Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 21, 1996, 167–178

ON BOUNDARY CORRESPONDENCE UNDER QUASICONFORMAL MAPPINGS

V.Ya. Gutlyanskiǐ and V.I. Ryazanov

Ukrainian Academy of Sciences, Institute for Applied Mathematics and Mechanics Roze Luxemburg str. 74, 340114, Donetsk, Ukraine

Abstract. We study boundary properties of quasiconformal self-mappings depending on complex dilatations. We give some new conditions for the corresponding quasisymmetric function to be asymptotically symmetric and obtain an explicit asymptotical representation for the distortion ratio of boundary correspondence when the complex dilatation has directional limits.

1. Introduction

Let C be the extended complex plane. We shall denote the unit disk |z| < 1 by D , the unit sphere |z| = 1 by S^1 and the upper half-plane Im z > 0 by H.

An orientation preserving A CL homeomorphism f is called quasiconformal if it satisfies the Beltrami equation

(1.1) f_{z̄} = μ(z)f_z a.e.

for some measurable complex function μ called the Beltrami differential or complex dilatation with

(1.2) ess sup_G |μ(z)| = ‖μ‖_∞ ≤ k < 1.

If Q = (1 + k)/(1 − k) then f is called also Q-quasiconformal.

An increasing self-homeomorphism f of the real axis R is called quasisymmetric if it can be extended to a quasiconformal mapping of the upper half-plane H that fixes the point at infinity.

It is a well-known fundamental result that the boundary values of a Qquasiconformal self-mapping f of the upper half-plane preserving the point at infinity satisfy the double sharp inequality (see [20, p. 81])

(1.3) 1 λ(Q) ≤ f(x + t) − f(x) f(x) − f(x − t) ≤ λ(Q) 1991 Mathematics Subject Classification: Primary 30C55, 30C60.

168 V.Ya. Gutlyanskiǐ and V.I. Ryazanov

for all real x and t ≠ 0 with λ(Q) = 1 (m^{−1} ( πQ/2) )_2 − 1

and m(r) from Grötzsch’s module theorem.

In 1956 Beurling and Ahlfors [4] proved the converse having shown that f is quasisymmetric if for some constant M , 1 ≤ M < ∞, the M -condition

(1.4) 1 M ≤ f(x + t) − f(x) f(x) − f(x − t) ≤ M is satisfied for every symmetric triple x − t, x and x + t in R.

Next in 1967 Carleson [6] considered quasiconformal self-mappings of H which “are conformal at the boundary” in the sense that

(1.5) k(t) = ess sup_{0<Im z≤t} |μ(z)| → 0, t → 0

and showed that the assumption

(1.6) ∫ 0 k(t)^α dt t < ∞ for α = 2 implies an absolutely continuous boundary correspondence f(x), while for α = 1, f(x) is continuously differentiable. He gave also counterexamples in the case when (1.6) does not hold for α = 1 or α = 2, respectively. Then Anderson, Becker and Lesley [2] investigated the same problems for quasiconformal self-mappings of the disk D by methods of the theory of conformal mappings with asymptotically conformal extension [3]. They have obtained also estimations of the moduli of continuity of f^′(e^{it}) for α = 1 and estimations of the mean oscillation of ln |f^′(e^{it})| ∈ VMO(S^1) for α = 2.

This paper is concerned with an investigation of symmetry and regularity problems at a given point and on subsets of the complex plane for quasiconformal mappings. It contains some new results related to asymptotical behavior of quasisymmetric homeomorphisms. It is well-known by a principal result of Gehring and Lehto [13] that a general quasiconformal mapping f , being Hölder continuous, is differentiable only almost everywhere and it is necessary to require some additional restrictions on the complex dilatation μ(z) in order to make more precise statements about the pointwise behaviour of the mapping. We shall choose the upper half-plane as a main canonical domain and the limit

(1.7) lim_{t→0} 1 t^2 ∫∫ |z−x|≤t,z∈H |μ(z) − ν_x(z)|^α dm_z = 0, α > 0

On boundary correspondence 169

as a condition for measuring the deviation for the complex dilatation μ(z). Here ν_x(z), x ∈ M ⊆ R is an appropriate one-parameter family of the Beltrami differentials. The assumptions we shall require are motivated by problems which arise in the theory of convergence and compactness for quasiconformal mappings.

