Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 25, 2000, 41–72

OPERATOR REPRESENTATIONS OF DEFINITIZABLE FUNCTIONS

Peter Jonas

Universität Potsdam, Institut für Mathematik Am Neuen Palais 10, D-14469 Potsdam, Germany

Abstract. Let L (H ) denote the algebra of all bounded linear operators on a separable Hilbert space H . An L (H ) -valued holomorphic function F in the complement of the unit circle T satisfying F (z̄^{−1}) = −F (z)^∗ such that the values of F in the unit disc have nonnegative real part is called a Carathéodory operator function. A definitizable operator function is a function with the same T -antisymmetry which can be transformed into a Carathéodory function by multiplying with a rational scalar function and by adding a rational operator function.

We prove here, relying heavily on a result of T. Ya. Azizov, that the definitizable functions are precisely those operator functions which can be represented in the form

F (z) = iS + Γ^+(U + z)(U − z)^{−1}Γ,

where S is a bounded selfadjoint operator in H , U is a definitizable unitary operator in some Kreĭn space K , Γ is a bounded operator of H in K , and Γ^+ denotes the Kreĭn space adjoint of Γ . If the representing operator U for a given definitizable function fulfils some minimality condition, then the restrictions of U to all Pontryagin type spectral subspaces are uniquely determined up to unitary equivalence.

The main objective of this paper are the connections between sign properties of F , which were introduced in [9], and similar properties of the representing operators U . The results are carried over to a similar class of operator functions meromorphic in C \ R .

Let H be a separable complex Hilbert space and let L (H ) denote the algebra of bounded linear operators in H . By M � T; L (H ) � we denote the set of all L (H )-valued functions F which are meromorphic outside the unit circle and at ∞ and satisfy the relation F (z̄^{−1}) = − � F (z)

�_∗ at all points z of holomorphy.

A function F ∈ M � T; L (H ) � belongs to the Carathéodory class C � L (H ) � , i.e., F is holomorphic in C \ T, and for every z in the open unit disc D its real part^1_2 � F (z) + F (z)^∗ � is a nonnegative operator if and only if it admits an integral representation of the form

(0.1) F (z) = iS + (4π)^{−1}

�_{2π} 0 (e^{iΘ} + z)(e^{iΘ} − z)^{−1} dM(Θ), z ∈ C \ T,

1991 Mathematics Subject Classification: Primary 47A56; Secondary 47B50. Research supported by the Hochschulsonderprogramm III/1.6 Land Brandenburg.

42 Peter Jonas

where S ∈ L (H ) is selfadjoint and M is a positive operator measure. Moreover, F ∈ C � L (H ) � if and only if there exist a Hilbert space K , a unitary operator U in K , a mapping Γ ∈ L (H , K ) and a bounded selfadjoint operator S in H such that

(0.2) F (z) = iS + Γ^∗(U + z)(U − z)^{−1}Γ, z ∈ C \ T.

Similarly, the classes C_κ � L (H ) � , κ = 0, 1, . . ., of generalized Carathéodory functions introduced and studied by M. G. Kreĭn and H. Langer (see, e.g., [11]) can be described with the help of integral and operator representations. Recall that, by definition, a function F ∈ M � T; L (H ) � belongs to C_κ � L (H ) � if the kernel C_F ,

(0.3) C_F (z, ζ) := (1 − zζ)^{−1} � F (z) + F (ζ)^∗ � , has κ negative squares. The class C_0 � L (H ) � coincides with C � L (H ) � . A function F ∈ M � T; L (H ) � holomorphic at 0 belongs to one of the classes C_κ � L (H ) � if and only if (0.2) holds with the Hilbert space K replaced by a Pontryagin space. For more precise results, see [11].

In the present paper, we consider a class of operator functions which was introduced in [9]; here these functions will be called definitizable: A function F ∈ M � T; L (H ) � is definitizable if it can be “definitized”, which here means transformed into a Carathéodory function, by multiplying with a rational scalar function and by adding a rational operator function the poles of which are points of holomorphy of F (see Definition 1.1). In [9], D_0 � L (H ) � is the set of all definitizable L (H )-valued functions which are holomorphic at zero. The latter condition is no restriction; it can always be fulfilled with the help of a linear fractional transformation of the argument.

The functions of all the classes C_κ � L (H ) � are definitizable ([9, Proposition 2.5]). In [9], definitizable functions were characterized by representations (0.1) with the measure M replaced by a distribution T_F satisfying some sign properties (see [9, Proposition 2.2]). In the present paper we deal with operator representations (0.2) of definitizable functions where, in general, K is a Kreĭn space.

In [9] we considered operator functions z → G(U +z)(U −z)^{−1} as examples of definitizable functions, where G is a bounded and boundedly invertible selfadjoint operator in a Hilbert space � K , ( · , · ) � and U is a definitizable unitary operator in the Kreĭn space � K , (G · , · ) � . It is not difficult to verify (Theorem 1.7 below) that for Γ ∈ L (H , K ) and selfadjoint S ∈ L (H ) the function

(0.4) z −→ iS + Γ^∗G(U + z)(U − z)^{−1}Γ

is again definitizable.

Operator representations of definitizable functions 43

On the other hand, by a result of T. Ya. Azizov ([1]), every function F ∈ M � T; L (H ) � which is holomorphic at 0 admits an operator representation (0.4) with a unitary but not necessarily definitizable operator U .

In Section 1 of the present paper we recall some definitions from [9] and introduce the notion of a regular critical point. We prove that for every definitizable function F in its representation (0.4), the operator U is definitizable if U fulfils a minimality condition. Relations between properties of F and of a minimal representing operator U are studied.

In Section 2 we deal with the problem to which extent the representing operator U is determined by the function F . It is well known that two minimal representing operators, U_1 and U_2 , for the same definitizable function are weakly isomorphic (cf. [3] or Theorem 1.8). We give an example which shows that, in general, U_1 and U_2 may not be unitarily equivalent with respect to the Kreĭn space inner products.

In Section 3 the definitions and results are carried over by linear fractional transformations to the case of operator functions which are symmetric with respect to the real axis R. These operator functions often appear in applications. For instance, R-symmetric definitizable functions occur in the theory of operator polynomials, in connection with Sturm–Liouville problems with floating singularity and in the extension theory of symmetric operators in Kreĭn spaces (cf. Section 3.4).

Similar results can be proved for some class of operator functions which locally behave like definitizable functions. This case will be considered in a subsequent paper.

All definitions and results of the present paper can be carried over without difficulty to the case when the T-antisymmetry of the operator functions F is understood with respect to a Kreĭn space inner product [ · , · ] on H instead of the Hilbert space scalar product ( · , · ). Indeed, if G^′ ∈ L (H ) is the boundedly invertible operator defined by [x, y] = (G^′x, y), x, y ∈ H , then the relation F (z̄^{−1}) = −F (z)^+ where F (z)^+ denotes the adjoint of F (z) with respect to [ · , · ] is equivalent to G^′F (z̄^{−1}) = − � G^′F (z)

�_∗ . The same applies for the other properties which will be studied in the following, and for R-symmetric operator functions.

1. Representations of definitizable functions skew symmetric with respect to the unit circle

1.1. Notation and definitions. If S is a subset of the extended complex plane C, we set ^S := {z ∈ C : z̄^{−1} ∈ S }. For a scalar (or L (H )-valued) function f defined on a set D = ^D ⊂ C, we define f̂ (μ) := f(μ̄^{−1}) (f̂ (μ) := f(μ̄^{−1})^∗ ), μ ∈ D . For a Banach space X , let R_{0,∞}(X) denote the set of all functions C ∋ z −→ � j∈Z c_j z^j with c_j ∈ X , where the sum is finite, R_{0,∞} := R_{0,∞}(C).

By R^s_{0,∞} we denote the set of all functions g ∈ R_{0,∞} such that g = ĝ .

44 Peter Jonas

The linear space of locally holomorphic functions on a compact set K ⊂ C is denoted by H(K). H(K; H ) denotes the analogous space of H -valued functions. Similar notation is used for other spaces of vector-valued functions.

We recall the definitions of the analytic functionals T_F and T_F ( · , · ) from [9]. Let L = L̂ be a compact subset of C such that T ⊂ L and D \ L is connected. Then with every L (H )-valued function F which is holomorphic in (D \ L) ∪ ( ^D \ L) and satisfies F (z̄^{−1}) = − � F (z)

�_∗

, z ∈ (D \ L) ∪ ( ^D \ L), we connect an analytic functional T_F ∈ L � H(L), L (H ) � (cf. [9]):

(1.1) T_F .f := − � C F (z)f(z)(iz)^{−1} dz, f ∈ H(L).

Here C is the oriented boundary of a finite union Ω of smooth bounded domains containing L such that f is defined on Ω and 0 /∈ Ω. Moreover, for every f as in (1.1) and u, v ∈ H(L, H ) we define

(1.2) T_F (u, v).f := − � C � F (z)u(z), v(z̄^{−1} ) � f(z)(iz)^{−1} dz,

where C is as above and such that u and v are defined on Ω. If f = f̂ holds, the sesquilinear form (u, v) −→ T_F (u, v).f is hermitian. If F is a Carathéodory function and (0.1) holds, then T_F coincides with M regarded as an operatorvalued Radon measure restricted to H(T).

The set of all z ∈ C such that F ∈ M � T; L (H ) � can analytically be continued in z in a unique way is denoted by P(F ). We set Σ(F ) := C \ P(F ). Note that in [9] the notation σ(F ) has been used instead of Σ(F ).

If F ∈ M � T; L (H ) � is holomorphic at 0 and ∞, has only a finite number of poles outside T and there exists an m ∈ N such that

(1.3) sup � ‖F (z)‖ � �1 − |z| � �^m : |z| ∈ (η, 1) ∪ (1, η^{−1})� < ∞

for some η ∈ (0, 1), then T_F can be extended by continuity to

C^{m+1}(T) × H � Σ(F ) \ T � ([9, Proposition 1.1]). Under the same assumptions on F , T_F ( · , · ) can be extended by continuity to � C^{m+1}(T, H ) × H � Σ(F ) \ T, H

�_2 × � C^{m+1}(T) × H � Σ(F ) \ T � ([9, Proposition 1.2]). We use this extended form, as in [9], to introduce sign types of open subsets of T with respect to F .

Let first L be a linear space equipped with a hermitian sesquilinear form [ · , · ]. We denote by κ_+ � (L , [ · , · ]) � (κ_− � (L , [ · , · ]) � ) the least upper bound

Operator representations of definitizable functions 45

(≤ ∞) of the dimensions of the subspaces of L which are positive (resp., negative) definite with respect to [ · , · ].

For F as above and f ∈ C^∞(T) × H � Σ(F ) \ T � with f = f̂ , we define

κ_±(f; F ) := κ_± � R_{0,∞}(H ), T_F ( · , · ).f � . An open subset γ of T is said to be of positive type (negative type, type π_+ and type π_− ) with respect to F if κ_−(f; F ) = 0 (κ_+ (f; F ) = 0, κ_−(f; F ) < ∞, κ_+(f; F ) < ∞) for all nonnegative functions f ∈ C^∞(T) × H � Σ(F ) \ T � with supp f ⊂ γ . We say that γ is of definite type (type π ), if it is of positive or of negative type (resp., type π_+ or type π_− ). A point α ∈ T is called a critical point (an essential critical point) with respect to F if α is not contained in an open subset of T of definite type (resp., type π ) with respect to F ; we write α ∈ K(F ) (resp., α ∈ K_∞(F )).

