Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 21, 1996, 353–366

ALGEBRAIC SCHWARZIAN DIFFERENTIAL EQUATIONS

R. Hotzel and G. Jank

RWTH Aachen, Lehrstuhl II für Mathematik D-52056 Aachen, Germany; hotzel@math2.rwth-aachen.de, jank@math2.rwth-aachen.de

Abstract. Necessary conditions for the Newton polygon associated with a general differential equation algebraic in the unknown function and its Schwarzian derivative are presented in the case of existence of an admissible solution (in Nevanlinna sense). Moreover, an admissible solution is shown to satisfy a stronger version of Nevanlinna’s defect relation.

1. Preliminaries

An algebroid function α is an element of the algebraic closure A of the field M of meromorphic functions on C. The degree of α is the degree of its minimal polynomial over M . Finitely many algebroid functions α^{(i)} , i = 1, . . . , r , with minimal polynomials P_i can be associated with meromorphic functions on a Riemann surface X of finite number of sheets. Namely, there are a (holomorphic and proper) covering π_X : X → C (of finite number of sheets) and meromorphic functions α^{(i)}_X on X such that π^∗_X P_i ( α^{(i)}_X ) = 0, i = 1, . . . , r. Here, π^∗_X P_i is the polynomial obtained from P_i by replacing each coefficient p by π^∗_X p = p ∘ π_X . We call ( π_X ; α^{(1)}_X , . . . , α^{(r)}_X ) a (simultaneous) realization of the α^{(i)} ; less exactly, we will also call the α^{(i)}_X realizations of the α^{(i)} . We remark that (π_X , π_X ) is also a realization of an algebroid function π . If in (π_X , α_X ) the number of sheets of π_X equals the degree of α, the realization will be called minimal. A minimal realization always exists (see [Fo]). The ramification number of α_X in x ∈ X is the multiplicity of π_X in x reduced by 1, i. e.

ram (x, α_X ) = mult (x, π_X ) − 1.

When there is no danger of confusion, we simplify our notation identifying algebroid functions and their realizations and omitting the index X .

Now we recall the definitions of the functionals of Nevanlinna theory for algebroid functions (see [Ul]). Let π: X → C be an arbitrary covering, where the number of sheets is q < ∞. If F : X → [0, ∞] is continuous, F (y) = ∞, and ζ

1991 Mathematics Subject Classification: Primary 30D35.

354 R. Hotzel and G. Jank

a local coordinate around y , then we define the order of infinity of y to be the infimum of the set { l ∈ [0, ∞) | F ∘ ζ^{−1}(z) = O(|z|^{−l}), z → 0 } ∪ {∞}. Let C X be the smallest set of continuous functions from X to [0, ∞] that contains

all functions |f| where f: X → ^C is meromorphic, and is closed with respect to the operations addition, division, and taking the maximum of two functions (see [Er]). It is obvious that the points of infinity of functions in C_X have integer orders. These points will also be called poles. We are now ready to introduce the Nevanlinna entities, which we are going to define for C_X . Let Γ_r := π^{−1}({z | |z| = r}) and B_r be a finite subset of Γ_r such that the restriction of π to each connectivity component of Γ^′_r := Γ_r \ B_r is injective. Denote the connectivity components by γ_1, . . . , γ_l , the restriction of π to γ_i by π_i , and define s_i := π(γ_i). Then the proximity function of F ∈ C_X is defined as m(r, F ) := 1 2πrq l∑ i=1 ∫ s_i + log F ( π^{−1}_i (z) ) d|z|. It is easy to see that m(r, F ) does not depend on the choice of B_r . In order to define counting functions n(r, F ), n(r, F ), and n_1(r, F ), let Δ_r := π^{−1}({z | |z| ≤ r}) and denote by n(r, F ) and n(r, f) the number of poles of F in Δ_r , counting and ignoring multiplicities, respectively, and denote by n_1(r, F ) the number of multiple poles of F in Δ_r , ignoring multiplicities. Then