We first require (1.7) to hold for ν_x(z) = ν_x , x ∈ R, that is, ν_x(z) does not depend on z and prove a result which implies a local asymptotical symmetry at the point x for the corresponding quasisymmetric function

(1.8) lim_{t→0} f(x + t) − f(x) f(x) − f(x − t) = 1.

The condition we impose on μ(z) does not imply the differentiability of f at the point x even if the complex dilatation is continuous at this point.

Then we focus our attention to the study of a boundary correspondence under the similar, but slightly less restrictive, requirement on μ(z) that (1.7) holds for a function ν_x(z) depending on arg(z − x) only for any fixed x ∈ M ⊆ R. In this case we prove the more general Theorem 2 about regularity and symmetry under quasiconformal mappings. Note that a complex dilatation μ(z) having for fixed x ∈ R and almost all θ , 0 ≤ θ ≤ π , finite limits in directions

(1.9) lim_{t→0} μ(x + te^{iθ}) = ν_x(e^{iθ})

satisfies the above restriction.

Finally, we apply special cases of the previous results to the study of the boundary behaviour of quasiconformal self-homeomorphisms of the unit disk D .

Different analytic and geometric properties of quasisymmetric homeomorphisms have been investigated, for instance, by Gardiner and Sullivan [9], Gehring [10], Douady and Earle [7], Fehlmann [8], Hayman [17] and Tukia [22]. Note also that quasisymmetric homeomorphisms of an interval into R play an important role in the theory of Riemann surfaces and of real one dimensional smooth dynamical systems.

2. Main results

We begin with a result on asymptotical symmetry of quasisymmetric selfhomeomorphisms of the real axis R.

Theorem 1. Let f be a Q-quasiconformal self-mapping of the upper halfplane H with f(∞) = ∞ and complex dilatation μ. If there exists a complex number ν_x such that

(2.1) lim_{t→0} 1 t^2 ∫∫ |z−x|≤t,z∈H |μ(z) − ν_x|^α dm_z = 0

170 V.Ya. Gutlyanskiǐ and V.I. Ryazanov

for some α > 0 and fixed x ∈ R, then

(2.2) lim_{t→0} t∈R\{0} f(x + t) − f(x) f(x) − f(x − t) = 1.

Moreover, if the limit (2.1) is uniform with respect to the parameter x ∈ M ⊂ R then (2.2) is also uniform in M .

In what follows F_Q is the class of all Q-quasiconformal self-mappings f of the extended complex plane C normalized with the conditions f(0) = 0, f(1) = 1, f(∞) = ∞. Proof. Suppose that f is a Q-quasiconformal mapping of H onto itself, normalized so that f(∞) = ∞. Then we can extend f by reflection in the halfplane Im z < 0 to obtain a Q-quasiconformal mapping of the complex plane C with f(∞) = ∞. The complex dilatation μ(z) = f_{z̄} /f_z will satisfy the symmetry condition μ(z̄) = μ(z) almost everywhere in C.

Next, fix x ∈ R and introduce the family of quasiconformal mappings Φ(z, x, t) = g(tz; x)/g(t; x), where g(z; x) = f(x+z)−f (x). It is easy to verify that μ(x+tz) represents the complex dilatation for the mapping Φ(z, x, t) ∈ F_Q . On the other hand, the assumption (2.1) implies that μ(x+tz)^{mes}−→ ν_x as t → 0, t > 0, z ∈ H. It is well-known that the last assertion implies the existence of a sequence μ(x + t_nz) which converges to ν_x almost everywhere.

Now we shall show that

(2.3) lim_{t→0} Φ(z, x, t) = ω_x(z)

for all z ∈ C, where

ω_x(z) = z + ν_xz̄ 1 + ν_x for Im z ≥ 0, z + ν_xz̄ 1 + ν_x for Im z ≤ 0.