Definition 1.1. A function F ∈ M � T; L (H ) � is called definitizable if there exists a scalar rational function g such that gF is the sum of a Carathéodory function H , and an L (H )-valued rational function h the poles of which belong to P(F ):

(1.4) g(z)F (z) = H(z) + h(z)

for all points z ∈ C \ T of holomorphy of gF . A rational operator function is by definition a meromorphic operator function in C. A function g with the property mentioned above is called a definitizing function for F .

Evidently, a definitizable function F has only a finite number of poles outside T and (1.3) holds for some m ∈ N. There is no loss of generality in assuming that the definitizing function g is T-symmetric, g = ĝ . Indeed, if (1.4) holds, then

ĝ(z)F (z) = − � g(z̄^{−1})F (z̄^{−1})

�_∗ = −H(z̄^{−1})^∗ − h(z̄^{−1})^∗ = H(z) − h(z̄^{−1})^∗.

Hence^1_2 (g + ĝ) =^1_2 (g + ĝ)^ is definitizing.

The following lemma shows, in particular, that a function F ∈ M � T; L (H ) � which satisfies the conditions of the above definition except the requirement that the poles of h belong to P(F ) is still definitizable. In this case, g is not necessarily definitizing for F in the sense of Definition 1.1. Moreover, the subsequent lemma will show that Definition 1.1 can equivalently be formulated with the help of special definitizing functions g , see the definition in [9].

Lemma 1.2. Besides H let a further Hilbert space H^′ be given. Let H ∈ M � T; L (H^′) � be a Carathéodory function, q a scalar rational function, q = q̂ , k an L (H , H^′)-valued rational function and h an L (H )-valued rational function, h = −ĥ. Then the operator function F defined by

F (z) := q(z)k(z̄^{−1})^∗H(z)k(z) + h(z)

46 Peter Jonas

for all z ∈ C where q , H , k and h are holomorphic, is definitizable. Moreover, if z_0 ∈ D is a point of holomorphy of F , there exists a definitizing function g = ĝ of F with the following properties:

(i) g has poles at most at z_0 and z̄^{−1}_0 .

(ii) There is a decomposition gF = H_0 + h_0 with the properties mentioned in Definition 1.1 such that, in addition, P(F ) ⊂ P(H_0) and h_0 has poles at most at z_0 and z̄^{−1}_0 .

Proof. We assume that z_0 as in the lemma is not zero. This is no restriction. Let α_j , j = 1, . . . , j_0 , be the poles of the functions q(z)^{−1} , k(z̄^{−1})^∗ , k(z) and q(z)^{−1}h(z) and let ν_j be the sum of the orders of α_j as a pole of these four functions, ν :=

�_{j0}

j=1 ν_j . We set

p(z) :=

�_{j0}� j=1 (z^{−1} − ᾱ_j )^{νj} (z − α_j )^{νj} � (z^{−1} − z̄_0)^{−ν} (z − z_0)^{−ν} .

Then g := pq^{−1} has poles at most at z_0 and z̄^{−1}_0 , and we have

(1.5) g(z)F (z) = p(z)k(z̄^{−1})^∗H(z)k(z) + p(z)q(z)^{−1} h(z).

If z_0 ∈ T, then z_0 is no accumulation point of Σ(H), and we denote by γ a closed arc of T with z_0 /∈ γ and Σ(H) \ {z_0} ⊂ γ . If z_0 /∈ T, we set γ = T. Outside γ ∪ {z_0, z̄^{−1}_0 }, the function p(z)k(z̄^{−1})^∗H(z)k(z), which belongs to M � T; L (H ) � , is holomorphic. We decompose this function,

(1.6) p(z)k(z̄^{−1})^∗H(z)k(z) = H_0(z) + h̃_0(z)

such that H_0 , h̃_0 ∈ M � T; L (H ) � , Σ(H_0) ⊂ γ , Σ(h̃_0) ⊂ {z_0, z̄^{−1}_0 } (see, e.g., [9, Section 1.3]). By (1.5) and (1.6) and since h̃_0 and pq^{−1}h are rational operator functions which have no poles in C \ {z_0, z̄^{−1}_0 }, it remains to verify that H_0 ∈ C � L (H ) � and P(F ) ⊂ P(H_0). The latter relation follows from (1.5), (1.6) and the construction of H_0 .

We choose ε > 0 so that z_0 /∈ {z ∈ D : dist(z, γ) ≤ ε} =: U_1 . Let C := ∂(U_1 ∪ ^U_1). If u ∈ R_{0,∞}(H ), then

T_{H0} (u, u).1 = − � C � H_0(ζ)u(ζ), u(ζ̄^{−1}) � H (iζ)^{−1} dζ = − � C p(ζ) � H(ζ)k(ζ)u(ζ), k(ζ̄^{−1})u(ζ̄^{−1}) � H^′ (iζ)

−1 dζ

= T_H (v, v).1 ≥ 0.

Here v is a function coinciding with

�_{j0} j=1(z − α_j )^{νj} � (z − z_0)^{−ν} k(z)u(z) in a neighbourhood of U_1 ∪ ^U_1 and equal to zero in a neighbourhood of {z_0, z̄^{−1}_0 }. Hence H_0 is a Carathéodory function (see [9, relation (1.6)]).

Operator representations of definitizable functions 47

Remark 1.3. Evidently, the assertions of Lemma 1.2 remain true if H ∈ M � T; L (H^′) � is a definitizable function.

The following lemma can be proved in the same way as Lemma 1.2.

Lemma 1.4. Let F ∈ M � T; L (H ) � be definitizable. Let g = ĝ be a scalar rational function such that its poles α_j , j = 1, . . . , j_0 , in D belong to P(F ). Denote by ν_j the order of the pole α_j , ν :=

�_{j0}

j=1 ν_j . If β_k ∈ D∩ P(F ), μ_k ∈ N, k = 1, . . . , k_0 ,

�_{k0}

k=1 μ_k = ν and

p(z) :=

� j_0� j=1 (z^{−1} − ᾱ_j )^{νj} (z − α_j )^{νj} � × �_{k0}� k=1 (z^{−1} − β̄_k)^{μk} (z − β_k)^{μk}

�_{−1} ,

then g is definitizing for F if and only if pg is definitizing for F .

In the following we mostly consider the class D_0 � T; L (H ) � (in [9] denoted by D_0 � L (H ) � ) of those definitizable functions which are holomorphic at 0 and ∞.

This involves no loss of generality (see Introduction). By Lemma 1.2, for F ∈ D_0 � T; L (H ) � , there is always a definitizing function g ∈ R^s_{0,∞} .

Simple examples of definitizable functions are the differences F_1 − F_2 of two Carathéodory functions F_1 , F_2 with Σ(F_1) ∩ Σ(F_2) = ∅. By [9, Proposition 2.2], a definitizable function F is of this form if and only if it is holomorphic in C \ T, i.e., Σ(F ) ⊂ T, and has no critical points, i.e., K(F ) = ∅.

Similarly, if F_i ∈ C_{κi} � L (H ) � , κ_i is a nonnegative integer, i = 1, 2, and Σ(F_1) ∩ Σ(F_2) = ∅, then F_1 − F_2 is definitizable. It is easy to verify that a definitizable function F is of this form if and only if all poles of F outside T have finite multiplicity (see [9, Lemma 1.5]) and F has no essential critical points, i.e., K_∞(F ) = ∅.

1.2. Poles and regular critical points of definitizable functions. Let F ∈ D_0 � T; L (H ) � , α ∈ Σ(F ) ∩ T, and assume that there is an open arc γ containing α such that γ \ {α} ⊂ P(F ). Then, by Definition 1.1, α is a pole of F . If k is the order of the pole α, then the operator function

λ −→ iF � −α λ − i λ + i � =: G(λ)

which is holomorphic in {λ : 0 < |λ| < ρ} for sufficiently small ρ has a pole of order k at 0. Let G_{−k}λ^{−k} + · · · + G_{−1}λ^{−1}

be the principal part of G at 0. Then, by the skew-symmetry of F , G_{−i} , i = 1, . . . , k , are bounded selfadjoint operators in H . Let ~G denote the selfadjoint

48 Peter Jonas

operator � � � � G_{−1} G_{−2} · · · G_{−k} G_{−2} G_{−3} · · · 0 . . . . . . G_{−k} 0 · · · 0

� � � �

in H^k . In the following proposition we characterize some sign properties of the pole with the help of the operator ~G .

Proposition 1.5. Let F , α, γ , ~G be as above. Then the multiplicity of the pole α of F is equal to dim R( ~G). If f ∈ C^∞(T) × H � Σ(F ) \ T � , supp f ⊂ γ , and f is identically equal to one in some neighbourhood of α, then

κ_+(f; F ) = dim R � E � (−∞, 0); ~G � , κ_−(f; F ) = dim R � E � (0, ∞); ~G � , where E( · ; ~G) is the spectral function of ~G.

Proof. The first statement is a well-known fact. If C_{ρ/2} := {λ : |λ| = ρ/2} and p(λ) = p_0 + p_1λ + · · · + p_{k−1}λ^{k−1} , p_0, . . . , p_k ∈ H , then we have

(1.7)

−4π � � � � � � � � G_{−1} G_{−2} · · · G_{−k} G_{−2} G_{−3} · · · 0 . . . . . . G_{−k} 0 · · · 0

� � � � � � � � p_0 p_1 . . p_{k−1}

� � � � , � � � � p_0 p_1 . . p_{k−1}

� � � � � � � � H^k

= −4π(2πi)^{−1} � C_{ρ/2}

λ^{−1} � G_{−1}(p_0, p_0) + G_{−2} � (p_0, p_1) + (p_1, p_0) �

· · · + G_{−k} � (p_0, p_{k−1}) + · · · + (p_{k−1}, p_0) � dλ = 2i � C_{ρ/2} � G(λ)p(λ), p(λ̄) � dλ. With the substitution

λ = i

1 − zα^{−1}

1 + zα^{−1}

we get (1.8) 2i � C_{ρ/2} � G(λ)p(λ), p(λ̄) � dλ = −4 � C � F (z) 1 1 + zα^{−1} p � i 1 − zα^{−1}

1 + zα^{−1} � , 1 1 + z̄^{−1}α^{−1} p � i 1 − z̄^{−1}α^{−1}

1 + z̄^{−1}α^{−1} � dz iz , where C is a circle in P(F ) such that the interior domain corresponding to C intersects Σ(F ) at the point α. Relations (1.7) and (1.8) imply the proposition.

Operator representations of definitizable functions 49

If α and γ are as in Proposition 1.5, then we define the sign type of the pole α to be the sign type of γ with respect to F .

A critical point λ of F ∈ D_0 � T; L (H ) � is called regular, if there exists an open arc γ , λ ∈ γ , such that T_F restricted to γ \ {λ} is a bounded operator measure. The set of all regular critical points of F is denoted by K_r(F ). A critical point which is not regular is called singular. We set K_s(F ) := K(F ) \ K_r(F ). The following proposition will be needed below for the construction of a special operator representation.

