Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 23, 1998, 191–204

ON THE NONCOMPACTNESS OF DAVID CLASSES

V. Potyemkin and V. Ryazanov

National Academy Sciences of Ukraine, Institute of Applied Mathematics and Mechanics Rose Luxemburg Str., 74, 340114, Donetsk, Ukraine; math@iamm.ac.donetsk.ua

Abstract. Certain classes of plane homeomorphisms with general measure-theoretic restrictions on the local dilatation are considered. The noncompactness of such classes is proved. In particular, the noncompactness of all David’s classes with exponential bounding functions is obtained from this. It is also established that the closure of such a class cannot be a class of the same type.

1. Definitions and preliminary considerations In view of the well-known Gehring–Lehto theorem (see e.g. [LV, pp. 10, 134]), an arbitrary sense-preserving homeomorphism of the complex plane f: C → C, having the first partial derivatives almost everywhere, satisfies the Beltrami equation

(1) f_{z̄} = μ(z)f_z a.e.,

where μ: C → C is a measurable function with |μ(z)| ≤ 1 and, as usual, f_{z̄} = 1 2 (f_x + if_y), f_z =^1_2 (f_x − if_y), z = x + iy . If f_z = f_{z̄} = 0, we set μ(z) = 0. The functions μ(z) and

(2) p(z) = 1 + |μ(z)| 1 − |μ(z)| are called the complex dilatation and, simply, the dilatation of the mapping f at the point z , respectively.

In particular, if f ∈ W^1_{1,loc} and p(z) ≤ Q a.e. for some Q ∈ [1, ∞), the homeomorphism f is called a Q-quasiconformal mapping (cf. e.g. [LV, p. 176], [A2, p. 24, 33]). In what follows, F_Q denotes the class of all Q-quasiconformal self-mappings of the extended complex plane C = C ∪ {∞} normalized in the following way:

(3) f(0) = 0, f(1) = 1, f(∞) = ∞.

1991 Mathematics Subject Classification: Primary 30C62.

192 V. Potyemkin and V. Ryazanov

As is well known (see [LV, p. 76]), the class F_Q is sequentially compact with respect to the locally uniform convergence, i.e. firstly, every sequence (f_n) ⊂ F_Q has a subsequence converging locally uniformly to some mapping f_0 and, secondly, f_0 ∈ F_Q . It is customary to call the first property the precompactness and the second the completeness of a class.

Various classes of mappings with unbounded dilatations have been studied by many authors. The recent paper [D] by Guy David is of a special interest. There he proved a new theorem on the existence and uniqueness of homeomorphic solutions f ∈ W^1_{1,loc} normalized by (3) for the Beltrami equation (1) with the coefficient μ(z) satisfying the following restrictions: (4) meas {z ∈ C : |μ(z)| > 1 − ε} ≤ C_0e^{−α/ε} for all ε ≤ ε_0 and for some fixed ε_0 ∈ (0, 1], α > 0, C_0 > 0.

A study of compactness properties for David homeomorphisms was begun by P. Tukia [T], who also wrote the condition (4) in the following equivalent and more convenient form: (5) meas {z ∈ C : p(z) > t} ≤ ce^{−γt} for all t ≥ T , where T ≥ 1, c > 0, γ > 0.

G. David [D] established the locally uniform boundedness, the local equicontinuity and openness of such a class of homeomorphisms. Thus, in view of the Arzela–Ascoli theorem (see e.g. [DS]), the above class of homeomorphisms is precompact in the space of all plane homeomorphisms.

For precompact classes, it is clear that sequential compactness is equivalent to completeness. In this respect, P. Tukia [T] succeeded only in establishing that all the locally uniform limit functions of David homeomorphisms with the restriction (5) are also David homeomorphisms but, in general, with other constants T , γ and c. In this connection, questions have also arisen on sequential compactness and completeness for the classes with measure-theoretic restrictions of the general form (6) meas {z ∈ C : p(z) > t} ≤ φ(t), where φ: [1, ∞) → [0, ∞] is an arbitrary function.

In what follows, H(φ) denotes the class of all sense-preserving homeomorphisms f: C → C in W^1_{1,loc} normalized by (3) and satisfying the restriction (6) for the dilatation.

