies that the set of points with this property is invariant by Γ. So, conjugating by elements sending a and b into points in S^1 \ {a, b} (which exist since there is no finite orbit for Γ), one concludes that ξ can be taken as a map with continuous ∂_1 and ∂_2 derivatives on the whole diagonal Δ ⊂ S^1 ×S^1 . We are then under the hypothesis of Proposition 2.1, which allows to finish the proof of Theorem A as in Section 2.1.

2.3. Some final comments. The metabelian hypothesis for Theorem A is quite natural. For instance, it is very likely that, for Abelian groups, smooth conjugacy is prevented in many cases by problems related to small denominators (for free actions) [17], or Mather’s invariant (for actions with a global fixed point) [37]. In the general metabelian case, there seems also to be some obstructions. Indeed, by combining Lemma 2.3 with the results of [28], one easily concludes that uniformly quasisymmetric groups of C^2 circle diffeomorphisms are topologically conjugate to groups of affine transformations. However, it is well known that in this setting there are (at least local) obstructions to smoothing [36]. Note that in this context, even the problem of the quasisymmetric conjugacy is solved [19] by arguments which are different (and simpler) from those used for the general case [24].

A second remark concerning the statement of Theorem A is related to the smoothness hypothesis. It is clear that the C^3 hypothesis is essential for the use

450 Andrés Navas

of Schwarzian derivative. As we already remarked, it is very plausible to obtain an analogous version of Theorem A in class C^{1+τ} for any τ > 0. Nevertheless, it should be said that C^1 conjugacy does not necessarily exist for uniformly quasisymmetric groups of C^1 diffeomorphisms. This was already remarked by É. Ghys in a slightly different context ([11, p. 181]). Finally, let us point out that a real-analytic version of the theorem still holds. This can be checked by a careful analysis of the preceding proof, but it becomes more transparent by putting together its C^∞ version with the real-analytic case of the main result of [14].

We finish this section with a result which is related to the preceding proof. It turns out that Liouville’s cocycle is very interesting from a dynamical point of view. This has been already remarked in [30], where the author proved a version of the proposition below for circle diffeomorphisms. Following [37], for r ≥ 0 let us denote by Diff^{r,Δ}_+ ([0, 1]) the space of C^r diffeomorphisms of the interval without fixed points on ]0, 1[.

Proposition 2.5. If r ≥ 3, then for a generic element g in Diff^{r,Δ}_+ ([0, 1]) the restriction of Liouville’s cocycle to the infinite cyclic group generated by g is non cohomologically trivial.

Proof. The germs at 0 and 1 of a generic element in Diff^{r,Δ}_+ ([0, 1]) are hyperbolic. We claim that if the restriction of Liouville’s cocycle to the infinite cyclic group generated by such a diffeomorphism g is uniformly bounded, then g preserves a C^r projective structure on [0, 1]. Before proving this, let us finish our argument. Integrating the invariant projective structure, one concludes that g is C^r conjugate to (the restriction of) a Möbius transformation. In particular, g is contained in a flow of C^r diffeomorphisms. However, it is well known that generic diffeomorphisms are not contained in such a flow [22], [37].

Thus, in order to complete the proof, we have to justify our assertion concerning the existence of a C^r invariant projective structure. To do this, let us first conjugate g by a C^r diffeomorphism in such a way it becomes linear near the end points a = 0 and b = 1, and let us fix a^′ < b^′ in ]a, b[ such that (after conjugacy) one has c(g)(x, y) = 0 for all (x, y) ∈ [a, a^′]^2 ∪ [b^′, b]^2 . We claim that the hypothesis of boundedness of ‖c(g^n)‖ then implies that, for all m ∈ Z and all x, y contained in the interval [g^m(a^′), g^{m+1}(a^′)], one has

(15) � n∈Z θ(g^n)c̄(g)(x, y) = 0.

To verify this equality let us denote

σ(g)(x, y) = � n∈Z θ(g^n)c̄(g)(x, y).

Note that the sum above is well defined, since it involves only a finite number of nonzero terms. Moreover, using (6) one easily checks that σ(g)(x, y) =

On uniformly quasisymmetric groups of circle diffeomorphisms 451

θ(g^i)σ(g)(x, y) for all (x, y) and all i ∈ Z. Thus, in order to verify equality (15), it suffices to prove it when x and y both belong to [a^′, g(a^′)]. For each N ∈ N denote

σ_N (g)(x, y) = c̄ � g^N )(x, y) � = N−1� n=0 θ(g^n)c̄(g)(x, y).