(1.1) N(r, F ) := 1 q ∫_r 0 n(t, F ) − n(0, F ) t dt + 1 q n(0, F ) log r

and N (r, F ) and N_1(r, F ) analogous. As usual, we define the characteristic function to be T (r, F ) := m(r, F ) + N(r, F ). If α is an algebroid function with a realization (π, α_X ) we write m(r, α) := m(r, |α_X |), N(r, α) := N(r, |α_X |), T (r, α) := T (r, |α_X |). It is not difficult to prove that these definitions of m(r, α) etc. are independent of the choice of the realization and coincide with the usual definitions. If the realization of α is minimal, we get the counting function N_{ram} (r, α) of ramification points of α by replacing in (1.1) the pole order of α_X by the ramification number. We assume the reader acquainted with the standard theorems of Nevanlinna theory, such as the fundamental theorems and the lemma on the logarithmic derivative (see [Ul]).

Algebraic Schwarzian differential equations 355

For two functions Φ, Ψ: (0, ∞) → R, the expression

Φ(r) ≈ Ψ(r) ( Φ(r) . Ψ(r) ) means that there is an exceptional set E ⊂ (0, ∞) of finite linear measure such that Φ(r) = Ψ(r) (respectively Φ(r) ≤ Ψ(r)) holds outside E .

Let φ: (0, ∞) → (0, ∞) be a function of growth sufficiently fast to guarantee

log r = O ( φ(r) ) . Then A_φ consists of all algebroid functions γ that fulfill T (r, γ) ≈ O ( φ(r) ) . In particular, if φ(r) = log(r), A_{log} is the set of algebraic functions.

By the well-known properties of the characteristic functions, it is immediate that A_φ is an algebraically and differentially closed subfield of the field A of all algebroid functions.

The Schwarzian derivative of a non-constant algebroid function α is Sα := ( α′′ α^′ )_′ − 1 2 (α′′ α^′ )_2 . The article deals with differential equations having the form (1.2) P (α, Sα) = 0, where P is an irreducible polynomial in two unknowns over A_φ . A solution α of (1.2) is called admissible if (1.3) φ(r) ≈ o ( T (r, α) ) and (1.4) N_{ram} (r, α) ≈ O ( φ(r) ) . In particular, (1.3) holds whenever A_φ = A_{log} is the set of algebraic functions and α is transcendental.

We now proceed to provide the algebraic background. Let K be an algebraically closed field of characteristic 0. Later, we will have K = A_φ . If x is transcendental over K and y is algebraic over K(x) then K(x) is a rational function field and L = K(x, y) an algebraic function field over K . All rational function fields over K are of course isomorphic. A discrete valuation of L over K is a mapping ν: L → R ∪ {∞}

356 R. Hotzel and G. Jank

with the following properties (see [De, II §2]): (i) ν(u) = ∞ if and only if u = 0. (ii) ν(uv) = ν(u) + ν(v).

(iii) ν(u + v) ≥ min{ν(u), ν(v)} (strong triangular inequality). (iv) ν(L^∗) is isomorphic to Z as an additive group, where L^∗ = L \ {0}. (v) ν(a) = 0 for each a ∈ K .

Since all valuations treated here will be discrete and over K , we will leave these attributes out and merely speak of valuations. ν is said to be normal if ν(L^∗) = Z. The set of all normal valuations of L will be denoted by N (L).

We remark that some authors, so in [Ca], define valuations in a different, however equivalent, way. Namely, taking a valuation ν and a real number c ∈ (0, 1), the mapping a → c^{ν(a)} would satisfy that definition of a valuation.

For a rational function field K(u), u ∈ L, there is a bijection between K∪{∞}

and N^(K(u)^). Namely, for a ∈ K , νu,a is defined in the following way: If

w = P (u)/Q(u), where the power of (u − a) in P (u) is m and in Q(u) is n, then ν_{u,a}(w) = m − n. For a = ∞, ν_{u,}1(w) = deg Q − deg P . Hence ν_{u,a}(w) is the formal order of the zero of w in a.