G. David [D] has given examples showing that, for power functions φ, the classes H(φ) may not be equicontinuous and, consequently, not sequentially compact nor precompact.

On the noncompactness of David classes 193

Our main goal is to show that the lack of sequential compactness and the lack of completeness are common properties for the classes H(φ), with the exception of degenerate cases. In particular, David classes with the exponential restriction (5) are not closed and, consequently, not sequentially compact, although all of these classes are precompact.

Note that the classes H(φ) are always nonempty, because they contain the identity I . The following statement shows that they are nontrivial, i.e., they contain many mappings, under a natural condition on φ.

Proposition 1. Let φ: [1, ∞) → [0, ∞] be an arbitrary function. Then H(φ) \ {I} ≠ ∅ if and only if

(7) lim inf_{t→1} φ(t) = ε > 0.

Moreover, in this case, the cardinality of the collection M(φ) of all complex dilatations μ: C → Δ = {ν ∈ C : |ν| < 1} of the mappings from H(φ) coincides with the cardinality of the class of all measurable functions ω: C → Δ.

Thus, in spite of the lack of an existence theorem in the general case, the classes H(φ) remain a noteworthy object for investigation.

It is also important for what follows that the function φ in (6) may always be replaced by another function with additional properties and without changing the class H(φ). More precisely, the following statement on a regular change holds.

Proposition 2. For every function φ: [1, ∞) → [0, ∞] there exists a unique non-increasing function φ_r: [1, ∞) → [0, ∞] that is continuous from the right and such that

(8) H(φ) = H(φ_r ).

Moreover,

(9) φ_r(t) = lim_{b→t+0} { inf_{1≤a≤b} φ(a) }

for all t ≥ 1.

The nonnegative non-increasing functions that are continuous from the right are sometimes called measure functions in view of the well-known role of such functions in general measure theory. In what follows, we will often use this terminology.

Corollary 1. Let φ_1 and φ_2: [1, ∞) → [0, ∞] be measure functions. Then

(10) H(φ_1) = H(φ_2)

if and only if φ_1(t) ≡ φ_2(t).

194 V. Potyemkin and V. Ryazanov

Proof of Proposition 1. 1) The necessity of the condition (7) is obvious by the well-known Weyl lemma (see, e.g., [A2, p. 33]) because f_{z̄} = 0 a.e. if ε = 0.

2) If (7) holds, there exists δ > 0 such that φ(t) ≥^1_2 ε for all t ∈ (1, 1 + δ). For such δ , the class H(φ) includes the mapping f(z) = { z|z|^δ, z ∈ Δ_ϱ, cz, z ∈ C \ Δ_ϱ, if ϱ ≥ 1 and f(z)/c if ϱ ≤ 1, where Δ_ϱ = {z ∈ C : |z| < ϱ}, ϱ = √ ε/2π , c = ϱ^δ , because its dilatation is given by p(z) = { 1 + δ, z ∈ Δ_ϱ, 1, z ∈ C \ Δ_ϱ.

Note that f is even quasiconformal in view of the quasiconformal removability of analytic arcs (see [LV, p. 47]).

3) Finally, let us show that, under the condition (7), M(φ) has the cardinality of the class of all measurable functions ω: C → Δ.

By the existence theorem for the class F_Q , Q = 1 + δ , for every measurable function α(z): Δ_ϱ → R there exists a mapping f ∈ H(φ) ∩ F_Q with the complex dilatation μ(z) = { τ e^{iα(z)}, z ∈ Δ_ϱ, 0, z ∈ C \ Δ_ϱ,

where τ = δ/(2 + δ) and δ is as in the previous part of the proof. However, the formula α(z) = γ ( κ(z) ) , where κ(z) = (ϱ − |z|)^{−1}z/|z|, provides a one-to-one correspondence between all measurable functions γ: C → R and all measurable functions α: Δ_ϱ → R. Moreover, the collection of all measurable functions Ω: C → C has a natural one-to-one correspondence to all pairs (γ_1, γ_2) of measurable functions γ_1 = Re Ω: C → R, γ_2 = Im Ω: C → R.