We leave to the reader to verify that, if 0 ≤ i < N and (x, y) ∈ [g^i(a^′), g^{i+1}(a^′)]^2 , then σ_N (g)(x, y) = σ(g)(x, y),

and thus �_gi+1_{(a}′_)

g^i(a^′)

�_gi+1_{(a}′_)

g^i(a^′ )

|σ_N (g)(x, y)| dx dy =

�_gi+1_{(a}′_)

g^i(a^′)

�_gi+1_{(a}′_)

g^i(a^′ )

|σ(g)(x, y)| dx dy

= �_gi+1_{(a}′_)

g^i(a^′)

�_gi+1_{(a}′_)

g^i(a^′ )

|θ(g^i)σ(g)(x, y)| dx dy = �_{g(a}′_)

a^′

�_{g(a}′_)

a^′

|σ(g)(x, y)| dx dy.

Denoting by I the value of the last expression, we have

�_b a �_b a |c̄(g^N )(x, y)| dx dy =

�_b a �_b a |σ_N (g)(x, y)| dx dy ≥ N−1� i=0 �_gi+1_{(a}′_)

g^i(a^′)

�_gi+1_{(a}′_)

g^i(a^′)

|σ_N (g)(x, y)| dx dy = NI.

If σ(g) is not identically zero on [a^′, g(a^′)]^2 then I > 0, and so ‖c(g^{−N} )‖ goes to infinity with N . In particular, the restriction of c to the group generated by g is non uniformly bounded, which contradicts our hypothesis.^1

Now we localize equality (15) on the diagonal: for all x ∈ S^1 one has

(16) � n∈Z (g^n)^∗s(g)(x) = 0.

We claim that this implies that the cohomological equation (9) has a C^{r−3} solution ζ on [a, b] such that ζ(x) = 0 for all x ∈ [a, a^′] ∪ [g^k(a^′), b]. To prove this, let us fix k ∈ N such that g^k(a^′) > b^′ . Define inductively ζ: [a, b] → R by

ζ(x) = 0 for all x ∈ [a, a^′].

1 It is interesting to remark that the proof shows that if ‖c(g^N )‖ growths sublinearly, then it is in fact bounded. This should be compared with [30].

452 Andrés Navas

Now assuming that ζ has been already defined on [a, g^{i−1}(a^′)], let ζ � g(x) � = 1 � g^′(x)

�_2 � ζ(x) − s(g)(x) � .

We claim that, according to this definition, ζ(x) = 0 for all x > b^′ . Indeed, one easily checks by induction that, for all i ≥ 0,

ζ � g^i(x) � = 1 � (g^i)^′(x)

�_2 � ζ(x) − i−1� n=0 (g^n)^∗s(g)(x) � .

So, if x ∈ [g^k(a^′), g^{k+1}(a^′)] then

ζ(x) = ζ � g^{k+1} � g^{−(k+1)}(x) �

= 1 � (g^{k+1})^′ � g^{−(k+1)}(x)

�_2 � ζ � g^{−(k+1)}(x) � − k� n=0 (g^n)^∗s(g) � g^{−(k+1)}(x) � � .

But ζ � g^{−(k+1)}(x) � = 0 since g^{−(k+1)}(x) < a^′ , and moreover k� n=0 (g^n)^∗s(g) � g^{−(k+1)}(x) � = 0

by (16). One thus concludes that ζ(x) = 0 for all x ∈ [g^k(a^′), g^{k+1}(a^′)]. From this one easily checks by induction that ζ(x) = 0 for all x > g^{k+1}(a^′), and this finishes the proof.

It would be interesting to study the same kind of phenomena in other contexts. For instance, one could restrict to diffeomorphisms which are tangent to the identity at the end points. On the other hand, it is natural to investigate what happens in lower differentiability classes for the corresponding Liouville’s L^p cocycle. Finally, the study of c_2 in reduced cohomology remains a major problem (see however [30] for the case of the circle).

3. Appendix

A theorem essentially due to Hölder says that every group of homeomorphisms of the real line (or of the circle) whose non trivial elements do not fix any point is isomorphic to a group of translations (or of rotations), and the corresponding actions are topologically semiconjugate. In 1991, V. Solodov proved an analogous result for groups of homeomorphisms of the real line without global fixed points and whose non trivial elements fix at most one point: such a group is necessarily isomorphic to a subgroup of the affine group, and the corresponding actions are

On uniformly quasisymmetric groups of circle diffeomorphisms 453

semiconjugate. The reader is referred to [13] for a nice exposition of these two results.

