Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 21, 1996, 389–398

A NOTE ON GEHRING’S LEMMA

Mario Milman

Florida Atlantic University, Department of Mathematics Boca Raton, Fl 33431, U.S.A.; milman@acc.fau.edu

Abstract. We give a new proof and an extension of Gehring’s lemma using the real method of interpolation.

1. Introduction

Let Ω be a domain in R^n and let f be a non-negative locally integrable measurable function, then for any cube Q ⊂ Ω, with sides parallel to the coordinate axes, we let ∫ −_Q f(x) dx = 1 |Q| ∫ Q f(x) dx. We say that f satisfies a reverse Hölder inequality if for some p ∈ (1, ∞) there exists C ≥ 1 such that (1) (∫ −_Q f(x)^p dx )_{1/p} ≤ C ∫ −_Q f(x) dx for every cube Q ⊂ Ω, with sides parallel to the coordinate axes.

A well known result in the theory of weighted norm inequalities due to Gehring (cf. [4]) states that under such conditions f satisfies a higher integrability condition, namely there exists q > p such that f ∈ L^q_{loc}(Ω). More precisely, it is known that if f satisfies (1) then, for sufficiently small ε > 0, and q = p + ε > p, we have (∫ −_Q f(x)^q dx )_{1/q} ≤ c (∫ −_Q f(x)^p dx )_{1/p}

for every cube Q ⊂ Ω, with sides parallel to the coordinate axes. There are by now many versions and extensions of this result (cf. [3], [5], [9], [11], [16], [17]). Let us also note that Muckenhoupt, in his celebrated paper [14], also proves a similar result which in effect proves a rearrangement invariance property of A_p weights (cf. [13] for a brief discussion). In this connection let us also recall the well known fact that reverse Hölder conditions can be used to characterize A_∞

1991 Mathematics Subject Classification: Primary 42B25, 46B70.

390 Mario Milman

(the union of the A_p classes of Muckenhoupt). Moreover, in the applications to partial differential equations it is important to have some more flexibility in the formulation of condition (1) (cf. [11], [6], [17]). For example [11] treats weighted versions of (1) as well as conditions of the form

(2) (∫ −_Q f(x)^p dx )_{1/p} ≤ C ∫ −_{2Q} f(x) dx for every cube Q, with sides parallel to the coordinate axes such that 2Q ⊂ Ω.

The proofs of these results are based on real variable arguments related to the Calderón–Zygmund decomposition and the scale structure of L^p -spaces.

A perusal of the arguments suggests the possibility that a more general principle is at work here. In this note we propose to give a new proof and an extension of Gehring’s inequality. First we reinterpret reverse Hölder conditions in the setting of general real interpolation scales of spaces. In this set up Gehring’s lemma appears as an inverse of the usual reiteration formulae of Holmstedt. Interpolation theory then suggests the appropriate scaling of the general result. Our analysis allows not only to extend Gehring’s inequality in several directions (e.g. weak type reverse Hölder inequalities, reverse Hölder conditions in other interpolation scales, etc.) but also provides a simple proof avoiding the use of Stieltjes integrals (cf. [4], [16], [17]).

In what follows, by a cube we shall always mean one that has sides parallel to the coordinate axes, moreover the letter C shall indicate constants that need not be same in different occurrences.

2. Reformulation of Gehring’s inequality

In order to describe our results we reformulate (1) in a suitable form. Let us assume from now on that Ω is a fixed open cube, and all the L^p -spaces are based on Ω. Given x ∈ Ω, let Q ⊂ Ω be such that x ∈ Q, then (1) implies that (3) M_pf(x) ≤ cMf(x) where M = M_1 is the maximal operator of Hardy–Littlewood associated with Ω and M_pf(x) = sup_{x∈Q⊂Ω} (∫ −_Q |f(x)|^p dx )_{1/p} . Taking rearrangements in (3) we see, in view of the equivalence (cf. [7]),

(4) (Mf)^∗ (t) ≈ 1 t ∫_t 0 f^∗(s) ds, 0 < t < |Ω|,

A note on Gehring’s lemma 391 that (5) { 1 t ∫_t 0 f^∗(s)^p ds }_{1/p} ≤ c 1 t ∫_t 0 f^∗(s) ds. Remark 1. Since we are not going to have explicit use for them in this note it is appropriate to observe that covering lemmas and Calderón–Zygmund decompositions are used to prove the equivalence (4).