Proposition 1.6. Let e^{iΘ0} ∈ K(F ) for some Θ_0 ∈ R and let ε, 0 < ε < π , be chosen so that the arcs {e^{iΘ} : Θ ∈ (Θ_0 − ε, Θ_0)} and {e^{iΘ} : Θ ∈ (Θ_0, Θ_0 + ε)} are of definite type with respect to F . Let γ_1 := {e^{iΘ} : Θ ∈ (Θ_0 − ε_1, Θ_0)}, γ_2 := {e^{iΘ} : Θ ∈ (Θ_0, Θ_0 + ε_2)} for some ε_1 , ε_2 , 0 < ε_1, ε_2 < ε. Then the following statements are equivalent. (1) e^{iΘ0} ∈ K_r(F ).

(2) There exists a decomposition of F , F = 3� i=0 F_i, F_i ∈ D_0 � T; L (H ) � , i = 0, 1, 2, 3,

with the following properties.

(i) Σ(F_0) = {e^{iΘ0} }, Σ(F_1) ⊂ γ_1 , Σ(F_2) ⊂ γ_2 , Σ(F_3)∩(γ_1 ∪{e^{iΘ0} }∪γ_2) = ∅. (ii) F_i ∈ C � L (H ) � or −F_i ∈ C � L (H ) � , i = 1, 2. For arbitrary x ∈ H , the angular limits

^lim_{z→eiΘ0} (z − e^{iΘ}0 )(F_1(z)x, x),

^lim_{z→eiΘ0} (z − e^{iΘ}0 )�F_2(z)x, x�,

^lim_{z→ei(Θ0 −ε1)} (z − e^{i(Θ}0^{−ε}1^))�F_1(z)x, x�,

^lim_{z→ei(Θ0 +ε2)} (z − e^{i(Θ}0^{+ε}2^))�F_2(z)x, x�

are zero.

If (2) holds, the functions F_i are unique up to terms of the form iS , S selfadjoint, and the set of functions {F_0(z) + iS} does not depend on the special choice of γ_1 and γ_2 .

Proof. Assume that (1) holds. Let (χ_{1,n}), (χ_{2,n}) be sequences of nonnegative functions in C^∞(T) × H � Σ(F ) \ T � , supp χ_{1,n} ⊂ γ_1 , supp χ_{2,n} ⊂ γ_2 with the following properties: for any compact subsets K_1 ⊂ γ_1 , K_2 ⊂ γ_2 , there exists an N such that for n ≥ N , χ_{1,n} is equal to 1 on K_1 and χ_{2,n} is equal to 1 on K_2 , and (χ_{1,n}) and (χ_{2,n}) converge monotonically increasing to 1 on γ_1 and γ_2 , respectively. Then the operator functional T_i , i = 1, 2, defined by

T_i.f := lim_{n→∞} T_F .χ_{i,n}f, f ∈ C^∞(T) × H � Σ(F ) \ T � ,

50 Peter Jonas

is a positive or a negative operator measure with support contained in γ_i . For arbitrary x ∈ H , the measure � T_i( · )x, x � , i = 1, 2, has no masses at the endpoints of γ_1 and γ_2 . Let χ_0 ∈ C^∞(T)×H � Σ(F )\T � with supp χ_0 ⊂ γ_1∪{e^{iΘ0} }∪γ_2 such that χ_0 is identically equal to one in some neighbourhood of e^{iΘ0} and define T_0 := χ_0(T_F − T_1 − T_2), T_3 := T_F − T_0 − T_1 − T_2 . If we set F_i(λ) := T_i.f_λ − (4π)^{−1}T_i.1, i = 0, 1, 2, 3, we get (cf. [9, Section 1.3])

F (λ) − i Im F (0) = 3� i=0 F_i(λ).

This decomposition of F has the properties required in (2). It is easy to see that (2) implies (1).

We note that the second part of (ii) is equivalent to the fact that the measures � T_{Fi} ( · )x, x � , i = 1, 2, have no masses at the endpoints of γ_1 and γ_2 . Then, if (2) holds, the uniqueness property of the functions F_i , i = 0, 1, 2, 3, follows from the fact that the corresponding functionals T_{Fi} are uniquely determined. This proves Proposition 1.6.

We shall say that the critical point e^{iΘ0} of F has a mass of positive type, if the pole e^{iΘ0} of F_0 is of positive type. It is the same for the other sign types.

1.3. Definitizable functions defined by operators. We now consider, besides H , a further Hilbert space K and denote the scalar product in K by ( · , · ), in the same way as in H . Let W be a bounded selfadjoint operator in K , let U ∈ L (K ), 0 ∈ ρ(U) and (W Ux, Uy) = (W x, y) for all x, y ∈ K . If S is a selfadjoint bounded operator in H and Γ ∈ L (H , K ) and U is a domain in C such that 0 ∈ U and U ∪ ^U ⊂ ρ(U) ∪ {∞}, then the function F defined by

(1.9) F (z) = iS + Γ^∗W (U + z)(U − z)^{−1}Γ, z ∈ U ∪ ^U ,

satisfies the relation F (z) = −F (z̄^{−1})^∗ . Indeed, from the relations U^∗W = W U^{−1} , (U^∗)^{−1}W = W U , by expansions of the resolvent of U at 0 and ∞ and analytic continuation, it follows that

(1.10) (U^∗ − z̄)^{−1}W = W (U^{−1} − z)^{−1}, z ∈ U ∪ ^U ,

which implies the skew-symmetry of F .

We give some relations connecting F and U , which will be used later on. (1.9) and U^∗W = W U^{−1} imply the following identities:

2 Re F (0) = 2Γ^∗W Γ,

(k!)^{−1}F^{(k)}(0) = 2Γ^∗W U^{−k}Γ, k ∈ N,

(k!)^{−1} � F^{(k)}(0)

�_∗ = 2Γ^∗W U^kΓ, k ∈ N.

Operator representations of definitizable functions 51

Then, as in relation [9, (1.21)], we verify that

4πΓ^∗W U^lΓ = T_F .λ̇^l, l ∈ Z,

where λ̇^l denotes the function λ −→ λ^l , and hence,

(1.11) 4πΓ^∗W g(U)Γ = T_F .g, g ∈ R_{0,∞}.

Therefore, if x_{−n}, . . . , x_n ∈ H and g ∈ R_{0,∞} , we find

(1.12)

(4π)^{−1}T_F

�_n�

j=−n

x_jλ̇^j , n� k=−n

x_kλ̇^k � .g = (4π)^{−1} n� j,k=−n � (T_F .gλ̇^{j−k})x_j , x_k �

= n� j,k=−n � Γ^∗W g(U)U^{j−k} Γx_j , x_k �

= � W g(U)(U^{−n}Γx_{−n} + · · · + U^nΓx_n � , U^{−n}Γx_{−n} + · · · + U^nΓx_n).

With the help of (1.12) and [9, relation (1.6)] one could easily verify the following theorem (cf. proof of Theorem 1.9), but we will give a short direct proof.

Theorem 1.7. Let K , W , U , S , Γ and U be as above and let F be the L (H )-valued function defined by (1.9). Then the following holds.

(i) If for some rational function g = ĝ the poles of which belong to U ∪ ^U we have � W g(U)x, x � ≥ 0 for all x ∈ K , then F has an analytic continuation to a definitizable function and g is a definitizing function for F .

(ii) If for some rational function g = ĝ the poles of which belong to U ∪ ^U the hermitian form � W g(U) · , · ) on K has κ negative squares, then F has an analytic continuation to a definitizable function. Moreover, there exist a function H ∈ C_κ′ � L (H ) � , 0 ≤ κ^′ ≤ κ, holomorphic in U ∪ ^U , and a rational operator function h holomorphic at all points where g is holomorphic such that

g(z)F (z) = H(z) + h(z)

for all points z of holomorphy of g , F , H and h.

Proof. Assertion (i) is a consequence of (ii). In order to prove (ii), assume that � W g(U) · , · � has κ negative squares. We have

(1.13) g(z)F (z) = ig(z)S + Γ^∗W g(U)(U + z)(U − z)^{−1}Γ − Γ^∗W � g(U) − g(z) � (U + z)(U − z)^{−1}Γ.

Since the first and the third term on the right of (1.13) are rational operator functions holomorphic at all points where g is holomorphic, it remains to verify that the function H(z) := Γ^∗W g(U)(U + z)(U − z)^{−1}Γ

52 Peter Jonas

belongs to C_κ′ � L (H ) � for some κ^′ , 0 ≤ κ^′ ≤ κ. From (1.10) it follows

H(ζ)^∗ = Γ^∗W g(U)(U^{−1} − ζ̄)^{−1}(U^{−1} + ζ)Γ.

If x, y ∈ H , z, ζ ∈ U ∪ ^U , a simple computation gives

(1 − zζ̄)^{−1} � H(z) + H(ζ)^∗ � x, y � = (1 − zζ̄)^{−1} � W g(U) � (U + z)(U − z)^{−1} + (U^{−1} + ζ̄)(U^{−1} − ζ̄)^{−1} � Γx, Γy � = 2 � W g(U)(U − z)^{−1}(U^{−1} − ζ̄)^{−1}Γx, Γy � = 2 � W g(U)(U − z)^{−1}Γx, (U − ζ)^{−1}Γy � . By assumption, this kernel has no more than κ negative squares and Theorem 1.7 is proved.

If 0 ∈ ρ(W ), then (K , [ · , · ]) with [ · , · ] := (W · , · ) is a Kreĭn space, U is unitary in this Kreĭn space, and in the above formulas Γ^∗W can be replaced by the Kreĭn space adjoint Γ^+ .

We recall that a unitary operator U in a Kreĭn space (K , [ · , · ]) is called definitizable if there exists a rational function g = ĝ whose poles belong to ρ(U) ∪ {∞} such that [g(U)x, x] ≥ 0, x ∈ K . A function g with this property is called a definitizing function for U . With this notation, Theorem 1.7(i) says that every definitizing function for U is also definitizing for F (z) = iS +Γ^+(U +z)(U −z)^{−1}Γ. It is well known that if for some rational function g_0 = ĝ_0 the form [g_0(U) · , · ] has a finite number of negative squares on K , then U is definitizable.

In the following subsections we shall make use of the spectral function E( · ; U) and the notion of the critical point of a definitizable unitary operator U (see [14], [7]). We denote by c(U) the set of critical points of U .

1.4. Operator representations of a given definitizable function. In this section we consider operator representations of a given definitizable function. First we recall T. Azizov’s result mentioned in the introduction, in a form convenient for our purpose. If T is a closed operator or a closed linear relation in a Kreĭn space K with ρ(T ) ≠ ∅, R is a class of functions which are locally holomorphic on the spectrum of T , and M is a subset of K , then we define

K (T, R, M ) := sp {g(T )x : g ∈ R, x ∈ M } and K (T, R, M ) := K (T, R, M ).

Theorem 1.8 ([1], see also [3]). Let F be an L (H )-valued function holomorphic on D_r ∪ ^D_r , D_r := {z : |z| < r}, for some r ∈ (0, 1) such that

Operator representations of definitizable functions 53

F (z) = −F (z̄^{−1})^∗ , z ∈ D_r ∪ ^D_r . Then there exist a Kreĭn space K , a unitary operator U in K , D_r ∪ ^D_r ⊂ ρ(U) ∪ {∞}, and Γ ∈ L (H , K ) such that

(1.14) F (z) = i Im F (0) + Γ^+(U + z)(U − z)^{−1}Γ, z ∈ D_r ∪ ^D_r, and (1.15) K =K (U, R_{0,∞}, ΓH ).