Suppose that (2.3) fails. Then there exists an ε > 0 and a sequence t_n → 0 as n → ∞ such that for some z_0 ∈ C |Φ(z_0, x, t_n) − ω_x(z_0)| ≥ ε. Without loss of generality we can assume also that the corresponding sequence of quasiconformal mappings Φ(z, x, t_n) ∈ F_Q converges locally uniformly to some function Φ(z, x) ∈ F_Q and μ(x+t_nz), z ∈ H, converges to ν_x almost everywhere. Now by the Bers–Bojarski convergence theorem (see [20, p. 187]) the complex dilatation of the limit function Φ(z, x) ∈ F_Q will agree with ν_x for almost all

On boundary correspondence 171

z ∈ {z : Im z ≥ 0} and, by symmetry, with ν_x for almost all z ∈ {z : Im z ≤ 0}. Hence Φ(z, x) = ω_x(z). This contradicts the above assumption.

Setting z = −1 in (2.3) we complete the proof of the local variant of Theorem 1 emphasizing by the same token the role of fundamental convergence theorems in our considerations.

It is easy to see that Theorem 1 is the partial case of a more general Theorem 2 below. However we decided to extract it as an independent statement to call attention to the symmetry notion for quasisymmetric functions f: R → R, being expressed by the uniform condition (2.2) in connection with new remarkable applications of the concept given by Gardiner and Sullivan [9].

Going over to the analysis of the above result we first note that if f is differentiable at x ∈ M then evidently (2.2) holds. On the other hand, the following example f(z) = z(1 − log |z|), f(0) = 0

shows that even the continuity of the complex dilatation in a neighbourhood of a prescribed point does not imply a differentiability of the corresponding quasiconformal mapping at this point. In connection with it the following statement may have independent interest.

Corollary 1. Let f be a quasiconformal self-mapping of the upper half-plane H with complex dilatation μ that can be extended to a function being continuous uniformly in M ⊂ R. Then (2.2) holds uniformly in M .

Indeed, the convergence of the complex dilatation μ(z) to μ(x) = ν_x as z → x uniformly with respect to x ∈ M implies that the limit (2.1) is also uniform in

M for any α > 0.

Denote by δ(t, x) the essential module of continuity for a complex dilatation μ(z) extended by μ(x) at the prescribed point x ∈ R that is, (2.4) δ(t, x) = ess sup_{|z−x|≤t} Im z>0 |μ(z) − μ(x)|.

Corollary 2. If for some α > 0 the Dini condition

(2.5) lim_{ε→0} ∫_ε 0 δ^α(t, x) t dt = 0 holds uniformly with respect to x ∈ M then (2.2) holds also uniformly in x ∈ M .

The proof of Corollary 2 follows immediately from the evident inequalities

(2.6) 1 t^2 ∫∫ |z−x|≤t,z∈H |μ(z) − μ(x)|^α dm_z ≤ ∫∫ |z−x|≤t,z∈C |μ(z) − μ(x)|^α |z − x|^2 dm_z

≤ 2π ∫ 0 δ^α(t, x) t dt.

172 V.Ya. Gutlyanskiǐ and V.I. Ryazanov

Note that the intermediate integral has been introduced by Teichmüller, Wittich, Belinskii and Lehto (see [20, p. 232]) to prove that its convergence for α ≤ 1 implies the differentiability of f at the point x. It can be shown that the uniform convergence of the integral on M ⊂ R for α ≤ 1 implies the uniform differentiability of f in M . Moreover, assumption (2.1) does not imply in general the Teichmüller–Wittich–Belinskii–Lehto condition and the last one does not imply the Dini condition (see [15], [16]).

Before giving the following principal statements we need two preliminary results. The first one deals with an explicit representation of normalized quasiconformal self-mappings of the complex plane C for a special class of complex dilatations which is due to Schatz [21].