For each polynomial P in two unknowns u and w over K and each a ∈ K ∪ {∞}, there is a geometrical construction called the Newton polygon of P with respect to u and a (see [Ca]), and a finite sequence called the Newton type. In order to obtain them, we first write P as a polynomial in w , P = P (u, w) = n∑ j=0 P_j (u) w^j ,

where the coefficients P_j (u) are polynomials in u over K , thus elements of K(u). For each j with P_j ≠ 0, we let ν_j := ν_{u,a} ( P_j (u) ) and mark the point (j, ν_j ) in the two-dimensional coordinate system. Taking the lower part of the convex hull of the generated points, we get the Newton polygon. Say it consists of r edges. The slopes μ_i of the edges are called Newton slopes; if the i-th edge ranges from j_{i−1} to j_i = j_{i−1} + l_i , then l_i is called the range of the i-th edge, and the r -tuploid ( (l_i, μ_1), . . . , (l_r , μ_r) ) is the Newton type of P with respect to u and a. The exact definition is this. If j_0 := min{j | P_j ≠ 0} and j_1, . . . , j_s and μ_1, . . . , μ_s are already defined, then either j_s = n, in which case r := s finishes the construction, or

μ_{s+1} := min { ν_i − ν_{js} i − j_s | | i = j_s + 1, . . . , n} and j_{s+1} = j_s + l_s := max { i | | | ν_i − ν_{js} i − j_s = μ_{s+1} } .

Algebraic Schwarzian differential equations 357

2. Main results

The following theorems are in the line of the famous theorems of Malmquist ([Ma]) and Yosida ([Yo]) providing necessary conditions for the existence of an admissible solution of an algebraic differential equation. More precisely, they are generalizations of results due to K. Ishizaki [Is] concerning differential equations of the form P_m(α) (Sα)^m + P_0(α) = 0,

where m ∈ N, and P_m and P_0 are polynomials with meromorphic coefficients. Theorem 2.1 is exactly the same as in the cited article, except for the wider class of differential equations to which it applies. The idea of the proof is also due to K. Ishizaki; where he uses a result of A.Z. Mokhon’ko [Mo], we shall need the corresponding generalization by A.E. Eremenko [Er]. However, Theorem 2.3, which justifies the title of this article, will require considerably more work than its counterpart in [Is]. The idea of using the theory of valuations is also due to Eremenko ([Er]). A survey of the results of Malmquist, Yosida, and Ishizaki, and of many related topics is presented in [La].

Theorem 2.1. Let α be an admissible solution of (1.2), where P ∈ A_φ[s, t] is an irreducible polynomial of degree d in s and degree m in t. Then the Nevanlinna deficiency sum fulfills the inequality

(2.1) ∑ c∈^C δ(c, α) ≤ 2 − d 2m .

An immediate consequence is:

Corollary 2.2. In the situation of Theorem 2.1, we must have d ≤ 4m.

Notice that in the case of an algebraic differential equation having the ordinary derivative instead of the Schwarzian derivative, the corresponding condition is d ≤ 2m (see [Er]).

Theorem 2.3. Let P = P (s, t) = m∑ j=0 P_j (s) t^j be an irreducible polynomial over A_φ , the leading coefficient of which has the factorization

P_m(s) = λ∏ i=1 (s − c_i) Λ∏ j=1 (s − γ_j ), where the c_i are constants and the γ_j are non-constant algebroid functions in A_φ . For each γ ∈ {c_1, . . . , c_λ, ∞, γ_1, . . . , γ_Λ}, let P have a Newton type ( (l_{γ,−Rγ} , μ_{γ,−Rγ} ), . . . , (l_{γ,0}, μ_{γ,0}), (l_{γ,1}, μ_{γ,1}), . . . , (l_{γ,rγ} , μ_{γ,rγ} ) )

358 R. Hotzel and G. Jank

with respect to s and γ . Let the indication be in such a way that μ_{γ,1} is the first positive slope, i. e. μ_{γ,0} ≤ 0 < μ_{γ,1}. Then if (1.2) has an admissible solution, the positive Newton slopes fulfill the following conditions: (a) For c ∈ {c_1, . . . , c_λ} ∪ {∞} and q = 1, . . . , r_c : μ_{c,q} = 2/n_{c,q} with n_{c,q} ∈ {2, 3, . . .}. (b) For γ = {γ_1, . . . , γ_Λ}: r_γ = 1 (i. e., there is only one positive Newton slope) and μ_{γ,1} = 2.