It is well known that the cardinality of the Cartesian product M × M for each infinite set M coincides with the cardinality of M (see e.g. [AP, p. 30]). Consequently, the cardinality of M(φ) is equal to or greater than the cardinality of all measurable functions Ω: C → C. On the other hand, as a subset of the latter, M(φ) cannot have a greater cardinality. Hence their cardinalities coincide. Further, the formula Ω(z) = β ( ω(z) ) , where β: Δ → C, β(ζ) = (1 − |ζ|)^{−1}ζ/|ζ|, gives us a one-to-one correspondence between all measurable functions Ω: C → C and all measurable functions ω: C → Δ.

Thus the proof of Proposition 1 is complete.

Proof of Proposition 2. 1) Consider first the function (11) ω(b) = inf_{1≤a≤b} φ(a), b ∈ [1, ∞).

On the noncompactness of David classes 195

By the construction, ω is nonincreasing and ω(b) ≤ φ(b) for all b ∈ [1, ∞). Hence (12) H(ω) ⊆ H(φ). On the other hand, every measurable function p: C → [1, ∞) satisfying the inequality meas {z ∈ C : p(z) > a} ≤ φ(a) for all a ≥ 1, will, by (11), also satisfy the inequality meas {z ∈ C : p(z) > b} ≤ ω(b) for all b ≥ 1, i.e. (13) H(φ) ⊆ H(ω). Comparing (12) and (13) we have (14) H(φ) = H(ω).

2) Now consider the function (15) κ(t) = lim_{b→t+0} ω(b).

By the construction, this function is continuous from the right, non-increasing and κ(t) ≤ ω(t) for all t ∈ [1, ∞). Consequently, the inclusion (16) H(κ) ⊆ H(ω) holds. Moreover, for every measurable function p: C → [1, ∞),

meas {z ∈ C : p(z) > t} = lim_{n→∞} meas { z ∈ C : p(z) > t + 1 n } in view of the countable additivity of the Lebesgue measure. Hence (17) H(ω) ⊆ H(κ). Comparing (11)–(17) we obtain (8) and (9).

3) Finally, let us prove the uniqueness of the regular change φ_r . Indeed, let us assume that there exist two different non-increasing functions φ_1 and φ_2: [1, ∞) → [0, ∞], which are continuous from the right and such that (10) holds. Let Φ_2 = φ_2(t) > φ_1(t) = Φ_1 for some t ∈ [1, ∞) and let Δ = Φ_2 − Φ_1 > 0. Then there exists τ > t such that 0 < φ_2(t) − φ_2(τ ) <^1_3 Δ and 0 < φ_1(t) − φ_1(τ ) <^1_3 Δ. Consider the mapping f(z) = { z|z|^{τ−1}, |z| ≤ ϱ, cz, |z| ≥ ϱ, if ϱ ≥ 1 or f(z)/c if ϱ ≤ 1, where ϱ = √ φ_2(τ )/π , c = ϱ^{τ−1} . It has the dilatation p(z) = { τ, |z| < ϱ, 1, |z| > ϱ, and thus f or f/c ∈ H(φ_2) \ H(φ_1). This contradicts the assumption (10).

196 V. Potyemkin and V. Ryazanov

2. Main results

In view of Proposition 2 on the regular change in the classes H(φ), we may assume without loss of generality that the functions φ: [1, ∞) → [0, ∞] are nonincreasing and continuous from the right, i.e., they are measure functions. Thus, the criterion below gives the final solution to the compactness problem for the classes under consideration.

Theorem 1. Let φ: [1, ∞) → [0, ∞] be an arbitrary measure function. Then the class H(φ) is sequentially compact if and only if φ has the form

(18) φ(t) = { ∞, 1 ≤ t < Q, 0, t ≥ Q, for some Q ∈ [1, ∞).

In other words, there exist no compact classes among the classes H(φ), with the exception of the well-known classes F_Q , Q ≥ 1, consisting of all Qquasiconformal mappings f: C → C normalized by (3).

Corollary 2. There exist no compact classes among David classes. There exist no closed classes among David classes.