Proposition 1. Let ω be a quasiconformal self-mapping of the complex plane normalized by the conditions ω(0) = 0, ω(1) = 1, ω(∞) = ∞ with complex dilatation ν depending on arg z only. Then

(2.7) ω(z) = { |z| exp ( i ∫_{arg z} 0 e^{2iθ} − ν(e^{iθ}) e^{2iθ} + ν(e^{iθ}) dθ )}_{1/b} , where

(2.8) b = 1 2π ∫_{2π} 0 e^{2iθ} − ν(e^{iθ}) e^{2iθ} + ν(e^{iθ}) dθ. The proof follows by straightforward verification.

Remark. The radial lines can be transformed by ω to spirals if and only if Im b ≠ 0. If Im b = 0 then all radial lines are translated to radial lines. Moreover, the real axis and upper half-plane are preserved if and only if

(2.9) Re ∫_π 0 e^{2iθ} − ν(e^{iθ}) e^{2iθ} + ν(e^{iθ}) dθ = Re ∫_{2π} π e^{2iθ} − ν(e^{iθ}) e^{2iθ} + ν(e^{iθ}) dθ. Note that ν(e^{−iθ}) = ν(e^{iθ}) implies (2.9) and therefore b = Re c, where

(2.10) c = 1 π ∫_π 0 e^{2iθ} − ν(e^{iθ}) e^{2iθ} + ν(e^{iθ}) dθ. Example. If ν = κ(z/z̄), κ ∈ C, |κ| < 1, then ω is given by

(2.11) ω(z) = z |z| |z|^{c0}, where

(2.12) c_0 =

1 + κ 1 − κ

On boundary correspondence 173

is the corresponding complex parameter with positive real part.

If we set c_0 = α − i, α > 0, we obtain a quasiconformal mapping of C (2.13) h(re^{iθ} ) = r^αe^{i(θ−ln r)} mapping the lines arg z = const onto spirals. Note that such mappings have been used by Gehring [12] to solve the Bers problem about the structure of the universal Teichmüller space.

The following lemma connects some convergence and regularity problems for quasiconformal mappings and may have an independent interest.

Let j ∈ J be an abstract parameter. Denote by ω_j (z) quasiconformal mappings (2.7) with complex dilatations ν_j depending on arg z only.

Lemma. Let f_j : C → C, f_j (0) = 0, j ∈ J , be a family of Q-quasiconformal mappings with complex dilatations μ_j such that for some α > 0

(2.14) lim_{t→0} 1 t^2 ∫∫ |z|≤t |μ_j (z) − ν_j (z)|^α dm_z = 0

uniformly with respect to j ∈ J . Then

(2.15) lim_{t→0} t∈R\{0} f_j (tz) f_j (t)

= ω_j (z), for all z ∈ C,

uniformly in j ∈ J .

The proof of the lemma will be a main objective of Section 3. Theorem 2. Let f be a Q-quasiconformal self-mapping of the upper halfplane H with f(∞) = ∞ and complex dilatation μ. If there exists a complexvalued function ν_x(η), x ∈ M ⊆ R, η ∈ S^1 , such that for some α > 0

(2.16) lim_{t→0} 1 t^2 ∫∫ |z−x|≤t,z∈H |μ(z) − ν_x(e^{iθ})|^α dm_z = 0 where θ = arg(z − x), uniformly with respect to x ∈ M , then

(2.17) lim_{t→0} t∈R\{0} f(x + τ t) − f(x) f(x + t) − f(x) = ω_x(τ ), for all τ ∈ R

uniformly with respect to x ∈ M . Here ω_x(z) is given by (2.7) with ν(e^{iθ}) = { ν_x(e^{iθ}) for 0 < θ < π, ν_x(e^{−iθ}) for −π < θ < 0. Proof. Suppose that f is a Q-quasiconformal mapping of H onto itself normalized so that f(∞) = ∞. We shall assume f to be extended in the complex plane by reflection.

Now set J = M ⊆ R, j = x ∈ M , f_j (z) = f(x + z) − f(x), ω_j (z) = ω_x(z). Applying the lemma to the family f_j (z) yields the theorem.