Motivated by Hölder and Solodov theorems, it was natural to ask if an analogous statement is true for subgroups of Homeo_+(S^1) having dense orbits and whose non trivial elements have at most two fixed points, taking Möbius groups as universal models. The (negative) answer to this question was given by N. Kovačević in [22]. However, the maps involved in her nice examples do not satisfy a priori any regularity property. The aim of this Appendix is to prove that, by refining the technique of construction of one of her examples, it is possible to obtain a group of real-analytic diffeomorphisms of the circle whose orbits are dense, which is pseudo-Möbius and non Möbius.

Let us start our construction by considering a real-analytic diffeomorphism H: R → R satisfying H � x +^1_2 � = H(x) + 1 for all x ∈ R, Fix (H) ∩

�_1 2 , 1 � = �_3

4 ,^7_8 , 1 � , and

(17) H^′(x) > H^′(y) for all x ∈

�_1 2 ,^3_4 � and all y ∈

�_3 4 , 1 � . To construct H one can start by considering a real-analytic diffeomorphism ^H : R → R satisfying H(x + 1) = H(x) + 1 for all x ∈ R, Fix ( ^H ) = Z, ^H

�_1 2 � =^3_4 , ^H �^3_4 ) =^7_8 , and such that ^H ′(x) > ^H ′(y) for all x ∈ �0,^1_2 � and all y ∈ �^1_2 , 1�. (It is easy to verify the existence of such a diffeomorphism.) Then one defines H by H(x) = ^H (2x − 1). The map H induces a degree 2 map of the circle onto itself, which we will still denote by H . Let A_2 =

�_1 4 ,^3_8 � , B_2 =

�_3 8 ,^1_2 � , C_2 =

�_1 4 ,^1_2 � , A_1 =

�_3 4 ,^7_8 � , B_1 =

�_7 8 , 1 � and C_1 =

�_3 4 , 1 � . Let us now define g_1: [0, 1] → [0, 1] by g_1(x) = y if H(x) = H(y) and x ≠ y .

It is clear that g_1 coincides with the Euclidean order 2 rotation (see Figure 1). In general, for each n ∈ N let us consider the degree 2^n map H^n: S^1 → S^1 , and let us define g_n: S^1 → S^1 by g_n(x) = y if H^n(x) = H^n(y) and H^n(x) ≠ H^n(y^′) for all y^′ ∈]x, y[, where ]x, y[ is the open interval joining the points x and y (with respect to the canonical orientation of the circle). Note that g^2_n = g_{n−1} for all n ≥ 2.

The group Γ_0 generated by the elements in {g_n, n ∈ N} is a group of realanalytic diffeomorphisms of the circle which is Abelian and torsion. It is indeed an example of a pseudo-Möbius group which is non Möbius and which admits an exceptional minimal set, namely

K = S^1 \ � n∈N 2^n−1� i=0 g^i_n(C_1).

This example, essentially due to M. Hirsch [20], is especially interesting by the fact that, if the map H is well chosen, then the Lebesgue measure of K is positive. (This should be compared with Remark 4.6 in [27].)

454 Andrés Navas

Remark 3.1. The lifting to the real line of the group constructed above is a group of real-analytic diffeomorphisms which is semiconjugate (and non conjugate) to a group of translations. Adding the diffeomorphism H , one obtains a subgroup of Diff^w_+ (R) which is semiconjugate (and non conjugate) to a non Abelian subgroup of the affine group.

Now let us fix a real-analytic diffeomorphism f: S^1 → S^1 having (exactly) two fixed points and such that f(A_1) = S^1 \B_2 , with f^′(x) > 1 for all x ∈ A_1 and f^′(x) < 1 for all x ∈ S^1 \A_1 (see Figure 2). It is easy to see that one can take f as a genuine hyperbolic Möbius transformation.

Let Γ be the group generated by f and the g_n . Using a Klein type ping-pong argument, it is easy to prove that Γ is the (non Abelian) free product between Γ_0 and the infinite cyclic group generated by f . It is very interesting to remark that Γ is discrete with respect to the topology induced from Homeo_+(S^1).

In what follows we will give a short and almost self-contained proof of the fact that Γ is pseudo-Möbius, that all its orbits are dense, and that Γ is non Möbius. The proof consists of several steps.

Claim 1. All the orbits by Γ are dense.