Indeed, for David classes,

(19) φ(t) = { ∞, 1 ≤ t < T , ce^{−γt}, t ≥ T , where T ≥ 1, c > 0 and γ > 0. It is easy to see that the given functions are non-increasing and continuous from the right. By Theorem 1, the classes H(φ) cannot be sequentially compact. Moreover, by David’s theorem, the given classes of homeomorphisms are locally uniformly bounded and equicontinuous and, consequently, precompact by the Arzela–Ascoli theorem. Thus, the lack of sequential compactness in these classes is equivalent to the lack of completeness.

Corollary 3. Let φ: [1, ∞) → [0, ∞] be a measure function. Then the class H(φ) is closed if and only if φ has the form (18).

Thus, there exist no closed classes H(φ) with the exception of F_Q . To verify this, apply Theorem 1 to the precompact classes H(φ) ∩ F_K , in other words, to the classes H(φ_K ) ⊆ F_K , where for all K > 1

(20) φ_K (t) = { φ(t), 1 ≤ t < K, 0, t ≥ K. In this connection, the problem of describing the closure of a class H(φ) arises. The following theorem shows that the problem is nontrivial.

On the noncompactness of David classes 197

Theorem 2. Let φ: [1, ∞) → [0, ∞] be a measure function that is exponentially decreasing at ∞, with the exception of the form (18). Then

(21) H(φ) ≠ H(Ψ)

for all functions Ψ: [1, ∞) → [0, ∞].

Thus, the closure of a class H(φ) cannot be a class of the same type except for the degenerate cases (18).

With respect to compactness and closure the situation of the classes H(φ) radically differs from that of the classes H^Φ of all sense-preserving homeomorphisms f: C →C in W^1_{1,loc} normalized by (3) and satisfying integral restrictions

(22) ∫∫ C Φ ( p(z) ) dx dy ≤ 1.

The classes H^Φ have a very strong theory as regards compactness and closure (see [R4]).

First of all, note that H^Φ is nonempty if and only if inf Φ = 0. If the function Φ has exponential growth at ∞, i.e., Φ(t) ≥ Be^{βt} , t ≥ T , the existence theorem holds by David’s theorem because (22) implies (5) under the given growth condition. Under these conditions H^Φ is compact if and only if the function Φ is non-decreasing, convex and continuous from the left at the point

(23) K = sup{t ∈ [1, ∞) : Φ(t) < ∞}.

We note that, for such Φ,

(24) H^Φ ⊆ H(φ),

where φ = 1/Φ. However, as the above criteria for compactness show, the converse inclusion is valid if and only if φ has the form (18). Thus, the classes H^Φ and H(φ) practically never coincide.

The closure of H^Φ is always a class H^{Φ0} of a similar type, where Φ_0 is the so-called lower envelope of Φ. More precisely,

(25) Φ_0(t) = sup_{ω∈Ω} ω(t), t ∈ [1, ∞),

where Ω is the family of all continuous non-decreasing convex functions ω: [1, ∞) → [0, ∞) such that ω(t) ≤ Φ(t) for all t ∈ [1, ∞). In other words, the lower envelope of a function Φ: [1, ∞) → [0, ∞] is the greatest non-decreasing convex function Φ_0: [1, ∞) → [0, ∞] with its graph lying below the graph of Φ and continuous from the left at the point (23) (see e.g. [B]).

198 V. Potyemkin and V. Ryazanov

3. Main lemma

The construction in the following lemma is due to [R1, p. 9].

Lemma 1. Let t_1, t_2 ∈ [1, Q], t_1 ≠ t_2 , λ ∈ [0, 1], be arbitrary numbers. Then there exists a sequence of Q-quasiconformal mappings f_n: C → C, whose dilatations p_n take only two values, t_1 and t_2 a.e., and which converges locally uniformly to a Q-quasiconformal mapping f_0: C → C with the dilatation

(26) p_0(z) ≡ t_0 = λt_1 + (1 − λ)t_2.

Moreover, for every measurable set E ⊆ C with 0 < meas E < ∞, the limit relation

(27) lim_{n→∞} meas {z ∈ E : p_n(z) = t_1} meas E = λ holds.