Now, in order to see how the scale structure of the L^p -spaces enters in this formulation let us recall a well known tool to construct real interpolation scales: the K -functional. Let (A_0, A_1) be a pair of Banach spaces which, for convenience, shall assume to be such that A_1 ⊂ A_0 . Then, for f ∈ A_0 , t > 0, we let K(t, f; A_0, A_1) = inf f=f0+f1, f_i ∈A_i {‖f_0‖_{A0} + t‖f_1‖_{A1} }. Thus, in view of the well known formulae (cf. [2]) K(t, f, L^1, L^∞) = ∫_t 0 f^∗(s) ds and (6) K(t, f, L^p, L^∞) ≈ {∫_tp 0 f^∗(s)^p ds }_{1/p}

we see that (5) can be rewritten as K(t, f, L^p, L^∞) ≤ ct^{1−p}K(t^p, f, L^1, L^∞). At this point let us also recall that, using the K method of interpolation, we have the following characterizations, 1 < p < ∞, L^p = (L^1, L^∞)_{1/p}0_{,p;K} and moreover, if q > p (7) L^q = (L^p, L^∞)_{1−p/q,q;K} . Thus, we are led to consider the validity of the following implication K(t, f, L^p, L^∞) ≤ ct^{1−p}K(t^p, f, L^1, L^∞) (8) implies that there exists q > p such that K(t, f, L^q , L^∞) ≤ Ct^{1−q/p}K(t^{q/p}, f, L^p, L^∞). (9)

392 Mario Milman

In order to understand the hypothesis (8) we recall that, although (6) can be obtained directly from the definitions, an equivalent computation of the K - functional for the pair of (L^p, L^∞) can be based on the reiteration theorem of Holmstedt [8], which in this context gives

K(t, f, L^p, L^∞) ≈ {∫_tp 0 ( K(s, f, L^1, L^∞)s^{−1/p} 0)p ds s }_{1/p} . Since for a fixed element f the K -functional, for any pair of spaces, is such that K(t)/t decreases we see that we always have K(t, f, L^p, L^∞) ≥ ct K(t^p, f, L^1, L^∞) t^p . Our assumption on f in (8) thus guarantees that we have the equivalence (10) K(t, f, L^p, L^∞) ≈ t K(t^p, f, L^1, L^∞) t^p . Likewise, Holmstedt’s formula also implies

K(t, f, L^q, L^∞) ≈ {∫_tq/p 0 ( K(s, f, L^p, L^∞)s^{−(1−p/q)} )_q ds s }_{1/q}

and the right hand side of (9) takes the form K(t, f, L^q, L^∞) ≈ t K(t^{q/p}, f, L^p, L^∞) t^{q/p} . Combinig this with (10) we see that the conjectured estimate reads K(t, f, L^p, L^∞) ≈ t K(t^p, f, L^1, L^∞) t^p implies the existence of q > p such that K(t, f, L^q , L^∞) ≈ t K(t^{q/p}, f, L^p, L^∞) t^{q/p} and using (10) once again (now applied on the right hand side of the previous statement) we finally arrive to K(t, f, L^p, L^∞) ≈ t K(t^p, f, L^1, L^∞) t^p implies the existence of q > p such that

A note on Gehring’s lemma 393 K(t, f, L^q , L^∞) ≈ t K(t^q, f, L^1, L^∞) t^q . In this form Gehring’s inequality appears as a reverse inequality of a reiteration theorem. What we seek to prove is that the validity of the estimate at one “point” of the scale implies its validity for other nearby “points”. These considerations suggest that a proof of a sharp version of Gehring’s inequality could be based on the Holmstedt argument, i.e. via rescaling of good decompositions. Moreover, once framed in this context Gehring’s lemma becomes a purely interpolation theory result with potentially wider applicability.

Theorem 1. Let (A_0, A_1) be an ordered pair of Banach spaces (i.e. A_1 ⊂ A_0 ) and suppose that f ∈ A_0 is such that for some constant c > 1, θ_0 ∈ (0, 1), 1 ≤ p < ∞, we have for every t ∈ (0, 1), (11) K(t, f; A_{θ0 ,p;K} , A_1) ≤ ct K(t^{1/(1−θ0)}, f; A_0, A_1) t^{1/(1−θ0)} . Then, there exists θ_1 > θ_0 , such that for q ≥ p, 0 < t < 1, we have K(t, A_{θ1,q;K} , A_1) ≈ t K(t^{1/(1−θ1)}, f; A_0, A_1) t^{1/(1−θ1)} . Remark 2. We remark that it is routine to formulate analogous results using the E method. It was in fact the observation that the estimates in [11] were related to the E method of interpolation that motivated our results.