This is delicate to prove, and it is, in fact, our main improvement to Kovačević’s construction. Let us remark that in [22] the problem of density of the orbits is settled by collapsing the intervals of the complement of an eventual exceptional minimal set. However, this argument cannot be applied if we want to obtain smooth maps. Our argument uses a result due to G. Hector, which establishes that if a group of real-analytic diffeomorphisms of the circle admits an exceptional minimal set, then the stabilizers of points are trivial or infinite cyclic. (For the reader’s convenience, we give a proof of this at the end of the Appendix.) Using this result one easily concludes that, for a group of real-analytic diffeomorphisms

On uniformly quasisymmetric groups of circle diffeomorphisms 455

of the circle preserving an exceptional minimal set, the intersection of the derived set of every orbit with each connected component of the complement of the Cantor invariant minimal set has at most two points. (In particular, the closure of the union of finitely many orbits cannot be the whole circle.) Indeed, if ]a, b[ is such a connected component and the orbit of p ∈]a, b[ intersects ]a, b[ infinitely many times, then there exists an element g ∈ Γ which fixes [a, b] and such that all the previous intersection points are of the form g^n(p) for some n ∈ Z. These points form a sequence which converges to the future (respectively to the past) to some point a^′ (respectively b^′ ) in [a, b], and so the intersection of [a, b] with the derived set of the orbit of p is {a^′, b^′}.

Let us suppose that the orbits by Γ are not dense. Since there is no finite orbit, there must be an exceptional minimal set [13]. The preceding remark then implies that the open set U = S^1 \ � Γ(0) ∪ Γ

�_3 8 � is non empty. Moreover, this set is contained in the union of intervals of type g^i_n(A_1) and g^i_n(B_1), where n ≥ 1 and i ∈ {0, . . . , 2^n − 1}.

Let I be a connected component of U having maximal length. We claim that I is contained in one of the intervals A_1 , A_2 , B_1 or B_2 . Indeed, every connected component of U which is not contained in one of those intervals lies inside g^{−i}_n (A_2) or g^{−i}_n (B_2) for some n ≥ 2 and i ∈ {1, 3, 5, . . . , 2^n − 1}. Let us consider the first case, the second being analogous. In that case, it is easy to verify that, for all x ∈ g^{−i}_n (A_2),

(18) x, H(x), . . . , H^{n−2}(x) /∈ C_1 ∪ C_2, H^{n−1}(x) ∈ A_2, H^n(x) ∈ A_1.

For each j ∈ {0, . . . , 2^n − 1} let H^n_j : g^{−j}_n (A_2) → H^n � g^{−j}_n (A_2) � ⊂]0, 1[ be the injective branch of H^n defined on g^{−j}_n (A_2). If x ∈ g^{−i}_n (A_2) then g^i_n(x) = g_1 ∘ (H^n_{2n−1} )^{−1} ∘ H^n_i (x) (see Figure 3). Thus,

(g^i_n)^′(x) =

H^′ � H^{n−1}(x) � H^′ � H^{n−1} ∘ (H^n_{2n−1} )^{−1} ∘ H^n_i (x) � · (H^{n−1})^′(x) (H^{n−1})^′ � (H^n_{2n−1} )^{−1} ∘ H^n_i (x) �.

Let us remark that (H^n_{2n−1} )^{−1} ∘ H^n_i (x) belongs to the interval A_1 , which is invariant by H . Moreover, since H^{n−1}(x) ∈ A_2 and n ≥ 2, one has H^{n−1} � (H^n_{2n−1} )^{−1} ∘ H^n_i (x) � = g_1 � H^{n−1}(x) � . One then obtains, by (17) and (18),

(g^i_n)^′(x) ≥

(H^{n−1})^′(x) � sup_{u∈A1} H^′(u)

�_{n−1} > 1.

As a consequence we get that the connected component g^i_n(I) ⊂ A_2 of U has greater length than I , which is a contradiction.

We then conclude that the interval I is contained in A_1 , A_2 , B_1 or B_2 . Let us suppose that I ⊂ A_1 . Since f^′(x) > 1 for all x ∈ A_1 , the set f(A_1) is

456 Andrés Navas

a connected component U having greater length than I , which is absurd. For I ⊂ B_1 , I ⊂ A_2 or I ⊂ B_2 , one obtains a contradiction by a similar reasoning using the maps g_1f^{−1}g_1 , g_1fg_1 or f^{−1} , respectively. We have then proved that Γ cannot preserve a Cantor minimal set, and since Γ has no finite orbit, this finishes the proof of Claim 1.

From this point of the construction, one can follow N. Kovačević’s arguments verbatim. We will reproduce them partially for completeness, but for the interested reader we recommend the reading of the beautiful work [22]. Let us only remark that it is very important to know a priori that the orbits by Γ are dense in order to apply these arguments.