(c) The numbers n_{c,q} in (a) satisfy: ∑ c∈{c_1,...,c_λ,∞} r_c∑

q=1 l_{c,q} ( 1 − 1 n_{c,q} ) ≤ 2m − ∑ γ∈{γ_1,...,γ_Λ} l_{γ,1}.

3. Lemmas

If L = K(x, y) is an algebraic function field and u ∈ L is transcendental over K , then the restriction of any valuation ν of L to K(u) is a valuation of K(u). There is a positive integer e, called the ramification index, such that

ν(L^∗) = 1 e ν ( K(u)^∗ ) . Conversely, the following lemma shows that each valuation of K(u) has a continuation (as a valuation) on L. It can immediately be deduced from three theorems to be found in [Ca, VI §3, IX §2, VII §1].

Lemma 3.1. Let w ∈ L and P be the minimal polynomial of (u, w), with Newton type ( (l_1, μ_1), . . . , (l_r , μ_r) ) with respect to u and a. Then the normalized continuations of ν_{u,a} onto K(u, w) (possibly a smaller field than L) can be listed in the form ν^j_i , i = 1, . . . , r, j = 1, . . . , s_i, such that the following statements hold: If e^j_i are the corresponding ramification indices, then:

ν^j_i (w) e^j_i = −μ_i. (i) s_i∑

j=0 e^j_i = l_i.

(ii)

Algebraic Schwarzian differential equations 359

A divisor (of L over K ) is a mapping δ: N (L) → Z with δ(ν) = 0 for almost all ν . The degree of δ is

Deg δ = ∑ ν∈ N (L)^{δ(ν).} For each ν ∈ N (L), the characteristic divisor χ_ν is defined by

χ_ν (ν) = 1, χ_ν (σ) = 0 for σ ≠ ν.

For each w ∈ L, the associated divisor δ_w is defined by δ_w(ν) = ν(w). As usual, the negative part of a divisor δ is δ�_{(ν) := − min{0, δ(ν)}.} The following lemma is a conclusion from the Riemann–Roch theorem (see [Er]).

Lemma 3.2. Let L be an algebraic function field over an algebraically closed field K of characteristic 0. Then there is a nonnegative integer g = g(L/K) (called the genus of L) with the following property: For each integer k ≥ 2g and each normal valuation ν ∈ N (L) there is an element w ∈ L such that

(3.1) δ�_w = k χ_ν .

In the sequel, we fix k := 2g + 1 and call an element w satisfying (3.1) a k -element for ν .

Lemma 3.3. Let w be a k -element for ν . Let u be another element of L and Q be the minimal polynomial of (w, u). Then the Newton type of Q with respect to w and ∞ has the form ((l, μ)) (i. e., the Newton polygon consists of one edge only), where μ = − ν(u) k . Proof. The only normal valuation of K(w) to take a negative value at w is ν_{w,}1 . Thus the valuations of N (L) that take negative values at w are exactly the normalized continuations of ν_{w,}1 onto L. By the assumption, ν is the only normal valuation with that property, so the only normalized continuation of ν_{w,}1 onto L. This implies that there is only one such valuation of K(w, u), too, which is just the normalized restriction of ν to K(w, u). Let us call it ρ. By Lemma 3.1, the Newton type of Q can only be of the form ((l, μ)), where μ = ρ(u) −e = ρ(u) ρ(w) .