3. Proof of the generalized Gehring inequality

While the content of Theorem 1 goes deep into the structure of real interpolation scales the underlying estimates are elementary. Indeed, in view of Holmstedt’s formula we can reduce the proof of our result to a simple analytic lemma.

Lemma 2. Let h: [0, 1] → R^+ be an increasing function such that h(s)/s is decreasing, and for θ ∈ (0, 1) let h_θ(s) = s^{−θ}h(s). Suppose that there exists θ_0 ∈ (0, 1), p ≥ 1, C > 1, such that for every t ∈ (0, 1) we have

(12) ∫_t 0 h_{θ0} (s)^p ds s ≤ Ch_{θ0} (t)^p. Then, there exists 1 > θ_1 > θ_0 , such that for q ≥ p, we have ∫_t 0 h_{θ1} (s)^q ds s ≤ Ch_{θ1} (t)^q.

394 Mario Milman

Before proving the lemma let us show how it can be used to prove Theorem 1. Indeed, under the assumptions of Theorem 1 we have K(t^{1−θ0} , f, A_{θ0,p;K} , A_1)^p ≈ ∫_t 0 ( s^{−θ0} K(s, f, Ā) )_p ds s ≤ C ( t^{−θ0} K(t, f, Ā) )_p

and therefore if we let h(s) = K(s, f, Ā) we can apply the previous lemma to conclude that for suitable θ_1 ∈ (0, 1), θ_1 > θ_0 , and q ≥ p K(t^{1−θ1} , f, A_{θ1,q;K} , A_1)^q ≈ ∫_t 0 ( s^{−θ1} K(s, f, Ā) )_q ds s ≤ C ( t^{−θ1} K(t, f, Ā) )_q

as required.

Let us now proceed with the proof of the lemma. As a first step we shall show that there exists a constant c ∈ (0, 1) such that s^{−c}h_{θ0} (s)^p behaves like an increasing function: more precisely we shall show that there exists c ∈ (0, 1) and a constant K such that for every x, y ∈ (0, 1), x < y , we have x^{−c}h_{θ0} (x)^p ≤ Ky^{−c}h_{θ0} (y)^p . It is easy to see that if (12) holds, then there exists c ∈ (0, 1) such that

(13) c t ≤ d dt ( log ∫_t 0 h_{θ0} (s)^p ds s )

(cf. [14] and [15] for similar ideas in closely related contexts).

Let x, y ∈ (0, 1), with x < y , and integrate (13) from x to y , then we get

c log y x ≤ log ∫_y 0 h_{θ0} (s)^ps^{−1} ds ∫_x 0 h_{θ0} (s)^ps^{−1} ds

from where it follows readily that

(14) x^{−c} ∫_x 0 h_{θ0} (s)^p ds s ≤ y^{−c} ∫_y 0 h_{θ0} (s)^p ds s ≤ Cy^{−c}h_{θ0} (y)^p. On the other hand, by the monotonicity assumptions on h, we have

(15) x^{−c} ∫_x 0 h_{θ0} (s)^p ds s = x^{−c} ∫_x 0 ( s^{1−θ0} ( h(s) s ))_p ds s ≥ x^{−c} ( h(x) x )_p x(1−θ_0)p (1 − θ_0)p = x^{−c}h_{θ0} (x)^p (1 − θ_0)p . Combining (14) and (15) we finally obtain x^{−c}h_{θ0} (x)^p ≤ Ky^{−c}h_{θ0} (y)^p.

A note on Gehring’s lemma 395

Let us now set q = p(1+ε), θ_1 = θ_0 +α, with ε ≥ 0 and where α ∈ (0, 1−θ_0) is such that α < c/p. Then,

h_{θ1} (s)^q = h_{θ1} (s)^{p(1+ε)} = h_{θ0} (s)^{p(1+ε)}s^{−c(1+ε)}s^{θ0p(1+ε)}s^{−θ1p(1+ε)}s^{c(1+ε)}

and therefore we get ∫_t 0 h_{θ1} (s)^q ds s = ∫_t 0 h_{θ0} (s)^{p(1+ε)}s^{−c(1+ε)}s^{θ0p(1+ε)}s^{−θ1p(1+ε)}s^{c(1+ε)} ds s ≤ K^{(1+ε)}h_{θ0} (t)^{p(1+ε)}t^{−c(1+ε)} ∫_t 0 s^{θ0p(1+ε)}s^{−θ1p(1+ε)}s^{c(1+ε)} ds s . Now, the exponents in the last integral add up to

θ_0p(1 + ε) − (θ_0 + α)p(1 + ε) + c(1 + ε) − 1 = (−αp + c)(1 + ε) − 1

and by the choice of α, −αp + c > 0. Therefore, ∫_t 0 h_{θ1} (s)^q ds s ≤ K^′h_{θ0} (t)^{p(1+ε)}t^{−c(1+ε)}t^{(−αp+c)(1+ε)} = K^′h_{θ1} (t)^q

as we wished to show.