Given an oriented interval ]a, b[ of the circle, let us denote by (a, b) the (non oriented) hyperbolic geodesic joining a and b. We will say that this geodesic is defined by the interval ]a, b[. The open region contained in the unit disk and which is delimited by the geodesics defined by the intervals g^i_n(A_1) and g^i_n(B_1),

On uniformly quasisymmetric groups of circle diffeomorphisms 457

with n ∈ N and i ∈ {0, . . . , 2^n − 1}, will be denoted by Ω. For g ∈ Γ the notation g(Ω) = Ω^′ will be employed when Ω^′ is the open region delimited by the geodesics defined by the intervals gg_n(A_1) and gg_n(B_1), with n ∈ N and i ∈ {0, . . . , 2^n − 1}. If g(Ω) = Ω^′ , we will say that Ω^′ is the copy of Ω by g . Let us remark that if Ω_1 and Ω_2 are two copies of Ω and g ∈ Γ is such that g(Ω_1) ≠ g(Ω_2), then g(Ω_1) ∩ g(Ω_2) = ∅. Moreover, it is easy to see that the stabilizer of Ω in Γ coincides with Γ_0 .

Claim 2. If g ∈ Γ and ♯Fix (g) ≥ 3, then g = Id.

Let us suppose that the opposite is true and let g ∈ Γ be a non trivial element which fixes more than two points. Let I =]a, b[ be a connected component of S^1 \ Fix (g). We claim that some copy of Ω intersects the geodesic joining a and b. Indeed, in the opposite case, the geodesic (a, b) would be contained inside a copy of Ω, or it would be a component of the boundary of such a copy. In any case, the element g fixes this copy, which is absurd, since the elements of the stabilizer of a copy of Ω are the conjugates of elements of Γ_0 , and so they do not have fixed points if they are different from the identity.

Let us then fix a copy Ω_1 of Ω which intersects the geodesic (a, b). We claim that Ω ∩ (a, b) does not contain neither a nor b in its closure. Indeed, in the opposite case the set g(Ω_1) ∩ Ω_1 would be non empty, and so g would be a conjugate of an element of the stabilizer of Ω, which is absurd.

Changing g by g^{−1} if necessary, we may assume that g^n(x) converges to b for all x ∈]a, b[. Let c ∈]b, a[ be another fixed point of g (we remark that the fixed points of g are isolated). It is easy to see that for all x ∈]a, c[ near c, the sequence � g^n(x) � converges to c. This implies that the sequence of copies of Ω_1 by g^n accumulate on the geodesic joining b to c. However, the argument above shows that there exists a copy Ω_2 of Ω which cuts this last geodesic. We thus have g^n(Ω_1) ∩ Ω_2 ≠ ∅ for n sufficiently large. However, this implies that g^n is a conjugate of an element of the stabilizer of Ω, which is absurd.

Claim 3. If g ∈ Γ and ♯Fix (g) = 2, then g is topologically conjugate to a hyperbolic Möbius transformation.

We must prove that one of the fixed points is (topologically) repelling and the other is (topologically) attracting, and this is an almost direct consequence of the preceding arguments.

Claim 4. If g ∈ Γ and ♯Fix (g) = 1, then g is topologically conjugate to a parabolic Möbius transformation.

This is always true, independently of the structure of the group.

Claim 5. If g ∈ Γ and ♯Fix (g) = 0, then g is topologically conjugate to a finite order rotation.

458 Andrés Navas

For two different copies Ω_1 and Ω_2 of Ω, let us define the distance dist (Ω_1, Ω_2) as being equal to 1 plus the minimum number of copies of Ω that a curve must cross in order to go from Ω_1 to Ω_2 . Let us also define dist (Ω_1, Ω_1) = 0. If dist � Ω, g(Ω) � = 0 then g belongs to the stabilizer of Ω, and so it is a torsion element. If dist � Ω, g(Ω) � > 0 then it is not difficult to see that there exists a copy Ω_1 of Ω such that dist � Ω_1, g(Ω_1) � is equal to 0 or 1. In the first case, g is a conjugate of an element of the stabilizer of Ω, and so it has finite order. In the second case, it is easy to see that g has order 2.

Claim 6. Γ is not a Möbius group.

Indeed, the elements (g_n) generate an Abelian subgroup of Γ which acts freely but is not conjugate to a group of rotations.

Remark 3.2. It would be very interesting in our context to know if every element of Γ is not only topologically but also quasisymmetrically conjugate to a Möbius transformation (see for instance [3]). However, this seems to be a difficult problem.

Remark 3.3. The group we constructed is unfortunately non finitely generated. Let us mention that in [22], N. Kovačević gives examples of finitely generated groups of homeomorphisms of S^1 which are pseudo-Möbius and non Möbius. However, we were not able to give analogous real-analytic examples, and it is indeed not clear that this could be done. Another interesting problem is to find algebraic conditions that, imposed to a pseudo-Möbius group, imply that it is in fact a Möbius group.