Remark 1. By the construction, f_0 will be simply a stretching along an imaginary axis and f_n are obtained by the method of gluing of such stretchings together.

Proof. First of all, consider Q-quasiconformal affine mappings

ζ = g_s(z) =^1_2 (1 + t_s)z +^1_2 (1 − t_s)z̄ = x + iyt_s

that are stretchings along the y -axis, z = x + iy , with distortion coefficients t_s , s = 0, 1, 2.

Let us fix a positive integer n ∈ {1, 2, . . . , } and make use of the lines l_{mn} = { x + i m 2^n

: x ∈ R } , where m = 0, ±1, ±2, . . ., to partition the whole plane C into strips that are parallel to the real axis. In turn, each such strip is partitioned into two strips by lines of the form l^∗_{mn} = { x + i ( m 2^n + λ 2^n ) : x ∈ R } . We set f_n(z) = g_1(z) between the lines l_{0n} and l^∗_{0n} . In all the remaining strips we define f_n(z) = g_s(z) + C^s_{mn} , where s = 1 or 2 (we take s = 1 between the lines l_{mn} and l^∗_{mn} , and s = 2 between the lines l^∗_{mn} and l_{m+1,n} ) and the constants C^s_{mn} are found for every fixed n by induction on m on both sides of zero (m = 0, ±1, ±2, . . .) from the gluing condition.

Note that the mappings f_n are Q-quasiconformal in view of the removability of analytic arcs (see e.g. [LV, p. 47]). Moreover, in the strips between the lines

On the noncompactness of David classes 199

l_{mn} and l^∗_{mn} , we have p_n(z) = t_1 , while in the strips between the lines l^∗_{mn} and l_{m+1,n} we have p_n(z) = t_2 .

Further, when increments of the independent variable Δz_s = ih_s , h_s > 0, are purely imaginary, we have purely imaginary increments of the functions

Δg_s = ih_st_s, s = 0, 1, 2.

Thus by the construction f_n we obtain

Δf_n = i 1 2^n

{λt_1 + (1 − λ)t_2} = i t_0 2^n

= Δg_0

for Δz = i2^{−n} . To verify this, take above h_0 = 2^{−n} , h_1 = λ2^{−n} , h_2 = (1−λ)2^{−n} . Hence

(28) f_n(z) = g_0(z)

on the lines l_{mn} , m = 0, ±1, ±2, . . ., n = 1, 2, . . . in view of the initial date f_n(z) = g_1(z) = z = g_0(z) on the real axis.

It is thus obvious that on the lines l_{mn} , which constitute a dense set in C, the sequence f_n(z) converges to the mapping f_0(z) ≡ g_0(z) and, consequently, it converges to f_0(z) locally uniformly in the whole plane C (see [LV, p. 76]).

Finally, the relation (27) follows immediately from the measure partitioning among the values t_1 and t_2 in the dilatations p_n .

Corollary 4. For all t_1 , t_2 ∈ [1, Q], t_1 ≠ t_2 , 1 < Q < ∞, λ ∈ [0, 1], E ⊂ C with 0 < meas E < ∞, there exists a sequence of mappings f_n ∈ F_Q with dilatations

p_n(z) = t_1, z ∈ E_n, t_2, z ∈ E \ E_n, 1, z ∈ C \ E, a.e. where E_n ⊆ E , such that f_n → f_0 ∈ F_Q locally uniformly,

lim_{n→∞} meas E_n/meas E = λ, and p_0(z) = { t_0, z ∈ E, 1, z ∈ C \ E, where t_0 = λt_1 + (1 − λ)t_2 .

Corollary 4 is immediately obtained from Lemma 1, the sequential compactness of the class F_Q and the following comparison lemma (see [GR], [R2]).

200 V. Potyemkin and V. Ryazanov

Lemma. Let (f_n) and (g_n), n = 1, 2, . . ., be sequences of Q-quasiconformal mappings with complex dilatations μ_n and ν_n that converge locally uniformly to Q-quasiconformal mappings f_0 and g_0 with complex dilatations μ_0 and ν_0 , respectively. If E ⊂ C is measurable and (29) meas {z ∈ E | μ_n(z) ≠ ν_n(z)} → 0, then (30) μ_0(z) = ν_0(z) almost everywhere in E .