Example 3. In the special case of L^p spaces Theorem 1 gives, in particular, that if (∫ −_Q f(x)^p dx )_{1/p} ≤ C ∫ −_Q f(x) dx for every cube Q ⊂ Ω, then, for sufficiently small positive ε, q = p+ε, 0 < t < |Ω|, we have

(16) { 1 t ∫_t 0 f^∗(s)^q ds }_{1/q} ≤ C { 1 t ∫_t 0 f^∗(s)^p ds }_{1/p} . If we fix a cube Q and localize we observe that (∫ −_Q f(x)^r dx )_{1/r} = { 1 |Q| ∫_{|Q|} 0 (fχ_Q)^{∗r} (s) }_{1/r}

and thus we see that (16) gives (∫ −_Q f(x)^q dx )_{1/q} ≤ C (∫ −_Q f(x)^p dx )_{1/p} . Example 4. It is clear that the argument above can be also used to treat weighted reverse Hölder conditions as long as we know that the equivalence (4) is valid for the corresponding weighted local maximal functions. In particular this applies to weights that satisfy a doubling condition (cf. [11]).

396 Mario Milman

Remark 3. It is not difficult to formulate the dual of Lemma 2 which can be proven directly or by duality. The corresponding version of Theorem 1 that obtains is thus associated with the Holmstedt formulae K(t, f; A_0, A_{θ0,p}) ≈ t (∫_∞ t1^{/θ}1 ( s^{−θ1} K(s, f; Ā) )_p ds s )_{1/p} . 4. Examples We conclude by giving explicit calculations in some concrete settings. 4.1. Weighted L^p spaces: p fixed and variable weights. We consider weighted L^p(w) spaces defined by the norms

‖f‖_Lp_{(w)} = {∫ Ω |f(x)|^pw(x) dx }_{1/p} . Then, as is well known (cf. [2], [10]) K ( t, f; L^p(w_0), L^p(w_1) )_p ≈ ∫ Ω |f(x)|^p min{w_0(x), t^pw_1(x)} dx. In particular, L^p(w^{1−θ}_0 w^θ_1) = ( L^p(w_0), L^p(w_1) ) θ,p;K . Now, f satisfies a Gehring condition in this setting if there exists θ ∈ (0, 1), q ≥ 1, and c > 0 such that {∫_t1/(1�θ) 0 ( s^{−θ} {∫ Ω |f(x)|^p min{w_0(x), s^pw_1(x)} dx }_{1/p})_q ds s }_{1/q}

≤ ct {∫ Ω |f(x)|^p min{w_0(x), t^{p/(1−θ)}w_1(x)} dx }_{1/p} t^{1/(1−θ)} . 4.2. Weighted L^p spaces: p varying. We consider pairs (L^{p0}_{w0} , L^{p1}_{w1} ) where 1 ≤ p_i ≤ ∞, w_i > 0, and ‖f‖_Lp_w = {∫ Ω |f(x)w(x)|^p dx }_{1/p} . It is convenient to assume that w_0 = 1, (the general computation follows easily once this case is at hand), then (cf. [10]) K(t, f; L^p, L^∞_w ) ≈ {∫_tp 0 ( (fw)^{♯(p)}(s) )_p ds }_{1/p}

A note on Gehring’s lemma 397

where^{♯(p)} denotes non-increasing rearrangement with respect to the measure w(x)^{−p} dx. In this case a typical Gehring condition for an element f reads: there exists p > 1, c > 0, such that for every t > 0, {∫_tp 0 ( (fw)^{♯(p)}(s) )_p ds }_{1/p} ≤ t^{1−p} ∫_tp 0 (fw)^{♯(1)}(s)ds. Analytic semigroups. Suppose that A is the generator of an analytic semigroup in a Banach space X , and let D_A denote the domain of A, then it is well known (cf. [2], [13]) that K(t, f; X, D_A) ≈ ‖ ‖ ‖AR ( 1 t ) f ‖ ‖ ‖_X where R(t) = (A + tI)^{−1} .