360 R. Hotzel and G. Jank

Since ρ and ν differ by a factor only, ν(u) −k = ν(u) ν(w) = ρ(u) ρ(w) = μ. Remark 3.4. By the definition of ν_{w,}1 , the fact that Q(w, u) = n∑ j=0 Q_j (w)u^j

has the Newton type ((l, μ)) with respect to w and ∞ is equivalent with deg Q_j ≤ deg Q_0 − j μ, j = 0, . . . , n, (3.2) deg Q_n = deg Q_0 − n μ.

(3.3)

In the setting of algebroid functions, this implies two useful lemmas on k - elements. For those, we assume L ≤ A to be an algebraic function field over

A φ , ν ∈ N (L), and β a k -element for ν .

Lemma 3.5. Let ζ ∈ L be such that ν(ζ) ≥ 0 and let π: X → C be a covering such that there are on X simultaneous realizations of β , ζ , and each coefficient of the minimal polynomial Q of (β, ζ). Then there is a continuous function F ∈ C_X which satisfies: (i) T (r, F ) ≈ O ( φ(r) ) . (ii) For each x ∈ X , it holds that |β(x)| ≤ F (x) or |ζ(x)| ≤ F (x).

Proof. By Lemma 3.3 and Remark 3.4, it holds that

deg Q_j ≤ deg Q_n,

since μ = −ν(ζ)/k ≤ 0. Dividing by Q_n(w), we get n∑ j=0 Q_j (β) Q_n(β) ζ^j = 0.

By elementary estimates (see [Er]), we obtain functions F_j ∈ C_X , j = 0, . . . , n, such that (i) T (r, F_j ) ≈ O ( φ(r) ) . (ii) For each x ∈ X , |β(x)| ≤ F_j (x) or | |Q_j (β(x))/Q_n(β(x)) | | ≤ F_j (x). Now let F := n max_j F_j . Then T (r, F ) ≈ O ( φ(r) ) is obvious. For the second property, assume |β(x)| ≤ F (x). Then | | | | Q_j ( β(x) ) Q_n ( β(x) ) | | | | ≤ 1 n F (x), j = 0, . . . , n.

Algebraic Schwarzian differential equations 361

In particular, F (x) ≥ n. Since ζ(x) is a zero of the polynomial n∑ j=0 Q_j ( β(x) ) Q_n ( β(x) ) ζ^j, we must have |ζ(x)| ≤ F (x).

Let us fix some terminology. First, if n is a positive integer, we mean by a pole of order −n a zero of order n. By a pole of order 0, we mean a point which is neither a pole nor a zero. Second, let Q be a polynomial in two unknowns over A_φ , and π: X → C a covering such that there are on X realizations of all the coefficients of Q. We will call a point x ∈ X special with respect to Q (and the realizations of the coefficients) if it is a ramification point of π (i. e. a multiple point) or if it is a zero or a pole of one of the realizations of the coefficients.

Lemma 3.6. Let η be an arbitrary element of L and Q the minimal polynomial of (β, η). Let π: X → C be a covering such that there are on X realizations of β , η , and all the coefficients of Q, and let x ∈ X be non-special. Assume further x to be a pole of order ω > 0 of β_X . Then x is a pole of order − ν(η) ω k of η_X .

Proof. By Lemma 3.3 and Remark 3.4, we have deg Q_j ≤ deg Q_0 − j μ, j = 0, . . . , n, deg Q_n = deg Q_0 − n μ, where μ = − ν(η) k . As the sum_n ∑ j=0 Q_j (β) η^j of meromorphic functions on X vanishes identically, it is trivial that the maximal pole order in x of the summands Q_j (β) η^j must occur at least twice. Since x is non-special, this is only possible if x is a pole of η_X of order μω .

Next, we cite the result of Eremenko mentioned above. Theorem 3.7 (Eremenko). Let α and β be algebroid functions, and φ(r) ≈ o ( T (r, α) ) . Assume that there is an irreducible polynomial P in two unknowns over A_φ such that P (α, β) = 0. Then L := A_φ(α, β) is an algebraic function field over A_φ , and the following relation holds: ( Deg δ�_β + o(1) ) T (r, α) ≈ (Deg δ�_α ) T (r, β). The next lemma is a consequence of Lemma 3.1.