If F admits two such representations with Kreĭn spaces (K_j, [ · , · ]_j ), operators Γ_j ∈ L (H , K_j) and unitary operators U_j ∈ L (K_j ), j = 1, 2, then

(1.16) V : m� i=1 f_i(U_1)Γ_1x_i −→ m� i=1 f_i(U_2)Γ_2x_i,

x_i ∈ H , f_i ∈ R_{0,∞} , i = 1, . . . , m, defines a linear and isometric mapping of the dense linear set K_1(U_1, R_{0,∞}, Γ_1H ) in K_1 onto the dense linear set K_2(U_2, R_{0,∞}, Γ_2H ) in K_2 such that

U_2V y = V U_1y, y ∈ K_1(U_1, R_{0,∞}, Γ_1H ).

The relation (1.15) is called a minimality condition. The last relation can easily be verified with the help of (1.14). It is called the weak isomorphy of the two minimal representing operators U_1 and U_2 (cf. [3]).

Theorem 1.9. Let F ∈ D_0 � T; L (H ) � and let, for some r ∈ (0, 1),

F (z) = i Im F (0) + Γ^+(U + z)(U − z)^{−1}Γ, z ∈ D_r ∪ ^D_r,

be a minimal representation of F as in Theorem 1.8. Then the unitary operator U in K is definitizable and we have ρ(U)∪{∞} = P(F ). Moreover, the following holds:

(i) Every definitizing function g ∈ R^s_{0,∞} for F is definitizing also for U . (ii) If, for some g ∈ R^s_{0,∞} ,

g(z)F (z) = H(z) + h(z)

where H ∈ C_κ(L � H ) � is holomorphic at 0 and h ∈ R_{0,∞} � L (H ) � and equality holds for all those z ∈ C\T where g , F , H and h are holomorphic, then g(U) has κ negative squares.

54 Peter Jonas

Proof. Let g ∈ R^s_{0,∞} and H be as in assertion (ii). Since T_H ( · , · ).1 = T_F ( · , · ).g has κ negative squares (cf. [9, relation (1.6)]), it follows with the help of (1.12) that [g(U) · , · ] has κ negative squares on K (U, R_{0,∞}, ΓH ). Therefore, g(U) has κ negative squares. With κ = 0, we get that U is definitizable and assertion (i).

If μ ∈ ρ(U) ∪ {∞}, it follows by the definition of P(F ) that μ ∈ P(F ). It remains to verify that P(F ) ⊂ ρ(U) ∪ {∞}. By (1.12) we have

(1.17)

(4π)^{−1} n� j,k=−n � (T_F .fλ̇^{j−k} )x_j , x_k �

= [f(U)(U^{−n} Γx_{−n} + · · · + U^nΓx_n), U^{−n}Γx_{−n} + · · · + U^nΓx_n] for all f ∈ R_{0,∞} , x_i ∈ H , i = −n, . . . , n. Let μ ∈ P(F ) \ (T ∪ {0} ∪ {∞}) and let (f_n) be a sequence in R_{0,∞} converging uniformly to 1 in some neighbourhood of μ and to 0 in some neighbourhood of Σ(F )∪ � σ(U)\{μ} � . Then f_n(U) converges with respect to the operator norm. By (1.17) the limit is zero, hence μ ∈ ρ(U).

Let μ ∈ P(F ) ∩ T and let γ be an open arc of T such that μ ∈ γ , γ̄ ⊂ P(F ) and the endpoints of γ do not belong to c(U). Then there exists a sequence (f_n) in R_{0,∞} such that (f_n) converges uniformly to 0 in a neighbourhood of Σ(F ) and � f_n(U) � converges strongly to E(γ; U). By (1.17) we have E(γ; U) = 0 and, hence, μ ∈ ρ(U), which proves Theorem 1.9.

Remark 1.10. Under the assumptions of Theorem 1.9, a rational function g = ĝ the poles of which belong to P(F ) = ρ(U) ∪ {∞} is definitizing for F if and only if it is definitizing for U . This follows from Theorems 1.7 and 1.9 and Lemma 1.4.

Remark 1.11. If J is a fundamental symmetry of the Kreĭn space K and U is a unitary operator in K , then, as a consequence of Theorems 1.7 and 1.9, U is definitizable if and only if z −→ J(U + z)(U − z)^{−1} defined in a neighbourhood of {0, ∞} can analytically be continued to a definitizable operator function. The sets of the corresponding definitizing rational functions the poles of which belong to ρ(U) ∪ {∞} coincide.

The following theorem will show, in particular, that a definitizable function and a minimal definitizable unitary representing operator have similar sign and multiplicity properties.

First, we recall some definitions for a definitizable unitary operator U in a Kreĭn space K . Let E( · ) := E( · ; U) be the spectral function of U . A critical point α of U is called regular (we write α ∈ c_r(U)) if there exists an open arc γ_0 ∋ α with γ_0∩(c(U)\{α}) = ∅ such that the projections E(γ), γ = γ̄ ⊂ γ_0\{α}, are uniformly bounded. The elements of c_s(U) = c(U) \ c_r(U) are called singular critical points. A critical point α with the property that for every open arc γ such that α ∈ γ and E(γ) is defined, the range of E(γ) is neither a Hilbert or anti-Hilbert space nor a Pontryagin space, is called an essential critical point. The set of essential critical points of U is denoted by c_∞(U).

Operator representations of definitizable functions 55

Theorem 1.12. Let F ∈ D_0 � T; L (H ) � and let

(1.18) F (z) = i Im F (0) + Γ^+(U + z)(U − z)^{−1}Γ, z ∈ ρ(U),

be a representation of F with a definitizable unitary operator U in a Kreĭn space K . Let E be the spectral function of U . Then the following holds: (i) Σ(F ) ⊂ σ(U).

(ii) K(F ) ⊂ c(U). If, in addition, the representation is minimal, we have K(F ) = c(U).

(iii) For every open subarc γ of T, the endpoints of which do not belong to c(U), and every g ∈ R^s_{0,∞} , we have

(1.19) κ_± � C^∞(T, H ) × H � Σ(F ) \ T, H � γ , T_F (·, ·).g � ≤ κ_± � E(γ)K , [g(U) · , · ]) � . Here � C^∞(T, H ) × H � Σ(F ) \ T, H � γ denotes the linear space of all functions of C^∞(T, H ) × H(Σ(F ) \ T, H ) with support in γ . In particular,

(1.20) κ_± � C^∞(T, H ) × H � Σ(F ) \ T, H � γ , T_F ( · , · ).1 � = κ_± � R_{0,∞}(H ), E_F ( · , · ; γ) � ≤ κ_± � E(γ)K , [ · , · ] � , where E_F ( · , · ; · ) denotes the form spectral function of F (see [9, Section 2.3]). In the case of a minimal representation we have equality in (1.19) and (1.20).

(iv) Let ν /∈ T be a pole of F . Then the multiplicity of the pole ν of F is less than or equal to dim E({ν})K , where E({ν}) is the Riesz–Dunford projection corresponding to U and {ν}. In the minimal case we have equality.

Proof. 1. Assertion (i) follows from the definition of P(F ). In order to verify (iii), let γ be an open subarc of T whose endpoints do not belong to c(F ) ∪ c(U). Let g ∈ R^s_{0,∞} . Then, by extending the relation (1.12) we get

(1.21)

(4π)^{−1}T_F

�_n�

j=−n

x_jλ̇^j , n� k=−n

x_kλ̇^k � .αg = [α(U)g(U)(U^{−n} Γx_{−n} + · · · + U^nΓx_n), U^{−n}Γx_{−n} + · · · + U^nΓx_n]

for all functions α ∈ C^∞(T) × H � Σ(F ) \ T � with supp α ⊂ γ . Then a density argument gives (1.19). With the help of [9, Lemma 2.8], we get (1.20). If the representation (1.18) is minimal, then the set

{U^{−n}Γx_n + · · · + U^nΓx_n : x_i ∈ H , i = −n, . . . , n; n ∈ N}

56 Peter Jonas

is dense in K . Therefore,

{E(γ)(U^{−n}Γx_n + · · · + U^nΓx_n) : x_i ∈ H , i = −n, . . . , n; n ∈ N}

is dense in E(γ)K .

Using the fact that E(γ) can be written as a strong limit of operators of the form α_m(U)g(U), α_m ∈ C^∞(T) × H � σ(U) \ T � , supp α_m ⊂ γ , we easily verify, with the help of (1.21), that equality holds in (1.19) and (1.20). As a consequence, we get assertion (ii). This shows that the above additional assumption concerning the endpoints of γ is no restriction. Hence (iii) holds.

2. Let μ ∈ σ(U) \ T and let ε > 0 be chosen so that

U := {z : 0 < |μ − z| ≤ ε} ⊂ ρ(U).

Let χ be the indicator function of U ∪ ^U . The function χ is locally holomorphic on σ(U) and on Σ(F ). Then by the extension by continuity of the relation (1.12) we find, for x_{−n}, . . . , x_n ∈ H ,

(1.22)

(4π)^{−1}T_F

�_n�

j=−n

x_j λ̇^j , n� k=−n

x_kλ̇^k � .χ = [E_0(U^{−n}Γx_{−n} + · · · + U^nΓx_n), U^{−n}Γx_{−n} + · · · + U^nΓx_n],

where E_0 = E({μ}) + E({μ̄^{−1}}). By [9, Lemma 1.5], the multiplicity l of the pole μ of F coincides with the number of negative and with the number of positive squares of the symmetric form on the right hand side of (1.22). Then by (1.22)

(1.23) l ≤ κ_± � (E_0K , [ · , · ]) � . By a well-known result for unitary operators in Kreĭn space, we have

κ_± � (E_0K , [ · , · ]) � = dim E({μ})K .

If the representation (1.18) is minimal, we see as above that equality holds in (1.23), and, therefore, l = dim E({μ})K . Hence statement (iv) holds, and Theorem 1.12 is proved.

1.5. Representations of definitizable functions with regular critical points. Below, in Section 2.4, we shall see that a regular critical point of a definitizable function is not necessarily a regular critical point for all minimal representing operators. But the converse implication is true.

Theorem 1.13. If

F (z) = i Im F (0) + Γ^+(U + z)(U − z)^{−1}Γ, z ∈ ρ(U),

is a (not necessarily minimal) representation of F ∈ D_0 � T; L (H ) � by a definitizable unitary operator U in a Kreĭn space K , then c_r(U) ⊂ K_r(F ).

Operator representations of definitizable functions 57

Proof. Let γ ⊂ T be an open arc whose endpoints do not belong to c_s(U) and assume that E(γ)K is a Hilbert space or anti-Hilbert space. Let M be the set of all functions f ∈ C^∞(T) × H � σ(U) \ T � with supp f ⊂ γ and sup{|f(s)| :

s ∈ γ} ≤ 1; then the set {f(U) : f ∈ M } is bounded in L (H ). Then, making use of the extension by continuity of the relation (1.11), we find that T_F is a bounded operator measure on γ , which proves Theorem 1.13.