174 V.Ya. Gutlyanskiǐ and V.I. Ryazanov

Corollary 3. Under the hypothesis of Theorem 2

(2.18) lim_{t→0} t>0 f(x + t) − f(x) f(x) − f(x − t) = e^{π Im c/ Re c},

(2.19) lim_{t→0} t∈R\{0} f(x + τ t) − f(x) f(x + t) − f(x) = τ^{1/ Re c}, for all τ > 0

uniformly with respect to x ∈ M ⊆ R.

Let ω_x(z) is defined by (2.7). Then by straightforward computation it follows that ω_x(−1) = − exp{−π Im c/ Re c} and ω_x(τ ) = τ^{1/ Re c} for τ > 0.

Corollary 4. Under the hypothesis of Theorem 2 the property of asymptotical symmetry (2.2) holds if and only if Im c = 0.

Corollary 5. Under the hypothesis of Theorem 1 we have c = 1 and therefore

(2.20) lim_{t→0} t∈R\{0} f(x + τ t) − f(x) f(x + t) − f(x) = τ, for all τ > 0

uniformly with respect to x ∈ M ⊆ R.

Corollary 6. Let f be a Q-quasiconformal self-mapping of the upper halfplane H with complex dilatation μ such that for fixed x ∈ M and almost all θ , 0 ≤ θ ≤ π , (2.21) lim_{t→0} μ(x + te^{iθ}) = ν_x(e^{iθ})

uniformly with respect to x ∈ M . Then (2.17)–(2.20) hold also uniformly in M .

It is easy to show that the uniform assumption (2.21) implies the uniform condition (2.16).

We complete this section with a result on boundary correspondence under quasiconformal mappings of the unit disk onto itself. In analogy with the halfplane model, an orientation-preserving self-homeomorphism f of the unit circle S^1 is called quasisymmetric if it can be extended to a quasiconformal mapping of the unit disk D .

Theorem 3. Let f be a quasiconformal self-mapping of the unit disk D with complex dilatation κ. If there exists a complex number σ_η such that

(2.22) lim_{t→0} 1 t^2 ∫∫ |ζ−η|≤t,ζ∈D |κ(ζ) − σ_η|^α dm_ζ = 0

On boundary correspondence 175

for some α > 0 and fixed η = e^{iφ} ∈ S^1 , then the quasisymmetric homeomorphism f(e^{iθ} ) = e^{iΩ(θ)} satisfies the following condition

(2.23) lim_{τ→0}

Ω(φ + τ ) − Ω(φ) Ω(φ) − Ω(φ − τ )

= 1.

Moreover, if the limit (2.22) is uniform with respect to a parameter η ∈ M ⊆ S^1 then (2.23) is also uniform in M .

Proof. Let f be a quasiconformal self-mapping of the unit disk D . Then (2.24) h(z) = −i ln f(e^{iz} ) is the corresponding quasiconformal self-mapping of the upper half-plane H for which all hypothesis of Theorem 1 are fulfilled. Indeed, writing f = A ∘ h ∘ A^{−1} , where A (z) = e^{iz} , we deduce that κ(ζ) = ( μ Az Az ) ∘ A^{−1}(ζ).

Thus μ(z) = − e^{iz} e^{iz} κ(e^{iz}) and therefore 1 t^2 ∫∫ |z−x|≤t,z∈H |μ(z) − ν_x|^α dm_z ∼ 1 t^2 ∫∫ |ζ−η|≤t,ζ∈D |κ(ζ) − σ_η|^αdm_ζ as t → 0. Now assertion (2.23) follows immediately from Theorem 1 being applied to the function h(z).

3. Proof of the lemma The space F_Q of normalized quasiconformal mappings of the complex plane C with the topology of the locally uniform convergence is metrizable and sequentially compact (see, for instance, [20, p. 71]).