362 R. Hotzel and G. Jank

Lemma 3.8. In the situation of Theorem 3.7, we have

Deg δ�_α = deg_β P and Deg δ�_β = deg_α P.

So we get the following generalization of results by Valiron [Va] and A.Z. Mokhon’ko [Mo].

Theorem 3.9. Let α and β be algebroid functions, and φ(r) ≈ o ( T (r, α) ) . Let P be an irreducible polynomial in two unknowns over A_φ such that P (α, β) = 0. Then ( deg_α P + o(1) ) T (r, α) ≈ (deg_β P ) T (r, β). We finish this section by listing some properties of the Schwarzian derivative.

Let α be a non-constant algebroid function.

(a) If l is a Möbius transformation and α̃ = l ∘ α, then Sα̃ = Sα. (b) Let π: X → C be a covering such that there is a realization of α, and therefore also of Sα, on X . If x is a ramification point of π , the pole order of Sα at x is at most 2 ram (x, π). If y is not a ramification point, it is a pole if and only if the order of α at x is greater than 1. In this case, the pole order is always 2.

(c) The lemma on the logarithmic derivative immediately yields m(r, Sα) ≈ o ( T (r, α) ) . (d) Items (b) and (c) imply

(3.4) T (r, Sα) ≈ 2 N_1(r, α) + o ( T (r, α) ) + O ( N_{ram} (r, π) ) , where α is identified with its realization on X .

4. Proof of the results

Let α be an admissible solution of (1.2). Then L = A_φ(α, Sα) is an algebraic function field over A_φ . By the definition of an admissible solution respectively by the ramification theorem of algebroid functions (see [Ul]), the counting functions of the ramification points of α and of any element of A_φ are of growth ≈ O ( φ(r) ) . It is easy to see that the same applies for every element of L. For the proofs, we assume that π: X → C is a covering such that there are on X realizations of all algebroid functions involved. These are finitely many elements of L. We can choose π in such a way that it is also an element of L, in particular

N_{ram} (r, π) ≈ O ( φ(r) ) . Proof of Theorem 2.1. By the assumption and Theorem 3.9, we obtain T (r, Sα) ≈ ( d m + o(1) ) T (r, α).

Algebraic Schwarzian differential equations 363

With (3.4) and property (1.4) of an admissible solution, this yields

2 N_1(r, α) ≈ ( d m + o(1) ) T (r, α). As an immediate consequence of the second fundamental theorem, we obtain for q distinct values c_1, . . . , c_q ∈ ^C : q∑ i=1 δ(c_i, α) = q∑ i=0 lim inf r→∞ m(r, c_i, α) T (r, α) ≤ lim inf r→∞ 2 T (r, α) − N_1(r, α) T (r, α) ≤ lim inf r→∞ 2 T (r, α) − N_1(r, α) T (r, α) ≤ 2 − d 2m . This implies (2.1).

Proof of Theorem 2.3. Let us first get rid of ν1 . The Möbius transformation α̃ := l ∘ α, yields a differential equation ~P (α̃, Sα̃) = 0 where the Newton type of P with respect to α and γ equals the Newton type of ~P with respect to α̃ and l(γ). By choosing l appropriately, we get a Newton polygon with respect to ν1 consisting of one edge of slope 0. So we may as well assume that we have this situation from the beginning. Let γ ∈ {c_1, . . . , c_λ, γ_1, . . . , γ_Λ} and μ be a positive slope of P with respect to α and γ with range l of the corresponding edge. Lemma 3.1 yields: There are normalized continuations ν^1, . . . , ν^s of ν_{α,γ} onto L with ramification numbers e^1, . . . , e^s such that ν^j (Sα) e^j = −μ and (4.1) s∑ j=0 e^j = l.

Let ν ∈ {ν^1, . . . , ν^s} and e = ν(α − γ) be the ramification number of ν . There is a k -element β = β_ν for ν . We will collect some properties of β .