To conclude this article, and for completeness, we will give a proof of Hector’s unpublished result used in the preceding construction. (Note that a sketch of proof appears already in [12, Proposition 3.9].) The following lemma is well known to the specialists. We give a simple proof “à la Kopell” using control of distortion type arguments [21].

Lemma 3.4. Let f and g be two real-analytic diffeomorphisms defined on a small neighborhood of the origin of R and which are tangent to the identity at 0. Let us suppose that for |x| ≤ ε they can be written in the form f(x) = x+a_ix^i +· · · and g(x) = x + b_j x^j + · · ·, and that f(x) < x for all x > 0 small enough. If j > i, then the sequence (f^{−n}gf^n) converges uniformly to the identity on a non degenerate interval [0, ε^′].

Proof. Let us first remark that the claim of the lemma is quite natural, since from the hypothesis j > i one can see that the Taylor expansion of f^{−n}gf^n about the origin has the form

f^{−n}gf^n(x) = x + c_{j,n}x^{j+n} + · · · .

On uniformly quasisymmetric groups of circle diffeomorphisms 459

For the proof we first affirm that there exists ε^{′′} > 0 such that g(x) ≥ f(x) and g(x) ≤ f^{−1}(x) for all x < ε^{′′} . Indeed, there exist constants C_1, C_2 > 0 such that for all x <^1_2 ε one has

|g(x) − x| ≤ C_1|x|^j, |f(x) − x| ≥ C_2|x|^i.

So, if ε^{′′} ≤ max

�_1

2 ε, (C_2/C_1)^{1/(j−i)} � is small enough, then for all x < ε^{′′} one has

g(x) ≥ x − C_1|x|^j ≥ x − C_2|x|^i ≥ f(x).

The other inequality g(x) ≤ f^{−1}(x) can be obtained in a similar way. In general, an analogous argument shows that for each positive integer N there exists ε^{′′}(N) > 0 such that if y < ε^{′′}(N) then

|g(y) − y| ≤ 1 N max � |f(y) − y|, |f^{−1}(y) − y| � . For N ∈ N let us fix n(N) ∈ N such that f^n(y) ≤ ε^{′′}(N) for all y ∈ [0, ε^′] and all n ≥ n(N). Let us define ε^′ = f(ε^{′′}). If δ > 0 is a constant such that � log(f^′)

�_′ (u) � ≤ δ for all u ∈ [0, ε^{′′}], then for all y ∈ [0, ε^′], ȳ ∈ [f(y), f^{−1}(y)] and n ∈ N,

(f^n)^′(y) (f^n)^′(ȳ)

≤ exp � δ n−1� k=0 |f^k(y) − f^k(ȳ)| � ≤ exp(ε^{′′}δ).

By the mean value theorem, for all x ∈ [0, ε^′] and all n ≥ n(N) one has

|f^{−n}gf^n(x) − x| |x − f^{±1}(x)|

≤ exp(ε^{′′}δ)

|gf^n(x) − f^n(x)| |f^n(x) − f^{n±1}(x)| ≤ exp(ε^{′′}δ) N , and then one obtains, for some constant C > 0,

|f^{−n}gf^n(x) − x| ≤

C exp(ε^{′′}δ) N . Since this last expression goes to zero as N goes to infinity, the sequence (f^{−n}gf^n) uniformly converges to the identity on [0, ε^′].

Proposition 3.5. Let Γ be a subgroup of Diff^ω_+ ([0, 1]) without fixed point on ]0, 1[. If Γ is neither trivial nor cyclic infinite, then the orbit of every point of ]0, 1[ is dense in [0, 1].

460 Andrés Navas

Proof. By Szekeres’ theorem [37], if Γ is an Abelian group of C^2 diffeomorphisms of [0, 1[ without fixed points on ]0, 1[, then the restriction of Γ to ]0, 1[ is contained in the flow associated to a C^1 vector field over [0, 1[. If Γ is Abelian and neither trivial nor cyclic infinite, then the closure of its orbits is the whole interval [0, 1], since the corresponding flow is transitive on ]0, 1[. This shows the proposition in the case where Γ is Abelian.

Let us now suppose that Γ is non Abelian. We claim that in this case there exists ε^′ > 0 and f , g in Γ which do not commute and such that f^{−n}gf^n converges uniformly to the identity on the interval [0, ε^′]. To prove this we must consider two different cases.