Here we have to stress that, generally speaking, in spite of (29), μ_n(z) and ν_n(z) may be nonconverging in measure to μ_0(z) and ν_0(z), respectively. Furthermore, there exist examples of Q-quasiconformal mappings f_n , where the corresponding μ_n do not converge even weakly to μ_0 in L^p_{loc} , p ≥ 1, although f_n → f_0 locally uniformly (see [LV, p. 195], [R1, p. 14]). 4. Proof of the compactness criterion The sufficiency of the condition (18) for the compactness of H(φ) is obvious, because in this case H(φ) = F_Q . The proof of the necessity of the condition (18) is reduced to the proof of the following series of simple statements.

Proposition 3. Let φ: [1, ∞) → [0, ∞] be an arbitrary measure function. If the class H(φ) is sequentially compact, then (31) Q_1 = sup_{φ(t)=∞} t < ∞.

Here the supremum is taken over t ∈ [1, ∞). If there exist no points t ∈ [1, ∞) such that φ(t) = ∞, we let Q_1 = 1.

Proposition 4. Let φ: [1, ∞) → [0, ∞] be an arbitrary measure function. If the class H(φ) is sequentially compact, φ has the form

(32) φ(t) =

∞, t ∈ [1, Q_1), c, t ∈ [Q_1, Q_2), 0, t ∈ [Q_2, ∞), where 0 < c < ∞, Q_1 is given by (31) and (33) Q_2 = inf_{φ(t)=0} t.

Here the infimum is taken over t ∈ [1, ∞). If there exist no points t ∈ [1, ∞) such that φ(t) = 0, we set Q_2 = ∞.

On the noncompactness of David classes 201

Proposition 5. Let φ: [1, ∞) → [0, ∞] be an arbitrary measure function. If the class H(φ) is sequentially compact, then (34) Q_1 = Q_2 where Q_1 and Q_2 are given by (31) and (33), respectively.

Proof of Proposition 3. Let us assume that φ ≡ ∞, t ∈ [1, ∞). Consider the sequence of quasiconformal mappings f_n(z) = z|z|^tn^{−1} = z^{(t}n^{+1)/2} z̄^{(t}n^{−1)/2}, z ∈ C, where t_n ∈ [1, ∞) is an arbitrary sequence such that t_n → ∞ as n ∈ ∞. It is easy to see that μ_n(z) = z z̄ t_n − 1 t_n + 1 a.e.,

i.e., p_n(z) = t_n a.e. and f_n ∈ H(φ) for all n = 1, 2, . . . .

On the other hand, for every fixed |z| > 1 we have lim_{n→∞} |f_n(z)| = lim_{n→∞} |z|^tn = ∞. Hence there exists no subsequence (f_nk ) of (f_n) converging locally uniformly to a mapping f_0 ∈ H(φ). This contradicts the sequential compactness of H(φ).

Proof of Proposition 4. If Q_1 = Q_2 , we automatically have the form (32). Let Q_2 > Q_1 . Then, by the definitions of Q_1 and Q_2 , 0 < φ(t) < ∞ for all t ∈ (Q_1, Q_2). We show first that if φ(t_∗) = c > 0 for some t_∗ ∈ (Q_1, Q_2), then φ(t) = c for all t ∈ (t_∗, Q_2), too. Since t_∗ ∈ (Q_1, Q_2) is arbitrary, this immediately leads us to (32).

Set t^∗ = sup_{φ(t)=c} t ≥ t_∗ and let us assume that t^∗ < Q_2 . Then there exists a point τ ∈ (t^∗, Q_2) where 0 < φ(τ ) < c. Taking t_1 = τ , t_2 = t^∗ , λ = φ(τ )/c and E = {z = x + iy : 0 ≤ x ≤ 1, 0 ≤ y ≤ c − ε}, ε ∈ (0, c), in Corollary 4, we get a sequence (f_n) ⊂ H(φ) ∩ F_τ converging locally uniformly to a mapping f_0 ∈ H(φ) ∩ F_τ with the dilatation

p_0(z) = { t_0, z ∈ E, 1, z ∈ C \ E, where t_0 = λτ + (1 − λ)t^∗ , i.e. t^∗ < t_0 < τ . Moreover, meas {z ∈ C : p_0(z) = t_0} = c − ε.

