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7KH DXWKRUV JLYH D VXUYH\ RI WKHLU SDSHUV RQ DGGLWLYH SURSHUWLHV RI JHQHUDO
VHTXHQFHV DQG WKH\ SURYH VHYHUDO IXUWKHU UHVXOWV RQ WKH UDQJH RI DGGLWLYH UHS�
UHVHQWDWLRQ IXQFWLRQV DQG RQ GLhHUHQFH VHWV� 0DQ\ UHODWHG XQVROYHG SUREOHPV
DUH GLVFXVVHG�
/HW 1  I�� �� � � � J DQG 1�  1 > I�J� )RU $ � 1� DQG Q � 1 WKH QXPEHU RI
VROXWLRQV RI Q  D � D�� D� D� � $ LV GHQRWHG E\ U��$�Q�� )RU WKH DGGLWLRQDO
FRQGLWLRQV D � D� RU D � D� WKLV QXPEHU LV GHQRWHG E\ U��$�Q� RU U��$�Q� UHVS�
)RU JLYHQ UDQJHV RI WKH UHSUHVHQWDWLRQ IXQFWLRQ U� WZR WKHRUHPV DUH SURYHG�
7KHRUHP ��� /HW % � 1�� 7KHUH H[LVWV D VHW $ � 1� VXFK WKDW % HTXDOV
IU��$�Q� M Q � 1J LI DQG RQO\ LI HLWKHU %  I�� �J RU I�� �� �J � %�
7KHRUHP ��� /HW % � 1�� 7KHUH H[LVWV D VHW $ � 1� VXFK WKDW % HTXDOV
IP � 1 M P  U��$�Q� IRU LQzQLWHO\ PDQ\ Q � 1J� &RUUHVSRQGLQJ UHVXOWV DUH
DOVR VWDWHG IRU L  � DQG ��
)RU $ � 1� OHW '�$�  IDrD� M D � $� D� � $� D ! D�J� *HQHUDOL]LQJ D WKHRUHP
E\ 2� *UR�VHN DQG 5� -DMFD\ >-� &RPE� 0DWK� &RPE� &RPSXW� ��� �������
������ =EO ����������@� WKH DXWKRUV VKRZ WKDW LI D VHW % � 1 FRQWDLQV DUELWUDU\
ORQJ VHTXHQFHV RI FRQVHFXWLYH LQWHJHUV WKHQ WKHUH H[LVWV D VHW $ � 1� VXFK WKDW
'�$�  %� ,Q FRQWUDVW WR VXP VHWV LW LV SRVVLEOH WKDW D GLhHUHQFH VHW '�$�
LV CGHQVH
 ZKLOH $ LV H[WUHPHO\ CWKLQ
 EHFDXVH VPDOO GLhHUHQFHV G  D r D� FDQ
EH IRUPHG XVLQJ ODUJH HOHPHQWV D� D� � $� 7ZR UHODWHG UHVXOWV DUH JLYHQ� 7KH
TXHVWLRQ LI IRU D JLYHQ LQzQLWH VHW % � 1 WKH HTXDWLRQ '�$�  % ZLWK � � $

FDQ KDYH D XQLTXH VROXWLRQ LV DQVZHUHG SRVLWLYHO\ LQ WKH FDVH WKDW %  '�$��
IRU DQ LQzQLWH %� VHTXHQFH $� ZLWK � � $��
$SDUW IURP XVLQJ /HPPD � �WR SURYH WKHRUHP ��� DOO SURRIV XVH HOHPHQWDU\
FRPELQDWRULDO PHWKRGV RQO\�
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&ODVVLzFDWLRQ�
��%�� $GGLWLYH EDVHV
��%�� 5HSUHVHQWDWLRQ IXQFWLRQV
��%�� 'LhHUHQFH VHWV
��%�� &RPELQDWRULDO QXPEHU WKHRU\
��%�� 6SHFLDO VHTXHQFHV RI LQWHJHUV DQG SRO\QRPLDOV

.H\ZRUGV�
DGGLWLYH EDVHV� GLhHUHQFH EDVHV� %N VHTXHQFHV� VXUYH\� DGGLWLYH UHSUHVHQWDWLRQ
IXQFWLRQV� GLhHUHQFH VHWV� XQVROYHG SUREOHPV
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