1. By Lemma 3.8, Deg δ�_α = deg_{Sα} P = m. By the choice of β , Deg δ�_β = k . So Theorem 3.7 yields (4.2) T (r, β) ≈ ( k m + o(1) ) T (r, α).

364 R. Hotzel and G. Jank

2. Since ν(Sα) < 0, there is a positive integer n such that ν ( β/(Sα)^n ) ≥ 0.

By Lemma 3.5, there is f ∈ C_X such that (i) T (r, f) ≈ O ( φ(r) ) . (ii) For each x ∈ X , |β(x)| ≤ f(x) or |(β/(Sα)^n)(x)| ≤ f(x). This implies m(r, β) ≈ O ( φ(r) ) + m ( r, (Sα)^n ) ≈ o ( T (r, α) ) . In combination with (4.2), this yields (4.3) N(r, β) ≈ ( k m + o(1) ) T (r, α). 3. In the sequel, special and non-special will always be used with respect to the minimal polynomials of (β, α) and (β, Sα) simultaneously. We denote by N_{spe} (r, β) and N_{non} (r, β) the counting functions of the poles of β that are special respectively non-special. Let the minimal polynomial of (β, Sα) be Q(β, Sα) = p∑ j=0 Q_j (β) (Sα)^j .

By Lemma 3.3, the Newton polygon of Q with respect to β and ∞ consists of one edge of positive slope. By Remark 3.4,

deg Q_0 > deg Q_j for j = 1, . . . , p.

So if we sort Q in powers of β , the coefficient of the highest power is a polynomial in Sα of degree 0, which we can assume to be 1. It is elementary that the order of a pole of β at a point x is bounded by the maximal pole order of the coefficients ζ_i of Q (elements of A_φ ) plus p times the pole order of Sα. But the pole order of Sα is at most 2q , q being the number of sheets of π . This yields

N_{spe} (r, β) ≤ 2qpN_{spe} (r, β) + ∑ i N(r, ζ_i) ≈ O ( φ(r) ) , where the bar indicates counting ignoring multiplicities. So with (4.3), we obtain

N_{non} (r, β) ≈ ( k m + o(1) ) T (r, α). 4. By Lemma 3.6, each non-special pole of β of order ω is a zero of α − γ of order n = e ω k and a pole of Sα of order μn. So we must have μn = 2, which yields

(4.4) μ = 2 n .

Algebraic Schwarzian differential equations 365

Notice that n is the same for all non-special poles, so

(4.5) N_{non} (r, β) ≈ ( e mn + o(1) ) T (r, α). 5. Let β̃ be a k -element for ν̃ ≠ ν . We denote by N_{β̃}(r, β) the counting function of poles of β that are also poles of β̃ . By Lemma 3.5, there is f ∈ C_X fulfilling (i) T (r, f) ≈ O ( φ(r) ) . (ii) For each x ∈ X , |β(x)| ≤ f(x) or |β̃(x)| ≤ f(x).

By item 4 of this proof, the order of non-special poles of β is bounded, so this yields N_{β̃}(r, β) ≈ O ( φ(r) ) . We now proceed to prove (a), (b), and (c). Item 4 of this proof covers half of (a) and (b). For the rest, we only have to show that n ≥ 2 if γ is constant and n = 1 if γ is non-constant, n being the order of the zero of α − γ at a non-special pole of β .

In the constant case, if x is a non-special pole of β , then n is equal to the multiplicity of α at x. Since Sα(x) = ∞, we must have n ≥ 2.

If γ is non-constant, we have to show that there is a non-special pole of β that is a simple zero of α − γ . By (4.5) and T (r, γ) ≈ O ( φ(r) ) , there is certainly a non-special pole x where γ(x) ≠ ∞ and γ^′(x) ≠ 0. By item 4, x is a zero of α − γ and a pole of Sα, so α(x) = γ(x) ≠ ∞ and α^′(x) = 0. This yields multiplicity n = 1.

For (c), we count the zeros of α^′ and make use of the fact that

(4.6) N ( r, 1 α^′ ) .^(2 + o(1)^) T (r, α).