The following theorem shows that for every definitizable function we can find a minimal representing operator which has the same regular critical points.

Theorem 1.14. Let F ∈ D_0 � T; L (H ) � and K_r(F ) ≠ ∅. Then there exists a minimal definitizable unitary representing operator U such that c_r(U) = K_r(F ), and for every α ∈ K_r(F ) we have κ_±(1, F_0) = κ_±(L_α), where F_0 is as in Proposition 1.6 and L_α is the algebraic eigenspace of U corresponding to α.

Proof. Assume first that K_r(F ) = {e^{iΘ0} }. Let F =

�_3 i=0 F_i be a decomposition of F as in Proposition 1.6 and let

F_i(z) = i Im F_i(0) + Γ^+_i (U_i + z)(U_i − z)^{−1}Γ_i

be a minimal representation of F_i in some Kreĭn space K_i . If we set K := K_0 × · · · × K_3 , U := U_0 × · · · × U_3 and Γ := (Γ_0, . . . , Γ_3)^T , then

(1.24) F (z) = i Im F (0) + Γ^+(U + z)(U − z)^{−1}Γ.

Since by Theorem 1.9 the unitary operators U_i , i = 0, 1, 2, 3, are definitizable and the sets σ(U_i)∩σ(U_j ), i ≠ j , are empty or consist of one point, U is a definitizable unitary operator in K . The spaces K_1 and K_2 are Hilbert or anti-Hilbert spaces. Therefore, e^{iΘ0} ∈ c_r(U). Making use of the definition of F_1 and F_2 in the proof of Proposition 1.6 and of (1.12) with F replaced by F_1 and F_2 one verifies without difficulty that U_1 and U_2 have no eigenvalues at the endpoints of γ_1 and γ_2 . In order to verify that the representation (1.24) is minimal, let y_i , i = 0, 1, 2, 3, be an arbitrary element of K_i . Every element of K_i can be approximated in K_i by elements of the form k� j=1 g_j(U_i)Γ_ix_j , x_j ∈ H , g_j ∈ R_{0,∞}.

Hence it remains to prove that every element of the form w_{(i)} = (w_0, . . . , w_3) ∈ K , where w_j = 0 for j ≠ i and w_i = g(U_i)Γ_ix, g ∈ R_{0,∞} , x ∈ H , can be approximated in K by elements of the form h(U)Γx, h ∈ R_{0,∞} . Since R_{0,∞} is dense in C^m(T) × H � σ(U) \ T � for arbitrary m, it is sufficient to prove that w_{(i)} is the limit of a converging sequence � f_n(U)Γx � , f_n ∈ C^∞(T) × H � σ(U) \ T � . If i = 1 or i = 2, then the sequences (f_n) = (χ_{1,n}g) or (f_n) = (χ_{2,n}g), where χ_{1,n} , χ_{2,n} are as in the proof of Lemma 1.6, have the required property. For i = 0

58 Peter Jonas

the sequence � χ_0(1 − χ_{1,n} − χ_{2,n})g � and for i = 3 the sequence � (1 − χ_0)(1 − χ_{1,n} − χ_{2,n})g � have the required property, where χ_0 is again as in the proof of Lemma 1.6.

If F has more than one regular critical point, F has to be decomposed with respect to all of its critical points. Then a similar reasoning applies. The last assertion is a direct consequence of the minimality and Theorem 1.12(iii).

Remark 1.15. If F , U , α are as in Theorem 1.14 and, in addition, dim H < ∞, that is, F is a matrix function, then in view of Proposition 1.5 we have dim L_α < ∞.

Remark 1.16. Theorem 1.14 will be supplemented in Proposition 2.7 below.

2. Relations between two minimal representing operators of the same definitizable function

2.1. We consider now the situation of the second part of Theorem 1.8. Let (K_1, [ · , · ]_1) and (K_2, [ · , · ]_2) be two Kreĭn spaces and let U_1 and U_2 be definitizable unitary operators in K_1 and K_2 , respectively. By E_1 and E_2 we denote the spectral functions of U_1 and U_2 , respectively.

Moreover, let V be an isometric linear operator from K_1 to K_2 with

(2.1) D(V ) = K_1, R(V ) = K_2 and U_1D(V ) ⊂ D(V ), U^{−1}_1 D(V ) ⊂ D(V ), U_2R(V ) ⊂ R(V ), U^{−1}_2 R(V ) ⊂ R(V ),

such that

(2.2) V U_1 = U_2V, V U^{−1}_1 = U^{−1}_2 V.

In Sections 2.1–2.3 we do not assume that U_1 and U_2 are representing operators of the same definitizable function and that the operator V is of the form (1.16).

As a consequence of (2.2) we have

(2.3) V p(U_1) = p(U_2)V

for every p ∈ R^s_{0,∞} . Then, for every x ∈ D(V ),

[p(U_1)x, x]_1 = [V p(U_1)x, V x]_2 = [p(U_2)V x, V x]_2,

which implies that U_1 and U_2 have the same definitizing functions in R^s_{0,∞} .

By (2.1), the isometric operator V is closable and V is again an isometric operator from K_1 into K_2 . It is easy to see that all properties mentioned above for V remain valid for V .

Operator representations of definitizable functions 59

2.2. Let γ be a subarc of T such that there exists a definitizing polynomial for U_1 (or U_2 ) which does not have zeros at the endpoints of γ . Then there exists a sequence (p_n) ⊂ R^s_{0,∞} such that

p_n(U_1) −→ E_1(γ), p_n(U_2) −→ E_2(γ)

in the strong sense. Then it follows from (2.3) that

E_1(γ)D( V ) ⊂ D( V ), E_2(γ)R( V ) ⊂ R( V ) and (2.4) V E_1(γ) = E_2(γ) V .

Evidently, E_1(γ)D( V ) is dense in E_1(γ)K_1 and E_2(γ)R( V ) is dense in E_2(γ)K_2 . For x ∈ D( V ) we get

[E_1(γ)x, x]_1 = [ V E_1(γ)x, V x]_2 = [E_2(γ) V x, V x]_2.

Hence, U_1 and U_2 have the same critical points, and for every arc γ ⊂ T whose endpoints are not critical points, we have

κ_± � (E_1(γ)K_1, [ · , · ]_1) � = κ_± � (E_2(γ)K_2, [ · , · ]_2) � . In particular, E_1(γ)K_1 is a Pontryagin space if and only if E_2(γ)K_2 is a Pontryagin space.

Lemma 2.1. If γ is a subarc of T such that the endpoints of γ are not critical points of U_1 and E_1(γ)K_1 is a Pontryagin space, then E_1(γ)K_1 ⊂ D( V ), V is an isometric isomorphism of E_1(γ)K_1 onto E_2(γ)K_2 and U_1 = V^{−1}U_2 V on E_1(γ)K_1 .

Proof. The first two assertions follow from the fact that a densely defined isometric operator with dense range between Pontryagin spaces is automatically continuous. The last relation follows from the relation (2.4) with E_i(γ) replaced by U_iE_i(γ).

Evidently, in Lemma 2.1 γ can be replaced by a finite union of pairwise disjoint arcs fulfilling the assumptions of Lemma 2.1. These arcs may also degenerate to points of T.

In the same way, the following can be proved.

Lemma 2.2. Let γ be a subarc of T such that the endpoints of γ are not critical points of U_1 . Assume that γ ∩ c(U_1) = γ ∩ c(U_2) = {λ} and that λ is a regular critical point for U_1 and U_2 . Also assume that the algebraic eigenspaces corresponding to λ with respect to U_1 and U_2 are Pontryagin spaces. Then the same assertions hold as in Lemma 2.1.

60 Peter Jonas

Remark 2.3. Assume that the point 1 belongs to c(U_1), i.e., to c(U_1)∩c(U_2), and is not a regular critical point for at least one of the operators U_1 and U_2 . Let γ be an open arc of T such that 1 ∈ γ , the endpoints of γ are not critical points of U_1 and the components of γ \ {1} are definite with respect to U_1 (and U_2 ). Let q_n(λ) := i^n(λ^{−1} − λ)^n , n = 1, 2, . . . . We have q_n ∈ R^s_{0,∞} , and q_n has a zero of n-th order at 1. Then we see as above that

[q_n(U_1)E_1(γ)x, x]_1 = [q_n(U_2)E_2(γ) V x, V x]_2, x ∈ D( V ).

Hence, for n = 1, 2, . . . , we have

(2.5) κ_± � E_1(γ)K_1, [q_n(U_1) · , · ]_1 � = κ_± � E_2(γ)K_2, [q_n(U_2) · , · ]_2 � . Some of these quantities may be finite even if 1 is an essential singular critical point of U_1 and U_2 . The point 1 can be replaced by any other point λ ∈ T.

2.3. The sets σ(U_1) \ T and σ(U_2) \ T are finite. Let G be a C^∞ -domain such that 0 /∈ G ⊂ D and ∂G ∩ � σ(U_1) ∪ σ(U_2) � = ∅. Let E_1(G ∪ ^G) and E_2(G ∪ ^G) be the Riesz–Dunford projections corresponding to U_1 and U_2 and the part of σ(U_1) or σ(U_2), respectively, lying in G ∪ ^G. It is easy to see that there exists a sequence (q_n) ⊂ R^s_{0,∞} such that

lim_{n→∞} q_n(U_1) = E_1(G ∪ ^G), lim_{n→∞} q_n(U_2) = E_2(G ∪ ^G)

with respect to the norm convergence. Then we get, as above,

E_1(G ∪ ^G)D( V ) ⊂ D( V ), E_2(G ∪ ^G)R( V ) ⊂ R( V ) and V E_1(G ∪ ^G) = E_2(G ∪ ^G) V .

This implies, as above, that σ(U_1) \ T = σ(U_2) \ T and that for every λ belonging to this set, the dimensions of the ranges of the Riesz–Dunford projections corresponding to λ coincide. Moreover, the following lemma holds.

Lemma 2.4. If λ /∈ T is a normal eigenvalue of U_1 , then λ is also a normal eigenvalue of U_2 and V maps the algebraic eigenspace L_λ(U_1) of U_1 corresponding to λ on the algebraic eigenspace L_λ(U_2) of U_2 corresponding to λ and U_1 = V^{−1}U_2 V on L_λ(U_1).

From Lemmas 2.1, 2.2 and 2.4 we get the following slight generalization of [2, Theorem 7.1]. The latter result was formulated for selfadjoint operators.

Theorem 2.5. Assume that all eigenvalues of U_1 in D ∪ ^D are normal, c_∞(U_1) ⊂ c_r(U_1), c_∞(U_2) ⊂ c_r(U_2) and that all algebraic eigenspaces of U_1 and U_2 corresponding to regular critical points are Pontryagin spaces. Then U_1 and U_2 are unitarily equivalent.

Operator representations of definitizable functions 61

2.4. If F ∈ D_0 � T; L (H ) � and U_1 and U_2 are two minimal representing operators for F and V is the operator introduced in Theorem 1.8, Lemmas 2.1–3 show which parts of U_1 and U_2 are unitarily equivalent. As a consequence of these local results, we get the following

Theorem 2.6. Let F ∈ D_0 � T; L (H ) � . Assume that all poles of F in D∪ ^D have finite multiplicities, K_∞(F ) ⊂ K_r (F ) and that the masses of all points of K_r(F ) are of type π . Then all minimal representing definitizable unitary operators for F , the essential critical points of which are regular, are unitarily equivalent.