Any metric ϱ defined on F_Q is called a generating metric if the convergence ϱ(f_n, f) → 0 is equivalent to the locally uniform convergence f_n → f . One of such metrics is (see, e.g. [18]) (3.1) ϱ(f, g) = ∞∑ m=1 2^{−m} ϱ_m(f, g) 1 + ϱ_m(f, g) where (3.2) ϱ_m(f, g) = max_{|z|≤m} |f(z) − g(z)|. Let MQ be the space of all complex dilatations μ for mappings f ∈ FQ . Any

metric r defined on M_Q is called majorizing if the convergence r(μ_n, ν_n) → 0 implies ϱ(f_n, g_n) → 0 for any generating metric ϱ on F_Q and for the corresponding mappings f_n and g_n ∈ F_Q .

176 V.Ya. Gutlyanskiǐ and V.I. Ryazanov

Proposition 2. Let ϱ and r be generating and majorizing metrics on F_Q

and MQ , respectively. Then r(μt,j , μj ) → 0 as t → 0 uniformly with respect to

an abstract parameter j ∈ J implies the uniform convergence ϱ(f_{t,j} , f_j ) → 0 in j ∈ J . Indeed, suppose that there exist an ε > 0 and sequences t_n → 0, j_n ∈ J , such that ϱ(g_n, h_n) ≥ ε, where g_n = f_tn_{,j}n , h_n = f_jn , n = 1, 2, . . . . However r(μ_n, ν_n) → 0 and therefore ϱ(g_n, h_n) → 0. The last statement contradicts the above assumption.

Proposition 3. For some α > 0 let (3.3) r(μ, ν) = ∞∑ m=1 2^{−m} r_m(μ, ν) 1 + r_m(μ, ν) where (3.4) r_m(μ, ν) = ∫∫ |z|≤m |μ(z) − ν(z)|^α dm_z. Then r(μ, ν) is a majorizing metric on M_Q .

Proof. Assume that r(μ_n, ν_n) → 0 but ϱ(f_n, g_n) ≥ ε > 0 for some generating metric ϱ and some sequences f_n and g_n ∈ F_Q . We may suppose also that f_n → f ∈ FQ , gn → g ∈ FQ . Next we show that f ≡ g . By the Lebesgue convergence theorem r(μ_n, ν_n) → 0 is equivalent to μ_n − ν_n^{mes}−→ 0 on M_Q . Hence

ϕ_n(z) = μ_n(z) − ν_n(z) 1 − μ_n(z)ν_n(z)

(g_n)_z (g_n)_z mes−→ 0. To continue the proof we need the following principal property of normalized Qquasiconformal mappings related with the area distortion. Let f ∈ F_Q then for each measurable set E ⊂ D_R mes ( f(E) ) ≤ c(Q, R) ( mes(E) )_{δ(Q)} where D_R = {z : |z| < R} and the constants c and δ depend only on Q and R and Q, respectively (see, e.g. [5], [11], [14], [19]).

The above result implies that κ_n = ϕ_n ∘ g^{−1}_n^{mes}−→ 0 where the κ_n represent the complex dilatations of the mappings h_n = f_n ∘ g^{−1}_n ∈

FQ2 . Thus hn → h = f ∘ g^{−1} and simultaneously κn^{mes}−→ 0. By the Bers–Bojarski

convergence theorem (see [20, p. 187]) we deduce that g = f . Therefore ϱ(f_n, g_n) ≤ ϱ(f_n, f) + ϱ(g_n, f) → 0 as n → ∞. The last contradicts the above assumption.

On boundary correspondence 177

Proof of the lemma. Let f_j : C → C, f_j (0) = 0, j ∈ J , be a family of Q-quasiconformal mappings with complex dilatations μ_j . It is easy to verify that μ_{t,j} (z) = μ_j (tz) represent the complex dilatations for the quasiconformal mappings g_{t,j}(z) = f_j (tz)/f_j (t) ∈ F_Q, t ∈ R \ {0}. Fix any α > 0 and set t = τ m, z = τ ζ , in (2.14). Then we deduce that

lim_{τ→0} ∫∫ |ζ|≤m |μ_{τ,j} (ζ) − ν_j (ζ)|^α dm_ζ = 0

uniformly in j ∈ J for all m = 1, 2, . . . . Now by Propositions 2 and 3 g_{t,j} (z) → g_j (z) ∈ F_Q locally uniformly with respect to z ∈ C uniformly in j ∈ J . Here g_j (z) has the complex dilatation which agrees with ν_j (ζ) almost everywhere. By the uniqueness theorem for the Beltrami equation g_j (z) = ω_j (z). The lemma is proved.