First case. There exists f ∈ Γ such that f^′(0) ≠ 1. Changing f by f^{−1} if necessary, one can suppose that f^′(0) = λ < 1. We claim that there exists a non trivial element g ∈ Γ such that g^′(0) = 1. Indeed, if this is not the case then every commutator in Γ would be trivial, and so Γ would be Abelian, contradicting our hypothesis. So, let us fix a non trivial element g ∈ Γ such that g^′(0) = 1. It is easy to see that f and g do not commute. By Koenig’s linearization theorem ([4, p. 31]), modulo conjugacy of f and g by a real-analytic diffeomorphism, we may assume that f(x) = λx for all 0 ≤ x ≤ ε^′ . So, after conjugacy, for x ∈ [0, ε^′] one has the uniform convergence lim n→+∞

f^{−n}gf^n(x) = lim_{n→+∞} g(λ^nx) λ^n

= g^′(0)x = x.

Second case. Every element f ∈ Γ is tangent to the identity at 0. Let f be an element of Γ whose contact order i with respect to the identity is minimal. We claim that there exists an element g ∈ Γ having contact order with respect to the identity greater than i. Indeed, if all the non trivial elements of Γ have the same contact order with the identity at 0, then the corresponding contact order of all commutators in Γ would be greater than i (due to the hypothesis of tangency to the identity), and so Γ would be Abelian, contradicting our hypothesis. So, by Lemma 3.4, f^{−n}gf^n converges uniformly to the identity on an interval [0, ε^′].

To finish the proof of the proposition, we claim that for all x ∈]0, 1[ the point 0 is contained in the interior of the closure K of the orbit by x. Indeed, by the hypothesis of non existence of fixed point on ]0, 1[, the origin belongs to K. Let us suppose that 0 does not belong to the interior of K, and let us fix a connected component I of the complement of K contained in [0, ε^′]. Since K is invariant by Γ, the preceding claim implies that f^{−n}gf^n(I) = I for n large enough. So, one has g � f^n(I) � = f^n(I) for infinitely many positive integer numbers n, which contradicts the analyticity of g .

Let us now consider the infimum u_0 ∈ [0, 1] of the set of points u ∈ [0, 1] such that [0, u] ⊂ K. The preceding claim gives u_0 > 0. Since u_0 is a fixed point by Γ, this implies that u_0 = 1, that is the orbit of x by Γ is dense. Since x ∈]0, 1[ is arbitrary, this finishes the proof.

On uniformly quasisymmetric groups of circle diffeomorphisms 461

We can finally give a proof for Hector’s result.

Theorem (Hector). If Γ is a subgroup of Diff^ω_+ (S^1) having an exceptional minimal set, then for all point a ∈ S^1 the stabilizer Γ_a of a in Γ is trivial or cyclic infinite.

Proof. The group Γ_a can be viewed as a group of real-analytic diffeomorphisms of the interval [a, a + 1]. If Γ_a is neither trivial nor cyclic infinite then, by analyticity and the preceding proposition, the orbits by Γ_a of all but a finite number of points p ∈]a, a+1[ are dense near p. As a consequence, the orbits by Γ of all but a finite number of points b ≠ a in S^1 are dense on some open set of S^1 . However, this contradicts the hypothesis of existence of an invariant exceptional minimal set.

An interesting corollary of this last theorem is the fact that every subgroup of Diff^ω_+ (S^1) having a Cantor minimal set is countable, which is not necessarily true for subgroups of Diff^∞_+ (S^1) having such a minimal set.

References

[1] Ahlfors, L.: Lectures on Quasiconformal Mappings. - Van Nostrand Mathematical Studies, 1966.

[2] Ballmann, W.: Lectures on Spaces of Nonpositive Curvature. - Birkhäuser, Basel, 1995. [3] Beklaryan, L.: On a criterion for the topological conjugacy of a quasisymmetric group to the group of affine transformations of R . - Mat. Sb. 191, 2000, 31–42. English transl.: Sb. Math. 191, 2000, 809–819.

[4] Carleson, L., and T. Gamelin: Complex Dynamics. - Universitext: Tracts in Mathematics. Springer-Verlag, New York, 1993.

[5] Casson, A., and D. Jungreis: Convergence groups and Seifert fibered 3 -manifolds. -Inv. Math. 118, 1994, 441–456.

[6] Deroin, B., V. Kleptsyn, and A. Navas: Sur la dynamique unidimensionelle en régularité intermédiaire. - Preprint, 2005.

[7] Douady, A., and C. Earle: Conformally natural extension of homeomorphisms of the circle. - Acta Math. 157, 1986, 23–48.

[8] Eliashberg, Y., and W. Thurston: Confoliations. - Univ. Lecture Ser., Amer. Math. Soc., 1998.

[9] Epstein, D., and V. Markovic: Extending homeomorphisms of the circle by quasiconformal homeomorphisms of the disc. - Preprint, Univ. of Warwick, 2003.