As a consequence of Lemma 2.1 and Theorem 1.14, we get the following supplement to Theorem 1.14.

Proposition 2.7. Let F ∈ D_0 � T; L (H ) � and α ∈ � K(F )\K_∞(F ) � ∩K_r(F ).

Then for every minimal unitary representing operator U for F we have α ∈ c_r(U).

Now we give an example of a definitizable operator function F with K(F ) = K_r(F ) = {1} which has two not unitarily equivalent minimal representing operators.

Example. Let � G_0, ( · , · )_0) be a Hilbert space and let H be a positive bounded operator in G_0 such that 0 ∈ σ(H) \ σ_p(H). We assume, in addition, that H is a cyclic operator. Let e_0 ∈ D(H^{−1/4}) be a generating element for H . We denote by G_{−1/4} the completion of G_0 with respect to the scalar product

(x, y)_{−1/4} := � H^{1/4}x, H^{1/4}y � 0, x, y ∈ G_0,

and by G_{1/4} the domain of H^{−1/4} provided with the graph scalar product

(x, y)_{1/4} := � (H^{−1/4} + 1)x, (H^{−1/4} + 1)y � 0, x, y ∈ D(H^{−1/4}).

It is easy to see that the form ( · , · )_0 can be extended by continuity to G_{1/4} ×G_{−1/4} and G_{−1/4} × G_{1/4} . We provide H := G_0 × G_0 with the Kreĭn space inner product

(2.6) � u_1 u_2 � , � v_1 v_2 � := (u_2, v_1)_0 + (u_1, v_2)_0, u_1, u_2, v_1, v_2 ∈ G_0.

In the Kreĭn space (H , [ · , · ]) we consider the positive bounded operator

A := � 0 1 H 0 � . It is easy to see that A is cyclic and

e := � 0 e_0 �

62 Peter Jonas

is a generating element.

At the same time we consider the space H^′ := G_{−1/4} × G_{1/4} with an inner product [ · , · ]^′ defined as in (2.6), where u_1, v_1 ∈ G_{−1/4} , u_2, v_2 ∈ G_{1/4} . (H^′, [ · , · ]^′) is also a Kreĭn space. The operator A^′ defined by

A^′ := � 0 1 H 0 �

with respect to H^′ = G_{−1/4} × G_{1/4} is a positive bounded operator in H^′ , it is cyclic, and e = � 0 e_0 �

is a generating element.

The operators (A − z)^{−1} and (A^′ − z)^{−1} , z ∈ C \ R, can be written as

(2.7) � z(H − z^2)^{−1} (H − z^2)^{−1} 1 + z^2(H − z^2)^{−1} z(H − z^2)^{−1} �

with respect to the above decompositions of H and H^′ , respectively. The resolvents (A − z)^{−1} and (A^′ − z)^{−1} coincide on H ∩ H^′ and map this linear set into itself.

Let ε > 0. Making use of (2.7), we see ([16], cf. also [10]) that the spectral projections corresponding to the operators A and A^′ and the interval (ε, 1) can be written as 1 2 � E � (ε, 1) � H^{−1/2}E � (ε, 1) � H^{1/2}E � (ε, 1) � E � (ε, 1) � � . For the spectral projections corresponding to the interval (−1, −ε), we find 1 2 � E � (ε, 1) � −H^{−1/2}E � (ε, 1) � −H^{1/2}E � (ε, 1) � E � (ε, 1) � � . Here E is the spectral function of H^{1/2} . Since � �H−1/2E�(ε, 1)� � � −→ ∞ if ε −→ 0, the point 0 is a singular critical point of A. One easily verifies that 0 is a regular critical point for A^′ .

Now we consider the unitary operators U = −(A − i)(A + i)^{−1} and U^′ = −(A^′ − i)(A^′ + i)^{−1} in H and H^′ , respectively. We have σ(U) ⊂ T, σ(U^′) ⊂ T, and U and U^′ are definitizable with the definitizing function g(z) := i(z^{−1} − z), g ∈ R^s_{0,∞} . The point 1 is a singular critical point for U and a regular critical point for U^′ . Since A and A^′ are bounded, there exists a function f ∈ C^1(T) such that A = f(U) and A^′ = f(U^′ ) holds. The elementary functional calculi of U and U^′ are continuous with respect to the topology of C^1(T) (cf. [6, Theorem 1] for the selfadjoint case). Let (p_n), n = 1, 2, . . ., be a sequence of functions from

Operator representations of definitizable functions 63

R_{0,∞} which converges to f in C^1(T). Then Ae = lim_{n→∞} p_n(U)e and A^′e = lim_{n→∞} p_n(U^′)e. Since e is a generating element for A and A^′ , we obtain

(2.8) H = closp {p(U)e : p ∈ R_{0,∞}}, H^′ = closp {p(U^′)e : p ∈ R_{0,∞}}.

For an arbitrary ζ ∈ C \ T, the operator (U + ζ)(U − ζ)^{−1} ((U^′ + ζ)(U^′ − ζ)^{−1} ) can be written as a linear combination of the identity and (A − z)^{−1} ((A^′ − z)^{−1} , respectively) with z = i(1−ζ)(1+ζ)^{−1} /∈ R. Hence the operators (U +ζ)(U −ζ)^{−1} and (U^′ + ζ)(U^′ − ζ)^{−1} coincide on H ∩ H^′ and map this linear set into itself.

If we define linear mappings Γ: C −→ H and Γ^′: C −→ H^′ by C ∋ a −→ ae, then we find

Γ^+(U + ζ)(U − ζ)^{−1}Γ = [(U + ζ)(U − ζ)^{−1}e, e] = [(U^′ + ζ)(U^′ − ζ)^{−1}e, e] = Γ^{′+} (U^′ + ζ)(U^′ − ζ)^{−1}Γ^′.

In other words, the scalar definitizable function F (ζ) = [(U^′ + ζ)(U^′ − ζ)^{−1}e, e] can be represented by the operators U and U^′ . By (2.8) U and U^′ are minimal representing operators. But these operators are not unitarily equivalent since 1 ∈ c_s(U) \ c_s(U^′).

3. Definitizable functions symmetric with respect to the real axis

3.1. Notation for the real axis case and relations to the unit circle case. In this section we consider classes of operator functions which are closely connected with those considered in Sections 1 and 2. The real axis and the open upper half plane C^+ take over the role the unit circle and the open unit disc were playing before. In the following, we will carry over definitions and results from [9] and Section 1 with the help of the fractional linear transformations ψ and ϕ defined by ψ(λ) := − λ − i λ + i

, ϕ(z) := i

1 − z 1 + z . We have ϕ ∘ ψ = id and ψ( R) = T. For any subset S of C, we set S^∗ := {z̄ : z ∈ S }, and for any scalar (or L (H )-valued) function f defined on a set D = D^∗ ⊂ C, we define f^∗(μ) = f(μ̄) (f^∗(μ) = � f(μ̄)

�_∗ ), μ ∈ D . Put C^− := (C^+ )^∗ . For a Banach space X , let R_{i,−i}(X) denote the set of all functions of the form

C ∋ λ −→ d_0 + n� k=1 d_k(λ − i)^{−k} + n� j=1 d_{−j} (λ + i)^{−j}

with arbitrary n, d_l ∈ X , l = −n, . . . , n. We put R_{i,−i} := R_{i,−i}(C). R^s_{i,−i} denotes the set of all functions f ∈ R_{i,−i} such that f = f^∗ . Then f ∈ R_{i,−i} (f ∈ R^s_{i,−i} ) if and only if f ∘ ϕ ∈ R_{0,∞} (f ∘ ϕ ∈ R^s_{0,∞} ).

64 Peter Jonas

Let L^′ = (L^′)^∗ be a compact subset of C such that R ⊂ L^′ , i /∈ L^′ and C^+ \ L^′ is connected. Similarly to the unit circle case, we connect with every L (H )-valued function G holomorphic in (C^+ \ L^′) ∪ (C^− \ L^′) with G = G^∗ an analytic functional S_G ∈ L � H(L^′), L (H ) � : (3.1) S_G.g = 2i � C^′

G(λ)g(λ)(λ^2 + 1)^{−1} dλ, g ∈ H(L^′),

where C^′ is the oriented boundary of a finite union Ω^′ of smooth domains of C containing L^′ such that g is defined on Ω^′ and i, −i /∈ Ω^′ . For every g as in (3.1) and u^′, v^′ ∈ H(L^′, H ), we define

(3.2) S_G(u^′, v^′).g := 2i � C^′ � G(λ)u^′(λ), v^′(λ̄) � g(λ)(λ^2 + 1)^{−1} dλ.

Here C^′ is as above and such that u^′ and v^′ are defined on Ω^′ . If g = g^∗ , the sesquilinear form (u^′, v^′) −→ S_G(u^′, v^′).g is hermitian. If we put L = ψ(L^′), F = −i(G ∘ ϕ), f = g ∘ ϕ, u = u^′ ∘ ϕ, v = v^′ ∘ ϕ, then L, F , f , u, v fulfil the assumptions of (1.1) and (1.2) and an easy computation gives the relations

(3.3) T_F .(g ∘ ϕ) = S_G.g, T_F (u^′ ∘ ϕ, v^′ ∘ ϕ).(g ∘ ϕ) = S_G(u^′, v^′).g.

The set of all L (H )-valued functions G meromorphic in C \ R and satisfying the relation G = G^∗ will be denoted by M � R; L (H ) � . For a function G ∈ M � R; L (H ) � , the set of all λ ∈ C such that G can analytically be continued in λ in a unique way is denoted by P(G). We set Σ(G) := C \ P(G).

In the rest of this subsection, let G ∈ M � R; L (H ) � be holomorphic at i and −i, let G have only a finite number of poles outside R , and assume that there exists an m ∈ N such that, for some η > 0,

(3.4) sup{‖G(λ)‖ | Im λ|^m(|λ| + 1)^{−2m} : λ ∈ C \ R, dist_C(λ, R) < η} < ∞,

where dist_C( · , · ) is the distance on the Riemann complex sphere. Then F := −iG ∘ ϕ fulfils the relation (1.3), and by (3.3) S_G and S_G( · , · ) can be extended by continuity to C^{m+1}( R) × H(Σ(G) \ R) and � C^{m+1}( R, H ) × H � Σ(G) \ R, H

�_2 × (C^{m+1}( R) × H � Σ(G) \ R) � , respectively. Here R is regarded as a real-analytic manifold in a natural way.

If g ∈ C^∞( R) × H � Σ(G) \ R � , g = g^∗ , we define

(3.5) κ_±(g; G) = κ_± � R_{i,−i}(H ), S_G( · , · ).g � .

Operator representations of definitizable functions 65

If Δ is an open subset of R , we say that Δ is of positive type (negative type,

type π_+ , type π_− ) with respect to G if κ_−(g; G) = 0 (κ_+(g; G) = 0, κ_−(g; G) < ∞,

κ_+(g, G) < ∞) for all nonnegative functions g ∈ C^∞( R) × H � Σ(G) \ R � with

supp g ⊂ Δ. The set Δ is said to be of definite type (type π ) with respect to

G if Δ is of positive or negative type (of type π_+ or type π_− , respectively) with

respect to G.