Denote by N_β(r, 1/α^′) the counting function of zeros of α^′ that coincide with non-special poles of β . If β belongs to a constant γ ,

(4.7) N_β ( r, 1 α^′ ) ≈ (n − 1)N_{non} (r, β) ≈ (n − 1) ( e mn + o(1) ) T (r, α), where n depends on β . If β belongs to a non-constant γ , we know by T (r, γ) ≈ O ( φ(r) ) that non-special poles are zeros of α^′ except for some in the order of O ( φ(r) ) (see the proof of (b) above). Thus

(4.8) N_β ( r, 1 α^′ ) & N non (r, β) ≈^{( e}_m + o(1)^) T (r, α).

By item 5, k -elements for different ν have few non-special poles in common, so we may add the N_β(r, 1/α^′) to get a lower estimate of N(r, 1/α^′), ∑ β N_β ( r, 1 α^′ ) + O ( φ(r) ) . N^(r,^1_{α′}^),

366 R. Hotzel and G. Jank

where the sum ranges over the k -elements for all continuations of any positive Newton slope of any c_i or γ_j . With (4.7), (4.8), and (4.1), this yields 1 m [(_λ∑ i=1 r_i∑

q=1 l_{i,q} ( 1 − 1 n_{i,q} )) + Λ∑ i=1 L_{i,1} + o(1) ] T (r, α) . N ( r, 1 α^′ ) .

In combination with (4.6), this yields (c).

References

[Ca] Cassels, J. W. S.: Local Fields. - Cambridge University Press, 1986. [De] Deuring, M.: Lectures on the Theory of Algebraic Functions of One Variable. - Springer- Verlag, 1973.

[Ei] Eichler, M.: Einführung in die Theorie der algebraischen Zahlen und Funktionen. - Birkhäuser Verlag, 1963.

[Er] Eremenko, A. E.: Meromorphic solutions of algebraic differential equations. - Russian Math. Surveys 37:4, 1982, 61–95.

[Fo] Forster, O.: Riemannsche Flächen. - Berlin–Heidelberg–New York, Springer-Verlag, 1977.

[Ho] Hotzel, R.: Algebraische Differentialgleichungen mit zulässigen Lösungen: ein algebraischer Ansatz. - Thesis, Aachen, 1994.

[Is] Ishizaki, K.: Admissible solutions of the Schwarzian differential equation. - J. Austral. Math. Soc. 50, 1991, 258–278.

[La] Laine, I.: Nevanlinna Theory and Complex Differential Equations. - de Gruyter, 1993. [JV] Jank, G., und L. Volkmann: Meromorphe Funktionen und Differentialgleichungen. - Birkhäuser Verlag, 1985.

[Ma] Malmquist, J.: Sur les fonctions à un nombre fini des branches définies par les équations différentielles du premier ordre. - Acta Math. 36, 1913, 297–343.

[Mo] Mokhon’ko, A.Z.: The Nevanlinna characteristics of certain meromorphic functions. - Teor. Funktsiĭ Funktsional. Anal. i Prilozhen. 14, 1971, 83–87 (Russian).

[vR] von Rieth, J.: Untersuchungen gewisser Klassen gewöhnlicher Differentialgleichungen erster und zweiter Ordnung im Komplexen. - Dissertation, Aachen, 1986.

[Se] Selberg, H. L.: Algebroide Funktionen und Umkehrfunktionen Abelscher Integrale. - Avh. utgitt av Det Norske Videnskapsakademi, Oslo, I. Mat.-Naturvid. Klasse 8, 1934, 3–72 [Ul] Ullrich, E.: Über den Einfluß der Verzweigtheit einer Algebroide auf ihre Wertverteilung. - J. Reine Angew. Math. 167, 1931, 198–220.

[Yo] Yosida, K.: A generalization of Malmquist’s theorem. - Japan J. Math. 9, 1932, 253–256. [Va] Valiron, G.: Sur la dérivée des fonctions algébroides. - Bull. Soc. Math. France 59, 1931, 17–39.

Received 10 April 1995