[10] Gabai, D.: Convergence groups are Fuchsian groups. - Ann. of Math. 136, 1992, 447–510. [11] Ghys, É.: Rigidité différentiable des groupes fuchsiens. - Publ. Math. Inst. Hautes Études Sci. 78, 1993, 163–185.

[12] Ghys, É.: Sur les groupes engendrés par des difféomorphismes proches de l’identité. - Bol. Soc. Brasileira Mat. 24, 1993, 137–178.

[13] Ghys, É.: Groups acting on the circle. - Enseign. Math. 47, 2001, 329–407. [14] Ghys, É., and T. Tsuboi: Différentiabilité des conjugaisons entre systèmes dynamiques de dimension 1. - Ann. Inst. Fourier (Grenoble) 38, 1988, 215–244.

[15] Goldman, W.: Discontinuous groups and Euler class. - Ph.D. thesis, Univ. of California, Berkeley, 1980.

462 Andrés Navas

[16] Goldman, W.: Projective Geometry on Manifolds. - Unpublished notes, 1988. [17] Herman, M.: Sur la conjugaison différentiable des difféomorphismes du cercle à des rotations. - Publ. Math. Inst. Hautes Études Sci. 49, 1979, 5–234.

[18] Hinkkanen, A.: Abelian and non discrete convergence groups of the circle. - Trans. Amer. Math. Soc. 318, 1990, 87–121.

[19] Hinkkanen, A.: The structure of some quasisymmetric groups. - Mem. Amer. Math. Soc. 83, 1990, 1–87.

[20] Hirsch, M.: A stable analytic foliation with only exceptional minimal set. - In: Lecture Notes in Math. 468, 1965, 9–10.

[21] Kopell, N.: Commuting diffeomorphisms. - In: Global Analysis, Proc. Sympos. Pure Math. XIV, Berkeley, CA, 1968, 165–184.

[22] Kovačević, N.: Examples of Möbius-like groups which are not Möbius groups. - Trans. Amer. Math. Soc. 351, 1999, 4823–4835.

[23] Kuiper, N.: Locally projective spaces of dimension one. - Michigan Math. J. 2, 1954, 95–97.

[24] Markovic, V.: Quasisymmetric groups. - Preprint, Univ. of Warwick, 2004. [25] Nag, S., and D. Sullivan: Teichmüller theory and the universal period mapping via quantum calculus and the H^{1/2} space on the circle. - Osaka J. Math. 32, 1995, 1–34.

[26] Navas, A.: Actions de groupes de Kazhdan sur le cercle. - Ann. Sci. École Norm. Sup. 35, 2002, 749–758.

[27] Navas, A.: Sur les groupes de difféomorphismes du cercle engendrés par des éléments proches des rotations. - Enseign. Math. 50, 2004, 29–68.

[28] Navas, A.: Groupes résolubles de difféomorphismes de l’intervalle, du cercle et de la droite. - Bull. Braz. Math. Soc. 35, 2004, 13–50.

[29] Navas, A.: Quelques nouveaux phénomènes de rang 1 pour les groupes de difféomorphismes du cercle. - Comment. Math. Helv. 80, 2005, 355–375 [30] Navas, A.: A family of recurrent non bounded isometric actions of Z on a Hilbert space. - Preprint, 2004.

[31] Norton, A., and D. Sullivan: Wandering domains and invariant conformal structures for mappings of the 2 -torus. - Ann. Acad. Sci. Fenn. Math. 21, 1996, 51–68.

[32] Ovsienko, V., and S. Tabachnikov: Projective Differential Geometry Old and New. From the Schwarzian Derivative to the Cohomology of Diffeomorphism Groups. - Cambridge Tracts in Math., 2005.

[33] Sacksteder, R.: Foliations and pseudogroups. - Amer. J. Math. 87, 1965, 79–102. [34] Sullivan, D.: The ergodic theory at infinity of an arbitrary discrete group of hyperbolic motions. - Ann. of Math. Stud. 97, 1981, 465–496.

[35] Tukia, P.: On two dimensional quasiconformal groups. - Ann. Acad. Sci. Fenn. Math. 5, 1980, 73–78.

[36] Voronin, S.: Analytic classification of germs of conformal mappings (C, 0) → (C, 0) . - Funktsional. Anal. i Prilozhen. 15, 1981, 1–17.

[37] Yoccoz, J. C.: Centralisateurs et conjugaison différentiable des difféomorphismes du cercle. Petits diviseurs en dimension 1. - Astérisque 231, 1995, 89–242.

Received 30 May 2005