By (3.3) Δ has one of the properties mentioned above with respect to G if

and only if ψ(Δ) has the corresponding property with respect to −iG ∘ ϕ. Then

one verifies without difficulty that the criteria in [9, Lemma 1.7] for an open subset

of T to be of positive type can be taken over to the real axis case. Here we mention

only one of these criteria: An open subset Δ of R is of positive type with respect

to G if the following two conditions are satisfied for every x ∈ H .

(i) lim inf_{ε↓0} � −i � G(t + iε) − G(t − iε) � x, x � ≥ 0 for almost every t ∈ Δ \ {∞}.

(ii) For every bounded closed subset Δ_0 of Δ and sufficiently small ε_0 > 0, inf � −i � G(t + iε) − G(t − iε) � x, x � : t ∈ Δ_0, 0 < ε ≤ ε_0 � > −∞.

If ∞ ∈ Δ, then, in addition, for sufficiently small δ_0 > 0, ε_0 > 0, inf � −i � G(−(t + iε)^{−1} � − G � −(t − iε)^{−1} � x, x � : − δ_0 ≤ t ≤ δ_0, 0 < ε ≤ ε_0 � > −∞.

A point t ∈ R is called a critical point of G (we write t ∈ K(G)) if it is

not contained in an open subset of R of definite type with respect to G. By

K_∞(G) we denote the set of those points t ∈ R which are not contained in

an open subset of R of type π with respect to G. The points of K_∞(G) are

called essential critical points. If F := −i(G ∘ ϕ), we have K(G) = ϕ � K(F ) � and K_∞(G) = ϕ � K_∞(F ) � . 3.2. Definitizable functions. Let N � L (H ) � denote the class of L (H )-

valued Nevanlinna functions, i.e., the class of all functions G ∈ M � R; L (H ) � holomorphic in C^+ ∪ C^− , such that for every z ∈ C^+ the imaginary part of G

(that is, (2i)^{−1} � G(z) − G(z)^∗ � ) is a nonnegative operator. By N_κ � L (H ) � , κ =

0, 1, . . ., we denote the classes of L (H )-valued generalized Nevanlinna functions

introduced and studied in [12], [13]. Recall that a function G ∈ M � R; L (H ) � , by definition, belongs to N_κ � L (H ) � if the kernel N_G ,

N_G(z, ζ) := (z − ζ̄)^{−1} � G(z) − G(ζ)^∗ � , has κ negative squares. The class N_0 � L (H ) � coincides with N � L (H ) � . We

have G ∈ N_κ � L (H ) � if and only if −iG ∘ ϕ ∈ C_κ � L (H ) � .

66 Peter Jonas

Definition 3.1. A function G ∈ M � R; L (H ) � is called definitizable if there exists a scalar rational function r such that the product rG is the sum of a Nevanlinna function N and an L (H )-valued rational function n whose poles belong to P(G):

r(z)G(z) = N(z) + n(z) for all points z ∈ C^+ ∪ C^− of holomorphy of rG. A function r with the properties mentioned above is called a definitizing function for G.

It follows from Definitions 1.1 and 3.1 that G is a definitizable function in M � R; L (H ) � if and only if −iG ∘ ϕ is a definitizable function in M � T; L (H ) � . If r is definitizing for G, then r ∘ ϕ is definitizing for −iG ∘ ϕ, and conversely. Therefore, by the remark following Definition 1.1, there exist always R-symmetric definitizing functions. Lemmas 1.2 and 1.4 imply analogous results for the Rsymmetric case. In the following lemma we mention only a consequence of Lemma 1.2.

Lemma 3.2. Let G ∈ M � R; L (H ) � be definitizable and z_0 ∈ P(G). Then there exists a rational definitizing function r_0 = r^∗_0 for G which has no poles except in z_0 and z̄_0 . In particular, if G is holomorphic at ∞, there exists a definitizing polynomial; if G is holomorphic at i and −i, there exists a definitizing function from R^s_{i,−i} .

In the following, we restrict ourselves to the class D_i � R; L (H ) � of those definitizable functions which are holomorphic at i and −i. This involves no loss of generality. The following definitizability criterion is an immediate consequence of [9, Proposition 2.2].

Proposition 3.3. For G ∈ M � R; L (H ) � the following assertions are equivalent.

(i) G ∈ D_i � R; L (H ) � . (ii) G is holomorphic at i and −i, has only a finite number of poles outside R , and fulfils (3.4) for some m ∈ N. Moreover, there exists a finite set e^′ ⊂ R such that all components of R \ e^′ are of definite type with respect to G.

3.3. Poles and regular critical points of definitizable functions. The following lemma is a consequence of [9, Lemma 1.5].

Lemma 3.4. Let G ∈ M � R; L (H ) � and let μ ∈ C \ R be a pole of G with multiplicity l . Assume that χ ∈ H � R ∪ Σ(G) � is equal to 1 in an open neighbourhood of {μ, μ̄} and equal to 0 in an open neighbourhood of � R ∪ Σ(G) � \ {μ, μ̄}. Then κ_+(χ; G) = κ_−(χ; G) = l .

Let G ∈ D_i � R; L (H ) � and let β ∈ Σ(G) ∩ R be an isolated point of Σ(G) and δ a connected open subset of R containing β such that δ \ {β} ⊂ P(G). Then β is a pole of G. Let the principal part of G at β be

G_{−k}(λ − β)^{−k} + · · · + G_{−1}(λ − β)^{−1}

Operator representations of definitizable functions 67

for β ≠ ∞ or G_{−k}λ^k + · · · + G_{−1}λ

for β = ∞, and let ~G denote the selfadjoint operator � � � � G_{−1} G_{−2} · · · G_{−k} G_{−2} G_{−3} · · · 0 . . . . . . G_{−k} 0 · · · 0

� � � �

in H^k . Then a straightforward calculation gives the second part of the following proposition (cf. Proposition 1.5).

Proposition 3.5. Let G, β , δ , ~G be as above. Then the multiplicity of the pole β of G is equal to dim R( ~G). If g ∈ C^∞( R) × H � Σ(G) \ R � , supp g ⊂ δ and g is identically equal to one in some neighbourhood of β , then

κ_+(g; G) = dim R � E � (−∞, 0); ~G � , κ_−(g; G) = dim R � E � (0, ∞); ~G � , where E( · ; ~G) is the spectral function of ~G.

A critical point t of G is called regular (we write t ∈ K_r(G)) if there exists an open connected subset δ of R , t ∈ δ , such that S_G restricted to δ \ {t} is a bounded operator measure. A critical point which is not regular is called singular. We set K_s(G) := K(G) \ K_r(G).

If F := −i(G ∘ ϕ), then the relations (3.3) imply K_r(G) = ϕ � K_r(F ) � and the regularity criterion Proposition 1.6 can be carried over to the R-symmetric case. If λ_0 ∈ K_r(G) and G =

�_3 i=0 G_i is a decomposition of G with properties analogous to that of Proposition 1.6 and F_0 is the function connected by Proposition 1.6 with F and the critical point e^{iΘ0} := ψ(λ_0), which is unique up to a constant iS , S selfadjoint, then we have

(3.6) G_0 := i(F_0 ∘ ψ) + S_0,

where S_0 is some selfadjoint constant. Similarly to the T-antisymmetric case, we may define the sign types of the mass at λ_0 with the help of G_0 .

3.4. Definitizable functions defined by relations. Let � K , ( · , · ) � be a Hilbert space and let A be a closed linear relation in K . For linear relations and, in particular, for selfadjoint linear relations in Kreĭn spaces, we refer to [4] and [5]. We define the extended spectrum σ_e(A) of A by σ_e(A) = σ(A) if A is a bounded operator, and σ_e(A) = σ(A) ∪ {∞} otherwise. Put ρ_e(A) := C \ σ_e(A). If i, −i ∈ ρ(A), then U := ψ(A) = −1 + 2i(A + i)^{−1} and U^{−1} = −1 − 2i(A − i)^{−1} are bounded operators in K . We have σ(U) = ψ � σ_e(A) � . If λ ∈ ρ(A) and z = ψ(λ), then an easy computation gives

(U + z)(U − z)^{−1} = −i � λ + (λ^2 + 1)(A − λ)^{−1} � . Now the following analogue of Theorem 1.7 is a consequence of the above considerations.

68 Peter Jonas

Theorem 3.6. Let � K , ( · , · ) � be a Hilbert space, W a bounded selfadjoint operator in K , and V a domain in C with i ∈ V . Let A be a closed linear relation in K , V ∪ V^∗ ⊂ ρ_e(A), such that

(3.7) � (A + i)^{−1}

�_∗ W = W (A − i)^{−1}.

Let, further, S be a bounded selfadjoint operator in H and Γ ∈ L (H , K ). If then, for some rational function r = r^∗ whose poles belong to V ∪ V^∗ , the form � W r(A) · , · ) on K has κ negative squares, the function

G(λ) := S + Γ^∗W � λ + (λ^2 + 1)(A − λ)^{−1} � Γ, defined in V ∪ V^∗ has an analytic continuation to a definitizable function. Moreover, there exist a function N ∈ N_κ′ � L (H ) � , 0 ≤ κ^′ ≤ κ, holomorphic in V ∪ V^∗ , and a rational operator function n holomorphic at all points where r is holomorphic such that r(λ)G(λ) = N(λ) + n(λ)

for all points λ of holomorphy of r , G, N and n.

Remark 3.7. Let, in addition to the assumptions of Theorem 3.6, A be bounded. Then (3.7) is equivalent to A^∗W = W A. Let, moreover, ~S be a bounded selfadjoint operator in H and ~Γ ∈ L (H , K ). Then the assertions of Theorem 3.6 remain true for G replaced by ~G,

~G(λ) = ~S + ~Γ^∗W (A − λ)^{−1} ~Γ.

Indeed, if we set S = ~Γ^∗W A(A^2 + 1)^{−1} ~Γ , Γ = (A − i)^{−1} ~Γ, then ~G(λ) = G(λ).

If W in Theorem 3.6 is even boundedly invertible, then A is a selfadjoint linear relation in the Kreĭn space (K , [ · , · ]), [ · , · ] := (W · , · ), with i, −i ∈ ρ(A). Such a linear relation is called definitizable, if there exists a rational function r = r^∗ whose poles belong to ρ_e(A) such that [r(A)x, x] ≥ 0, x ∈ K . It is easy to see that this definition is equivalent to the one in [5]. A is definitizable if and only if the unitary operator U := ψ(A) is definitizable. The function r is definitizing for A if and only if r ∘ ϕ is definitizing for U . If 0 ∈ ρ(W ), the linear relation A in Theorem 3.6 is definitizable.

As examples for the application of Theorem 3.6 we mention two operator functions, occurring in connection with λ-nonlinear eigenvalue problems.