An element f satisfies a Gehring condition if for some θ ∈ (0, 1), p ≥ 1, there exists a constant c > 0 such that we have {∫_t1/(1�θ) 0 ( s^{−θ} ‖ ‖ ‖AR ( 1 t ) f ‖ ‖ ‖_X )_p ds s }_{1/p} ≤ ct ‖AR(t^{−1/(1−θ)})f‖_X t^{1/(1−θ)} . Sobolev spaces. We consider the pair of Sobolev spaces ( W^k_p (Ω), W^k_∞(Ω) ) , p ≥ 1, where Ω is a smooth domain. It is known (cf. [1] and [13]) that K ( t, f; W^k_p (Ω), W^k_∞(Ω) ) ≈ ∑ |α|≤k {∫_tp 0 ( (D^αf)^∗(s) )_p ds }_{1/p} .

Therefore a typical Gehring condition for an element f with respect to the pair ( W^k_1 (Ω), W^k_∞(Ω) ) reads: there exists p > 1, c > 0, such that ∑ |α|≤k {∫_tp 0 ( (D^αf)^∗(s) )_p ds }_{1/p} ≤ ct^{1−p} ∑ |α|≤k ∫_tp 0 (D^αf)^∗(s) ds.

Of course there are weak type variants, the formulation of which we leave to the interested reader.

References

[1] Bennett, C., and R. Sharpley: Interpolation of Operators. - Academic Press, New York, 1988.

[2] Bergh, J., and J. Löfström: Interpolation Spaces, An Introduction. - Springer-Verlag, New York, 1976.

398 Mario Milman

[3] Bojarski, B., and T. Iwaniec: Analytical foundations of the theory of quasiconformal mappings in Rn . - Ann. Acad. Sci. Fenn. Ser. A I Math. 8, 1983, 257–324.

[4] Gehring, F.W.: The Lp integrability of partial derivatives of a quasiconformal mapping. - Acta Math. 130, 1973, 265–277.

[5] Giaquinta, M., and G. Modica: Regularity results for some classes of higher order nonlinear elliptic systems. - J. Reine Angew. Math. 311, 1979, 145–169.

[6] Heinonen, J., T. Kilpeläinen, and O. Martio: Nonlinear Potential Theory of Degenerate Elliptic Equations. - Oxford Univ. Press, 1993.

[7] Herz, C.: The Hardy–Littlewood maximal theorem. - Symposium on Harmonic Analysis, University of Warwick, 1968.

[8] Holmstedt, T.: Interpolation of quasi-normed spaces. - Math. Scand. 26, 1970, 177–190. [9] Iwaniec, T., and C.A. Nolder: Hardy–Littlewood inequality for quasiregular mappings in certain domains in Rn . - Ann. Acad. Sci. Fenn. Ser. A I Math. 10, 1985, 267–282.

[10] Jawerth, B., R. Rochberg, and G. Weiss: Commutator and other second order estimates in real interpolation theory. - Ark. Mat. 24, 1986, 191–219.

[11] Kinnunen, J.: Higher integrability with weights. - Ann. Acad. Sci. Fenn. Ser. A I Math. 19, 1994, 355–366.

[12] Milman, M.: Rearrangements of BMO functions and interpolation. - In: Interpolation Spaces and Allied Topics in Analysis, M. Cwikel and J. Peetre (editors), Lecture Notes in Math. 1070, Springer-Verlag, Berlin-Heidelberg–New York–Tokyo, 1984, 208–212.

[13] Milman, M.: Extrapolation and Optimal Decompositions, with Applications to Analysis. Lecture Notes in Math. 1580, Springer-Verlag, Berlin–Heidelberg–New York–Tokyo, 1994.

[14] Muckhenhoupt, B.: Weighted norm inequalities for the Hardy maximal function. - Trans. Amer. Math. Soc. 165, 1972, 207–226.

[15] Reisner, S.: A factorization theorem in Banach lattices and its application to Lorentz spaces. - Ann. Inst. Fourier (Grenoble) 31, 1981, 239–255.

[16] Stredulinsky, E.W.: Higher integrability from reverse Hölder inequalities. - Indiana Univ. Math. J. 29, 1980, 407–413.

[17] Stredulinsky, E.W.: Weighted Inequalities and Degenerate Elliptic Partial Differential Equations. - Lecture Notes in Math. 1074, Springer-Verlag, Berlin–Heidelberg–New York–Tokyo, 1984.

Received 15 May 1995