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/HW 7  7Q EH D WUHH RI RUGHU Q� DQG )  .�P��P�� � � � �PN� EH WKH FRPSOHWH
PXOWLSDUWLWH JUDSK ZLWK SDUWV RI RUGHU P� � P� � d d d � PN� )RU Q VXlFLHQWO\
ODUJH DQG P�  P�  �� LW KDV EHHQ VKRZQ WKDW WKH 5DPVH\ QXPEHU U�)� 7 �  
N�Qr �� � �� 7KLV UHVXOW LV JHQHUDOL]HG E\ VKRZLQJ WKDW ZLWK MXVW P�  � DQG
Q VXlFLHQWO\ ODUJH�

N�Qr �� � � � U�)� 7 � � N�U�.���P��� 7 �r �� � ��

6LQFH LW LV NQRZQ WKDW U�.���P��� 7 �  Q IRU WKH ODUJH FODVV RI WUHHV WKDW KDYH
QR YHUWLFHV RI ODUJH GHJUHH� WKH XSSHU DQG ORZHU ERXQGV DUH IUHTXHQWO\ LGHQWLFDO�
,Q DOO FDVHV� WKHVH ERXQGV DUH VKRZQ WR GLhHU E\ DW PRVW N�
)RU VLPSOH JUDSKV ) DQG *� WKH 5DPVH\ QXPEHU U�)�*� LV WKH VPDOOHVW LQWHJHU
S VXFK WKDW LI WKH HGJHV RI WKH FRPSOHWH JUDSK .S DUH FRORUHG UHG DQG EOXH�
HLWKHU WKH UHG VXEJUDSK FRQWDLQV D FRS\ RI ) RU WKH EOXH VXEJUDSK FRQWDLQV D
FRS\ RI *� ,I ) LV D JUDSK ZLWK FKURPDWLF QXPEHU x�) �� WKHQ WKH FKURPDWLF
VXUSOXV V�) � LV WKH VPDOOHVW QXPEHU RI YHUWLFHV LQ D FRORU FODVV XQGHU DQ\ x�) ��
FRORULQJ RI WKH YHUWLFHV RI ) �
)RU DQ\ FRQQHFWHG JUDSK * RI RUGHU Q { V�) �� WKH 5DPVH\ QXPEHU U�)�*�
VDWLVzHV WKH LQHTXDOLW\

��� U�)�*� { �x�) �r ���Qr �� � V�) ��

7KLV LQHTXDOLW\ IROORZV IURP FRORULQJ UHG RU EOXH WKH HGJHV RI D FRPSOHWH JUDSK
RQ �x�) � r ���Q r �� � V�) � r � YHUWLFHV VXFK WKDW WKH UHG VXEJUDSK LV LVR�
PRUSKLF WR �x�) �r ��.Qr� >.V�) �r� DQG WKH EOXH VXEJUDSK LV LVRPRUSKLF WR
WKH FRPSOHPHQW� :KHQ HTXDOLW\ RFFXUV LQ ��� ZH VD\ WKDW * LV ) �JRRG� 7KH
FRQFHSW RI ) �JRRGQHVV JHQHUDOL]HV WKH FODVVLFDO VLPSOH UHVXOW RI &KYgDWDO WKDW
U�.N� 7Q�  �N r ���Qr �� � � >-� *UDSK 7KHRU\ �� �� ������ =EO ����������@�
ZKHUH .N GHQRWHV WKH FRPSOHWH JUDSK RQ N YHUWLFHV DQG 7Q GHQRWHV D WUHH RQ
Q YHUWLFHV� 7KH UHVXOW RI &KYgDWDO KDV EHHQ JHQHUDOL]HG LQ PDQ\ VSHFLDO FDVHV
E\ UHSODFLQJ WKH FRPSOHWH JUDSK .N E\ D JUDSK ) RI FKURPDWLF QXPEHU N� WKH
WUHH 7Q E\ D ?VSDUVH� JUDSK * RI RUGHU Q� DQG WKH QXPEHU � E\ V�) � �L�H�� *
LV ) �JRRG�� (YHQ LQ WKH FDVH ZKHQ * LV ?VSDUVH� EXW QRW ) �JRRG� WKH ORZHU
ERXQG JLYHQ LQ LQHTXDOLW\ ��� LV LQ PRVW FDVHV D JRRG DSSUR[LPDWLRQ WR WKH
5DPVH\ QXPEHU U�)�*��
2XU SXUSRVH LV WR LQYHVWLJDWH WKH 5DPVH\ QXPEHU U�)� 7Q�� ZKHQ 7Q LV D ODUJH�
RUGHU WUHH� DQG LQ SDUWLFXODU WR GHWHUPLQH ZKLFK ODUJH WUHHV 7Q DUH ) �JRRG�
6LQFH x�) � LV LPSRUWDQW LQ GHWHUPLQLQJ WKH YDOXH RI U�)� 7Q�� LW LV QDWXUDO
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WR FDUHIXOO\ FRQVLGHU WKH FDVH ZKHQ )  .�P��P�� � � � �PN� LV D FRPSOHWH
PXOWLSDUWLWH JUDSK�
1RW DOO WUHHV DUH .�P��P�� � � � �PN��JRRG ZKHQ HDFK PL { � RU ZKHQ P�  �
DQG PL { � IRU � � L � N� )RU H[DPSOH LQ >$QQ� 'LVFUHWH 0DWK� ��� �����
������ =EO ����������@ LW ZDV VKRZQ WKDW
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IRU Q ODUJH� +RZHYHU� WKH SULQFLSDO UHVXOW RI >*UDSKV &RPE� �� ��� ������ =EO
����������@ LV WKDW HDFK ODUJH�RUGHU WUHH 71 LV .��� ��P��P�� � � � �PN��JRRG�
:H ZLOO JHQHUDOL]H WKLV ODVW UHVXOW E\ SURYLQJ WKH IROORZLQJ WKHRUHP�
7KHRUHP� ,I Q LV VXlFLHQWO\ ODUJH� WKHQ
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