Thus, for every t ∈ (t^∗, t_0), we have the lower bound φ(t) ≥ c − ε and, since ε ∈ (0, c) was arbitrary, φ(t) ≥ c = φ(t_∗). Since the function φ is non-increasing, φ(t) ≡ φ(t_∗) = c, t ∈ (t^∗, t_0). However, the last statement contradicts the definition of the point t^∗ . Thus, the assumption t^∗ < Q_2 was false and, consequently, φ(t) = c in the whole interval (t_∗, Q_2). From this we finally come to the relation (32).

202 V. Potyemkin and V. Ryazanov

Proof of Proposition 5. Let us assume that Q_2 > Q_1 . Then there exists a point τ ∈ (Q_1, Q_2). Letting t_1 = τ , t_2 = Q_1 , E = {z = x + iy : 0 ≤ x ≤ 1, 0 ≤ y ≤ N}, λ = (c − ε) N , in Corollary 4, where ε ∈ (0, c) and N > c = φ(τ ) > 0, we get a sequence (f_n) ⊂ H(φ) ∩ F_τ converging locally uniformly to some mapping f_0 ∈ H(φ) ∩ F_τ with the dilatation p_0(z) = { t_0, z ∈ E, 1, z ∈ C \ E, where t_0 = λτ + (1 − λ)Q_1 . Hence Q_1 < t_0 < τ < Q_2 . Moreover, for t ∈ (Q_1, t_0),

φ(t) ≥ meas {z ∈ C : p_0(z) = t_0} = N > c = φ(τ ).

This, however, contradicts (32). Thus, the above assumption was false.

5. Proof of the closure theorem By the David theorem, the class H(φ) and, consequently, also H(φ) is locally bounded and locally equicontinuous. Hence H(φ) is precompact by the Arzela– Ascoli theorem. Since the class H(φ) is closed, it is sequentially compact.

By Theorem 1 the equality

(35) H(φ) = H(Ψ)

would hold only for the function Ψ of the form

Ψ(t) = { ∞, 1 ≤ t < Q, 0, t ≥ Q, for some Q ∈ [1, ∞).

Since (35) implies the inclusion H(φ) ⊆ H(Ψ) = F_Q , it is clear that inf_{φ(t)=0} t ≤ Q. Moreover, (36) φ(Q − 0) < ∞, because φ(t) is not of the form (18).

Consider the mapping f ∈ H(Ψ), f(z) = z + qz̄ 1 + q , where q = (Q − 1)/(Q + 1). By (35) there exists a sequence (f_n) ⊂ H(φ) such that f_n → f locally uniformly as n → ∞.

On the noncompactness of David classes 203

By the convergence theorem in [R3],

(37) lim inf_{n→∞} ∫∫ E p_n(z) dx dy ≥ ∫∫ E p(z) dx dy

for every measurable set E ⊂ C with 0 < meas E < ∞; here p_n and p are the dilatations of f_n and f , respectively. However, p(z) ≡ Q and, by (36), φ(t) ≤ c < ∞ for some ε > 0 and c > 0 and all t ∈ [Q − ε, Q]. Choosing E = Δ_r = {z ∈ C : |z| < r}, where r = √ α π , α = 2cQ ε , we obtain

lim sup n→∞ ∫∫ E p_n(z) dx dy ≤ (Q − ε)α + Qc = Qα − Qc < Qα = ∫∫ E p(z) dx dy,

i.e., a contradiction with inequality (37).

Thus (35) is impossible and the proof of Theorem 2 is complete. Acknowledgments. We would like to thank Professors Olli Martio, Pekka Tukia and Matti Vuorinen for useful discussions and the referee for useful comments.

The research described in this publication was made possible in part by Grant Number U96200 from the International Science Foundation (ISF).