Acknowledgments. We wish to thank Professor F.W. Gehring and Professor O. Lehto for useful discussions and the referee for useful comments.

The research described in this publication was made possible in part by Grant Number U96000 from the International Science Foundation (ISF).

References

[1] Ahlfors, L.: Lectures on Quasiconformal Mappings. - Van Nostrand, Princeton, N.J., 1966.

[2] Anderson, J.M., J. Becker, and F.D. Lesley: Boundary values of asymptotically conformal mapping. - J. London Math. Soc. 38, 1988, 453–462.

[3] Becker, J., and Ch. Pommerenke: Über die quasikonforme Fortsetzung schlichten Funktionen. - Math. Zeit. 161, 1978, 69–80.

[4] Beurling, A., and L.V. Ahlfors: The boundary correspondence under quasiconformal mappings. - Acta Math. 96, 1956, 113–134.

[5] Bojarski, B.: Homeomorphic solutions of Beltrami systems. - Dokl. Acad. Nauk SSSR 102, 1955, 661–664 (Russian).

[6] Carleson, L.: On mappings conformal at the boundary. - J. Analyse Math. 19, 1967, 1–13.

[7] Douady, A., and C.J. Earle: Conformally natural extension of homeomorphisms of the circle. - Acta Math. 157, 1986, 23–48.

[8] Fehlmann, R.: Über extremale quasikonforme Abbildungen. - Comment. Math. Helv. 56, 1981, 558–580.

[9] Gardiner, F.P., and D.P. Sullivan: Symmetric structures on a closed curve. - Amer. J. Math. 114, 1992, 683–736.

[10] Gehring, F.W.: Dilatations of quasiconformal boundary correspondences. - Duke Math. J. 39, 1972, 89–95.

[11] Gehring, F.W.: L^p -integrability of the partial derivatives of quasiconformal mappings. - Acta Math. 130, 1973, 265–277.

[12] Gehring, F.W.: Spirals and the universal Teichmüller space. - Acta Math. 141, 1978, 99–113.

178 V.Ya. Gutlyanskiǐ and V.I. Ryazanov

[13] Gehring, F.W., and O. Lehto: On the total differentiability of functions of a complex variable. - Ann. Acad. Sci. Fenn. Ser. A I Math. 272, 1959.

[14] Gehring, F.W., and E. Reich: Area distortion under quasiconformal mappings. - Ann. Acad. Sci. Fenn. Ser. A I Math. 388, 1966, 1–15.

[15] Gutlyanskiǐ, V.Ya., and V.I. Ryazanov: On quasicircles and asymptotically conformal curves. - Dokl. Akad. Nauk 330, 1993, 546–548.

[16] Gutlyanskiǐ, V.Ya., and V.I. Ryazanov: On asymptotically conformal curves. - Complex Variables Theory Appl. 25, 1994, 357–366.

[17] Hayman, W.K.: The asymptotic behavior of K q.s. functions. - Math. Structures Comput. Sci. 2, 1984, 198–207.

[18] Kuratowski, K.: Topology. - Academic Press, New York, 1966. [19] Lehto, O.: Remarks on the integrability of the derivatives of quasiconformal mappings. - Ann. Acad. Sci. Fenn. Ser. A I Math. 371, 1965, 1–8.

[20] Lehto, O., and K. Virtanen: Quasiconformal Mappings in the Plane, Second edition. - Springer-Verlag, 1973.

[21] Schatz, A.: On the local behaviour of homeomorphic solutions of Beltrami’s equation. - Duke Math. J. 35, 1968, 289–306.

[22] Tukia, P.: The space of quasisymmetric mappings. - Math. Scand. 40, 1977, 127–142.

Received 4 October 1994