Examples. (1) Let L be an operator polynomial in H ,

L(λ) = λ^n + A_{n−1}λ^{n−1} + · · · + A_1λ + A_0,

where A_i , i = 0, . . . , n − 1, are bounded selfadjoint operators in H . Assume that L is weakly hyperbolic, i.e., for every x ∈ H , x ≠ 0, all zeros of the polynomial � L(λ)x, x � are real. Then the companion operator A of L is a definitizable

Operator representations of definitizable functions 69

bounded selfadjoint operator in the space H^n provided with a certain Kreĭn space inner product ([15]). We have σ(A) ⊂ R and

L(λ)^{−1} = Q^+(A − λ)^{−1}Q, λ ∈ ρ(A),

where Q ∈ L (H , H^n) maps H identically onto the first factor of H^n . Then, by Theorem 3.6 and Remark 3.7, L(λ)^{−1} is a definitizable operator function and every definitizing polynomial for A is also definitizing for L(λ)^{−1} . The same conclusion can be drawn for L being a compact perturbation of a strongly hyperbolic operator polynomial (for this notion, see [17]).

(2) Assume that on H , besides the Hilbert scalar product ( · , · ), a Kreĭn space inner product [ · , · ] is given. Let W be the Gram operator of [ · , · ]: [ · , · ] = (W · , · ). Let H^′ be a further Kreĭn space and let A and D be definitizable selfadjoint operators in the Kreĭn spaces H and H^′ , respectively, such that the operator

�_{A 0} 0 D � is definitizable in K = H × H^′ and has no finite critical points.

If B ∈ L (H , H^′) is compact, then

M := � A B^+ B D �

is definitizable ([8]). We consider the operator function

(3.8) T (λ) := A − λ − B^+(D − λ)^{−1}B, λ ∈ ρ(D).

Its inverse can be represented in the form

T (λ)^{−1} = I^+_1 (M − λ)^{−1}I_1,

where I_1 is the natural embedding of H in K . If i ∈ ρ(M), we have

W I^+_1 (M − λ)^{−1}I_1 = W � (M − i)^{−1}I_1

�_+ M(M − i)^{−1}I_1 + W � (M − i)^{−1}I_1

�_+

{λ + (λ^2 + 1)(M − λ)^{−1}}(M − i)^{−1}I_1.

Since W � (M −i)^{−1}I_1

�_+

is the adjoint of (M −i)^{−1}I_1 regarded as an operator from � H , ( · , · ) � in K , Theorem 3.6 gives that W T (λ)^{−1} is a definitizable function and that every definitizing function for M is definitizing for W T (λ)^{−1} .

Sturm–Liouville operators with a floating singularity are of the form (3.8), with a differential operator A and matrix multiplication operators B and D .

3.5. Representations of a given definitizable function. First we formulate (a slightly weaker variant of) T. Azizov’s result and the minimality of the representation for the R-symmetric case.

70 Peter Jonas

Theorem 3.8. Let G be an L (H )-valued function locally holomorphic in an R-symmetric neighbourhood of {i, −i} such that G = G^∗ . Then there exist a Kreĭn space K , a selfadjoint linear relation A in K with i, −i ∈ ρ(A), and Γ ∈ L (H , K ) such that

G(λ) = Re G(i) + Γ^+ � λ + (λ^2 + 1)(A − λ)^{−1} � Γ, for all λ in some neighbourhood of {i, −i}, and

K =K (A, R_{i,−i}, ΓH ).

If G admits two such representations with Kreĭn spaces (K_j , [ · , · ]_j ), operators Γ_j ∈ L (H , K_j) and selfadjoint linear relations A_j in K_j , j = 1, 2, then

(3.9) V : m� k=1 g_k(A_1)Γ_1x_k −→ m� k=1 g_k(A_2)Γ_2x_k,

x_k ∈ H , g_k ∈ R_{i,−i} , k = 1, . . . , m, is an isometric linear mapping of the dense linear set K_1(A_1, R_{i,−i}, Γ_1H ) in K_1 onto the dense linear set K_2(A_2, R_{i,−i}, Γ_2H ) in K_2 such that

(A_2 ± i)^{−1}V y = V (A_1 ± i)^{−1}y, y ∈ K_1(A_1, R_{i,−i}, Γ_1H ).

The following result is a direct consequence of Theorem 1.9 and Remark 1.10.

Theorem 3.9. Let G ∈ D_i � R; L (H ) � , and let, for some neighbourhood V of i,

(3.10) G(λ) = Re G(i) + Γ^+ � λ + (λ^2 + 1)(A − λ)^{−1} � Γ, λ ∈ V ∪ V^∗,

be a minimal representation of G as in Theorem 3.8. Then the selfadjoint linear relation A in K is definitizable and we have ρ_e(A) = P(G). A rational function r = r^∗ whose poles belong to ρ_e(A) = P(G) is definitizing for G if and only if it is definitizing for A.

Moreover, if for some r ∈ R^s_{i,−i}

r(z)G(z) = N(z) + n(z),

where N ∈ N_κ � L (H ) � is holomorphic at i and −i and n ∈ R_{i,−i} � L (H ) � , and equality holds for all λ ∈ C \ R, where r , G, N and n are holomorphic, then r(A) has κ negative squares.

Remark 3.10. If G ∈ D_i � R; L (H ) � is holomorphic in a neighbourhood of ∞, then by Theorem 3.9 in the representation (3.10) the operator A is bounded. Then G can be represented in the form

G(λ) = ~S + ~Γ^+(A − λ)^{−1} ~Γ

with ~S = G(∞). ~Γ = (A − i)Γ (see Remark 3.7).

Operator representations of definitizable functions 71

Remark 3.11. Let J be a fundamental symmetry of the Kreĭn space K and A a selfadjoint linear relation in K with i, −i ∈ ρ(A). Then by Theorems 3.6 and 3.9, A is definitizable if and only if the function J{λ + (λ^2 + 1)(A − λ)^{−1}} defined on a neighbourhood of {−i, i} can be continued analytically to a definitizable operator function G. The sets of the corresponding definitizing rational functions the poles of which belong to ρ_e(A) = P(G) coincide.

A definitizable selfadjoint relation A possesses a spectral function E( · ; A) with properties similar to the spectral function of a definitizable selfadjoint operator. It can be defined with the help of the Cayley transform: Let i, −i ∈ ρ(A), U = ψ(A) and let E( · ; U) be the spectral function of U . If Δ is a connected subset of R and E( · ; U) is defined for the arc ψ(Δ), we set E(Δ; A) := E � ψ(Δ); U � . The set of critical points and its subsets are defined for A in the same way as for unitary operators; they are denoted by c(A), c_∞(A), c_r(A). We have c(A) = ϕ � c(U) � , c_∞(A) = ϕ � c_∞(U) � and c_r(A) = ϕ � c_r(U) � . Now Theorems 1.12–1.14 can be carried over to the R-symmetric case. The R-symmetric versions are completely analogous to the T-skew-symmetric ones. Here we give only the analogue of Theorem 1.14.

Theorem 3.12. Let G ∈ D_i � R; L (H ) � and K_r(G) ≠ ∅. Then there exists a minimal definitizable selfadjoint representing linear relation A such that c_r(A) = K_r(G), and for every λ_0 ∈ K_r(G) we have κ_±(1, G_0) = κ_±(L_{λ0} ), where G_0 is as in (3.6) and L_{λ0} is the algebraic eigenspace of A corresponding to λ_0 .

The formulation of the results of Section 2 for the R-symmetric case is not difficult and is left to the reader.

References

[1] Azizov, T.Ya.: Extensions of J -isometric and J -unitary operators. - Funktsional. Anal. i Prilozhen. 18, 1984, 57–58 (English translation: Funct. Anal. Appl. 18, 1984, 46–48).

[2] Ćurgus, B., A. Dijksma, H. Langer, and H.S.V. de Snoo: Characteristic functions of unitary colligations and of bounded operators in Kreĭn spaces. - The Gohberg Anniversary Collection, Vol. II. Operator Theory: Advances and Applications 41. Birkhäuser Verlag, Basel–Boston–Stuttgart, 1989, 125–152.

[3] Dijksma, A., H. Langer, and H.S.V. de Snoo: Representations of holomorphic operator functions by means of resolvents of unitary or selfadjoint operators in Kreĭn spaces. - Operators in Indefinite Metric Spaces, Scattering Theory and Other Topics. Operator Theory: Advances and Applications 24. Birkhäuser Verlag, Basel–Boston– Stuttgart, 1987, 123–143.

[4] Dijksma, A., and H.S.V. de Snoo: Symmetric and selfadjoint relations in Kreĭn spaces I. - Operators in Indefinite Metric Spaces, Scattering Theory and Other Topics. Operator Theory: Advances and Applications 24. Birkhäuser Verlag, Basel–Boston– Stuttgart, 1987, 145–166.

[5] Dijksma, A., and H.S.V. de Snoo: Symmetric and selfadjoint relations in Kreĭn spaces II. - Ann. Acad. Sci. Fenn. Ser. A I Math. 12, 1987, 199–216.

[6] Jonas, P.: On the functional calculus and the spectral function for definitizable operators in Kreĭn space. - Beiträge Anal. 16, 1981, 121–135.

72 Peter Jonas

[7] Jonas, P.: On a class of unitary operators in Kreĭn space. - Advances in Invariant Subspaces and Other Results of Operator Theory. Operator Theory: Advances and Applications 17. Birkhäuser Verlag, Basel–Boston–Stuttgart, 1986, 151–172.

[8] Jonas, P.: On a problem of the perturbation theory of selfadjoint operators in Kreĭn space. - J. Operator Theory 25, 1991, 183–211.

[9] Jonas, P.: A class of operator-valued meromorphic functions on the unit disc. - Ann. Acad. Sci. Fenn. Ser. A I Math. 17, 1992, 257–284.

[10] Jonas, P.: On the spectral theory of operators associated with perturbed Klein–Gordon and wave type equations. - J. Operator Theory 29, 1993, 207–224.

[11] Kreĭn, M.G., and H. Langer: Über die verallgemeinerten Resolventen und die charakteristische Funktion eines isometrischen Operators im Raume Π_κ . - Hilbert Space Operators and Operator Algebras. Colloquia Mathematica Societatis János Bolyai 5. North-Holland Publishing Company, Amsterdam–London, 1972, 353–399.

[12] Kreĭn, M.G., and H. Langer: Über die Q -Funktion eines π -hermitischen Operators im Raume Π_κ . - Acta Sci. Math. (Szeged) 34, 1973, 191–230.

[13] Kreĭn, M.G., and H. Langer: Über einige Fortsetzungsprobleme, die eng mit der Theorie hermitischer Operatoren im Raume Π_κ zusammenhängen. I. Einige Funktionenklassen und ihre Darstellungen. - Math. Nachr. 77, 1977, 187–236.

[14] Langer, H.: Spektraltheorie linearer Operatoren in J -Räumen und einige Anwendungen auf die Schar L(λ) = λ^2I + λB + C . - Habilitationsschrift, Technische Universität Dresden, 1965.

[15] Langer, H.: Über eine Klasse polynomialer Scharen selbstadjungierter Operatoren im Hilbertraum. II. - J. Funct. Anal. 16, 1974, 221–234.

[16] Langer, H., and B. Najman: A Kreĭn space approach to the Klein–Gordon equation. - Manuscript.

[17] Markus, A.S.: Introduction to the spectral theory of operator polynomials. - Transl. Math. Monogr. 71, American Mathematical Society, Providence, N.J., 1988.

Received 23 January 1998