References [A1] Ahlfors, L.: On quasiconformal mappings. - J. Analyse Math. 3, 1953/54, 1–58. [A2] Ahlfors, L.: Lectures on Quasiconformal Mappings. - Van Nostrand, Princeton, NJ, 1966.

[AP] Arhangelskii, A.V., and V.J. Ponomaryev: Foundations of General Topology in Problems and Exercises. - Nauka, Moskva, 1974.

[B] Bourbaki, N.: Functions of a Real Variable. - Nauka, Moskva, 1965. [D] David, G.: Solutions de l’equation de Beltrami avec k¯k1 = 1 . - Ann. Acad. Sci. Fenn. Ser. A I Math. 13, 1988, 25–70.

[DS] Dunford, N., and J.T. Schwartz: Linear Operators. Part 1: General Theory. - Interscience Publishers, New York–London, 1958.

[GR] Gutlyanskii, V.Ya., and V.I. Ryazanov: On boundary correspondence under quasiconformal mappings. - Ann. Acad. Sci. Fenn. Ser. A I Math. 21, 1996, 167–178.

[IS] Iwaniec, T., and V. Sverak: On mappings with integrable dilatation. - Proc. Amer. Math. Soc. 118:1, 1993, 181–188.

204 V. Potyemkin and V. Ryazanov

[KM] Kruglikov, V.J., and V.M. Miklyukov: On classes of plane topological mappings with generalized derivatives. Metric questions of the theory of functions and mappings. - Naukova dumka, Kiev, 1973, 102–122.

[KK] Krushkal, S.L., and R. Kühnau: Quasiconformal mappings, new methods and applications. Metric questions of the theory of functions and mappings. - Nauka, Novosibirsk, 1984.

[Kud] Kud’yavin, V.S.: Local structure of plane mappings quasiconformal in the mean. - Dokl. Akad. Nauk Ukrainy 3, 1991, 10–12.

[Kur] Kuratowski, K.: Topology, Vol. 1. - Academic Press, New York–London, 1966. [L1] Lehto, O.: Homeomorphisms with a given dilatation. - Proceedings of the 15th Scandinavian Congress, Oslo 1968. Lecture Notes in Math., Springer-Verlag, 1970, 58–73.

[L2] Lehto, O.: Remarks on generalized Beltrami equations and conformal mappings. - Proceedings of the Romanian-Finnish seminar on Teichmüller spaces and quasiconformal mappings, Romania, 1969, Publishing House of the Academy of the Socialist Republic of Romania, Bucharest, 1971, 203–214.

[LV] Lehto, O., and K.I. Virtanen: Quasikonforme Abbildungen. - Springer-Verlag, 1965. [MS] Miklyukov, V.M., and G.D. Suvorov: On existence and uniqueness of quasiconformal mappings with unbounded characteristics. Investigations in the theory of functions of a complex variable and its applications. - Kiev Math. Inst., 1972, 45–53.

[Per] Perovich, M.: On global homeomorphism of mappings quasiconformal in the mean. - Dokl. Akad. Nauk SSSR 230:4, 1976, 781–784.

[Pes] Pesin, J.N.: Mappings quasiconformal in the mean. - Dokl. Akad. Nauk SSSR 187:4, 1969, 740–742.

[R1] Ryazanov, V.I.: Some questions of convergence and compactness for quasiconformal mappings. - Amer. Math. Soc. Transl. (2) 131, 1986, 7–19.

[R2] Ryazanov, V.I.: On compactification of classes with integral restrictions on the Lavrent’ev characteristics. - Sibirsk. Mat. Zh. 33:1, 1992, 87–104.

[R3] Ryazanov, V.I.: On quasiconformal mappings with restrictions in measure. - Ukraïn. Mat. Zh. 45:7, 1993, 1009–1019.

[R4] Ryazanov, V.I.: On mappings quasiconformal in the mean. - Sibirsk. Mat. Zh. 37:2, 1996, 378–388.

[T] Tukia, P.: Compactness properties of ¯ -homeomorphisms. - Ann. Acad. Sci. Fenn. Ser. A I Math. 16, 1991, 47–69.

Received 2 October 1996